MATH 241/251A

Your name:

Select your instructor and section time:

O

O oo ooboo0ooggooboo.

Justify all your work. Answers without
suitable justification will receive no credit.

Luca Candelori (Thursday 1:30pm)
Luca Candelori (Friday 10:30am)
Erik Guentner (Wednesday 8:30am)
Asaf Hadari (Thursday 10:30am)
Piper Harron (Thursday 12:00pm)
Piper Harron (Friday 9:30am)
Mushfeq Khan (Wednesday 10:30)
Mushfeq Khan (Wednesday 1:30pm)
Daisuke Takagi (Thursday 1:30pm)
Daisuke Takagi (Friday 11:30am)
David Webb (Friday 8:30)

David Yuen (Thursday 8:30am)
David Yuen (Thursday 10:30am)

FINAL EXAM

14 (10)

TOTAL (140)




Problem 1. (16 points) Evaluate the following limits. If the limit is infinite, indicate whether it

is 0o or —oo. (Do not use I'Hospital’s rule.)

i 2+
a. lim
z—o00 313 — 1

typer /oo

w|-

Lim X3+ X _ Lim /3 +%/x3_ Qi 1+ Yx2 _ 140 _
X o 33| XKoo 3XY)3_Ya X200 3_VNa 3-0

4-2
b. Lm “’
r—2+ |2.ZU — 4|

Type: Yo
2V =) X>2 => 2%-470 = |2x-4]|=2x-Y4

Lim Y-2% - Qim 4-2X _ Lim =(2%=D) _ Lim - =[]
X=2% |2y-4|  X22% 2y-Yy X2+ _2x=q X2+

a. 1im S020)
0—0 6

Lim sm0e . 2 _ Lim s\n28),, . » Lim SM28) _ _
G- © 2 620 20 222650 26 - 2! '
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Problem 2. (4 points) Below is the graph of y = f(x).

y

a. Find the values of a for which lim, ..+ f(x) is infinite or does not exist.

0=5

b. Find the values of a for which lim,_,,- f(x) is infinite or does not exist.

0=5

c. Find the values of a for which lim,_,, f(z) is infinite or does not exist.

0=1,0=5

d. Find the values of a for which f is not continuous at x = a.

0=|,0=2,0=5
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Problem 3. (10 points)
a. State the definition of f'(x) as a limit.

£ = fl,"Q NXLB‘FDO

b. Let f(z) = v2z. Use the definition of the derivative to calculate f’(2) (do not use differen-
tiation rules).

£'(2y= Lim (').+b)-{-‘(.2) 2im \]2(.’)_+h -2 _ Lim ‘-|+‘2h 4 _ Lim \5'-|+2h 2
h>0 h-0 ~ h=0 ~ hao
_lim 4n2h-2 \l‘1+2h*2 - &im ({Ll+'zh‘-2)uq+zh‘+1>= Q\m Hyan -4
nso  h  \grR+2 "° h({TFIn+) "0 h({§+h+2)
Adm_24  _2m 2 z .2 _a2_ (L
nsok(@an2) P20 {avn+2  (gvo+2  2+2 4 |2
Alternatively:
= Lim (x+m-£(x Lim htxwﬁ {ax _ 2im Juxm' 2% . 'L(x+m+l_27
h-0 “h-o ~ ho N20eny+{2x
_ Lim (\S?.x+').h'-\l__)(\l‘2x+2 + H) - 4im m’nm-tm - 2im 2
h-o Y\(\l?.x+1h'+\12_x3 "0 K rzh+ X)) N0 M{DZn ¥ Ix)
_2im I N S

“ho Jlx+?.h'+\r7< Zxr0+2x Voyx+dmk . 24zx ~ 2K

So ! ‘\—:L 2
e 20> § |2
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Problem 4. (15 points) Find the following derivatives using differentiation rules. You do not have
to simplify your answers.

a. % ( sin(x) tan(x2)>

2 (snxran() =(§ smx)raneede sme(d +an0e)
= cosxtan (X + siny(sec(x?) C% ()

=|cosx+qn X+ sinxsect(x® (2x)|

b %(1‘31:— 1)

A( X >: 3D Ydx OO - & YVax (2D [ 0EDD-X (3x3)
dx \ x3-1 (312 ] o3-N*

c. %( cos(2z + 1))

\ -l
L@ = c%( (Costaxny?) = & (cosCaxin)® & (cos(2x+))

= 3 (cos @)} (s 2y g (xr1)) = [ (cosCaun) * (-sim2xen(2>)
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Problem 5. (3 points) Decide which function on the left has which derivative on the right.

.)('\\;2.

1. y= f(x) sz\\sz':,:c,\'\’r a. y = k(x)

o

S

S5 S

£/ z £
2. y=g(z) b. y = p(z)
Yy Y
g'=o

g=o
3. y = h(x) c. y=q()
Yy Y
O
\(\\70

O—

X x

o
! h=o
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Problem 6. (12 points) A cube of ice is melting evenly at a rate of 12 cm®/hour

. How fast is the
side length of the cube changing when the side length is 4 ¢cm?

l‘ =3 - M: 1$

', x VRt X gy

[ Given dv _ _ _ dx
L. x dt‘ l). ond X-Ll ! U)Dn+ d‘b

X

19 = 2dX —y_ 19 =-yug9X _, dx _ =12 _[-| em
=3 9% o n=ugdh o KX ol ey,
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Problem 7. (12 points) Let f(z) = 2% — 223,

a. Find the critical points of f and classify them as local minima, local maxima or neither.

POO=UXE-ox?

§' never undefined / Crifical pis
F00=0=> YL x=0 = 2 (X-D=0 = ¥=0,%2
= ' -, * § has a local minat x=%a
32 F has neither at X=0
:_ 3l 81 22 _ 81-108 _-2)
4:(2) (2) 2(_>’_ (T):l_b_%_ 1(08'?(_6
t)=0-0= 0

b. On which intervals is f increasing and on which is f decreasing?
£ 15 decreasing on (=00, 0),(0,%/2)
£1s increasing on (3/z,00)

c. Find the inflection points of f and the intervals on which it is concave up and those on which
it is concave down.
FIOO=12x*%12X
F' never undetined [ S
£'00=0 =Y Nx2Nx=0=> x(X-N=0 => Xx=0,\ o )

£ 1s concave vp on (0o, 0), C1,60)
£ 1s concave down on (0,1
Inflection points atx=0 (0,00 and x=1 (-1

d. Find the absolute maximum and the absolute minimum of f on the interval [—1, 1].

FD= D213 =142 =3 & abs max
FO=()-2(D% = -1 « abs min
flo=o0

P32 Notin nterval
10
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Problem 8. (10 points) A rectangular section of a beach reserved for monk seals is being fenced
off on three sides (the fourth side borders on the ocean and does not require fencing). If there are
100m of fencing, what is the largest area that can be fenced off?

ocean

4

100= 2Xty =>y=100-2X
A=xy = X (100-2X) = 100X-2%?
A'0O=100-4X

0=100-Yx => 4Xx=100 =) Xx=25

Check +his IS G Max

max ot X=25

A(28)= 25(100-2(25)) = 25(50d=
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Problem 9. (10 points) Find an equation for the tangent line to the curve z?y? = 9 at the point
(3a _1)
d
Xy*=q = 2xy*+ x*(2y F;% =0
Plug I X=3, y=-|

20 G @Ed=o

|

=189 -~ =518 V-, 4y _ 6.
>(018dxo ))de o it g

-1
SD m‘ $

Y- D=5 (R) =Y+ = 3 (x-3)

Problem 10. (10 points) Show that f(x) = 2z —cos(z) has exactly one zero in the interval [—m, 7].

a. Show that f(x) has a zero.

fFem=26mM-cos ) = -2T-C-D=-2T+) <O
f(m=2mw-costm)=2w-G1)=2w+1>0

£ 1S onknuous so by e intermecliote value theorem Here 1S a 2ero In
Ew,w)

b. Use Rolle’s Theorem to show that it has exactly one zero.

£1s differennable on (=7,M st by +he mean value theorem (or Rolle's Theorem)
I& nere 1S more than one zevo then f'(x)=0 at some point In - w)

£'00=2+s1Inx
2+SINY=0 => SINX =-2 whicth \s IMpossible (-l€smy¢1)

Thos £ musk have exactly one zero
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Problem 11. (18 points) Evaluate the following integrals.

1
a. / 20V 2?4+ 3 dx
0

u=x%2 = du=2xdx = dx =%

new oounds: *X=0=> Uu=3
X=1 => u=4

| y V2 3)2
50 2Nx‘+3'dx=j‘3,2’im 2% =j: u*du= 4

%/

H 2 3|9 _ 2 22 132
. —gu s ?LLD ?(3)

=Z (-2 =|12-2J7

b. /sin2(x) cos(z) dx

du
cosx

u=sInX => du=cosxdx => dx=

Jsmexcosxax = fut ot 8% = fuerdu= S+ o = Ske e

c. Find f(z) such that f'(z) = % and f(1) = 0.

%O:S%dx = [axdx = 2("_——;)+c z %w

f(Dh = _%'\‘C:O = -2+C=0O = C=?

SO [F00)= - +2
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Problem 12. (6 points) Setup an integral for the area between the curve y = ? + 2z + 1 and the
line y = z + 1. You do not need to evaluate the integral.

Find wniersections:
XX+ =Xl = XY= 0 =) X(X+1)=0 =) X=0,-|

Check which IS biggcr
CRICE RN

(-4

SO X+ 7 X*+2X+|

A= ) - O3 2] dx

Problem 13. (6 points) Estimate f_zl(:vz + 1) dz with a Riemann sum using left endpoints of 3
equal subintervals.

£00=X"+1
= - -‘7 = i =
DX ;3 3 |

———
<1 0 1 2

j_'l‘ (DX R (DFE)+ FOY+ (O FO) =G+ )+ o)™ 1)+ (1)
= l+]+0+1+1+| =[]
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Problem 14. (10 points) Consider the region between y = 2%, the z-axis and the line x = 1. Find
the volume of the solid that is formed by rotating that region around the y-axis.

~€ L)

= &

s )

washer method:
y=x* = x=ly

r={y, R=\
V=S°1T(lz—\|vz) dy =S:v(l-y)dy =wly- %),

v =m(0-5)-0-8)) = (1-3)= ()9}

shell method:
h=x*, r=x

V=\L' 2wx () dx =S°' 27X >dX

amct |t mxH |

B LI o] 2 o)

X
~aW! _w _|w
2 2 2
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