Math 241, Fall 2018, Final Exam

Name and section number:

Instructor name:

Question | Points | Score

1 20
2 6
3 4
4 20
5 6
6 6
7 10
8 10
9 12
10 10
11 18
12 8
13 10
14 10

Total: 150

You may not use notes or electronic devices on the test.
Please ask if anything seems confusing or ambiguous.
You must show all your work.

You do not need to simplify your answers.

Good luck!




1. Calculate the following limits. Do not use L’Hospital’s rule. If the limit is positive or negative
infinity, say which.
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Qim X241 | L
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2. (6 points) Using the definition of the derivative as a limit, compute f'(2) if f(z) = v2z + 1.
(Warning: you will get no credit if you use the rules of differentiation).
$ipy = Lim £x)-F@ _ fim {2@eh)+1 - 2@+1' . Lim {42 {5
~ h20 h ~ hao h ~ h2o h

_ lim ¥5+2n-{5 {5+2h'+{S _Qim (6*2h)-5 _ fim B+2h-E&
h=o h Sran+{s o h(\l.‘)fln‘-rﬁ) "0 h({5+2h+{3)

- dim_2A Lim - -|L
T h0{Sanes) M {5_+z?+r @_4‘57 zrs; B

Ax < —1
3. (4 points) Let f(z) = - .
(4p ) /(@) {x2—3Ax+3 x> —1

For which values of A is the function f continuous?

want Lim £0O= Lim £0O= £(-1

X=2-- X\t
Qim fo0= 2im (A= A-D=-A
X2~ R3-|-
Lim P = 0im (X=3AX+3)= (D™ -3A (-D+3 = |+3A+3 = 4y+3A
X3- |+ X>-|+
FED=ACD=-A

want -A=U+3A =>-4a=Y4 =[A= ||
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4. Differentiate the following functions. You do not need to simplify your answers.

(a) (5 points) f(z) a? qOO‘HEﬂ"r role

T 02 5
y o ] ES) (X)) - (x®) (4xr)
£100) 5 (ko)

(b) (5 points) g(z) = 3z sin(z?)

g00=(3sin () + 3X OS2 |

(product and chain role)

(c) (5 points) h(z) = (v — % 3y
N = (X2-x4+m3)s
0= (X% x4 T3 ('—zi"‘ 4K 5>
(Cnain rue)

2
(d) (5 points) R(z) = /1 (t+ 4 dt

let u=2% => du_
dx

R0 g—ug:‘ (b+ g‘l)sd{—,> = (ueu) (2) =2 (2 (2004)

=1
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5. (a) (5 points) Use linear approximation and the fact that v/4 = 2 to find an approximation

to v 3.99.
=5 Py = - |_ a=y
LX) = £(@)+ F'Ca) (x-0) = W+2‘—ﬁ(x-q) = 204 (x-4)
Lizaa)= 2+ 28 9 001

(b) (1 point) Is the exact value for v/3.99 more or less than the number you calculated in the
previous part?

Grapnot y= X
ez COncave down So tangent line lies albove
17 =>[less |

6. (6 points) Find an equation for the tangent line to the graph of x3 — 322y + 2xy? = 0 at the

point (1,1). (Prosoct o —

X2-3Xy+2y*= 0 => 3x'*—@>xy+ Sx‘d%‘(—) +(2y‘+ 2x(2y %Yx—)) =0

plogin x=|, y=|

3-(6+39L)*(2+ 4 ) = 0 =2 3-6-3 Sk +2+4 =0 = >—\/— -1=0 = >EX‘L-
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7. (10 points) Superman is chasing a villain who is driving along a straight highway in a car.
Superman flies at a speed of 200 feet per second, and at a constant height of 30 feet. The
villain is driving at a speed of 100 feet per second. What is the rate of change of the distance
between Superman and the villain when Superman is directly above a point that is 40 feet
behind the villain’s car?

i Ciiven: dx
iven: dx _ _
a0 2 X+ (30)= 22 dp -200-100=100
want d2 -
K o — gt When X=40

when X=40: (UO):(3D)*= 2% = 1b00 +90D =22 = 2500 = 2+ => 2=50

Ko+ (e0) =25 => 20 Fe+ 022292 =5 2(40)Loo) = 2(50) 4

—~dz2 _ 2o)ioo) -
Be R L H/Se"\

Page 6



8. (10 points) A landscape artist plans to create a rectangular garden whose area is 10m?2. She
plans to enclose three sides of the rectangle using trees that cost $25 per meter, and to use
fencing which costs $20 per meter on the fourth side. Find the dimensions of the garden that

will minimize her cost.

$25

¥

$20

X

325 VY

x 925

C- 25x+25\/+25x+207 = 30X +45y
IO:XY :)\/: %

C'(x)= 50-450X >

=0 = 50:% =)50x*=450 => X*= q =) X=3

[3m x'%3 m |

C(x)= 50X+ 45 (%}- 50y +"xﬂ=50x+ 450"
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— 2
You may use that f = ﬁ and f" = (2‘555)23'

1
. Let = .
9. Let f(z) R
(a) (2 points) Find the vertical asymptotes of the graph of f.

£ix) = => V.A ave [X=],X= -|

- |
X% (x-0)x+)

(b) (2 points) Find the horizontal asymptotes of the graph.

Lim flx)= Lm _1 -0 L2im oy Lim L . o

X200 X200 y2 | T X--00 X=-060 X2-|

SO H.A. is|_y?o_|

(¢) (2 points) Find the intervals where f is increasing.

increasing when 70 L'00=0=>%=0

T'(x) undef. when D=0 => (X-D*(X+2=0Q = x=1|
+ + - =

i A =>|(-00,-1),(-1,0)

Page 8



Recall that [/ = ﬁ and " = (29252:)23

(d) (2 points) Find the intervals where f is concave up.
concave vp when £"70

F100=0 never, £'x) undef when GED3=0=> (X-D*(X+1P=0 = x=t |
_F\I “+ _l‘— : + =) (-60' -\)’ L|,o°>
]

(e) (2 points) Find the maximal value of f in the interval [4, 6]
Cr#=0 (outside int.)

N N S
10(q)'l(,,-l 3 1@ 3b-1 ~ 35

max is [Visl

(f) (2 points) Sketch of the graph of y = f(z).

——— (0,-1) rel max

- \/:o
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10. Below is the graph of the derivative of the function f in the interval 0 < x < 4.

(a) (3 points) Find the intervals in which f is increasing.

when £'>0 (above x-0xis):|(0,2)

(b) (3 points) Find the intervals in which f is concave down.

when £'<0 (graph dec.):

¢) (3 points) At which x between 0 and 4 does f attain its maximal value? Explain your
p p y
answer.

9raph changes from Oloove x-xis fo kelow (ie. f' changes from + to -) ot
x=2 (only Sign change) SO

(d) (1 point) Is it possible for the equation f(z) = 0 to have 3 solutions in the interval
1<e <37

[noly My => $'=0 at least twice
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11. Compute each of the following.
3 4

(a) (6 points) /(\/5— xz — ﬁ)dx
e -k) ax = ot x4 ax

x¥2 _ x¥2 _yy! 32 2
S T i B TOE e S R T

(b) (6 points) / (sinx)(cos z + 2)® dx
0
U= cosx+2 => du=-Sinxdx => dx=_du

-Sinx
X=0 =) u= |+2:3’ X=TT=yu=-1+2=

\ ) 41
- 3 du [ e, - W oo -8 -8l
LMUM J:*,Udu‘ 4 |47 4 q - "q

(6 points)

U=x*| =>du=2xdx = dx=du
2X

S TV N I A P Yaie = [{XED
J‘mzx'zgu du= 40 e [T
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12. A ball is thrown upwards from a height of 20 meters, at a speed of 15m/s. The gravity of the
earth causes the ball to accelerate downwards at a rate of 10m/s>.

(a) (4 points) Write a function f that describes the height of the ball at time ¢.

S(0)=20

v(o)=15

G(t)=-10
VI4) = Jale)dt = -lot +C
V(O)=15=> C=15 => v(£)= -0t +IS

Ste) = Jvieddb = 102ﬁ+ 15t +D = -5t +I56+ D

S(0Y=20 => D=20 =)|S6)= =5t* +|5t +20 |

(b) (2 points) When will the ball reach its highest point?
when v(£)=0

-106+15=0 =Y 104215 = &= l‘% - %sec.

(¢) (2 points) When will the ball hit the ground?

when St)=0
-8£>+155120=0 => £2-3t-4=0 = (t-4)E+D=0 =) t=Y,-|
50
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13. (a) (2 points) Sketch the region in the plane bounded by the lines x = 0, x = 4, y = x, and
y=06— a2

intersection-
X=6-X* = X*#X-6b=0 =>(X+3)(x-2) =0
=7X=-3,2

(b) (8 points) Calculate the area of the region you sketched in the previous part.
2 y

A= [ o) dx+ | (x- (o) ax
(o}

= 2 (e-x*x)dx + [3 (x-6+xDdx
2 2 2\ (Y4
(BB (D)

- [@,Lﬂ_ (_2?2_3 _(2731) -(b(o)-%s'%)] +[(%L-(o('-l)+ g)-(%f -6(2) +(2—3)3>]
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14. Let R be the region bounded by the graphs y = z? and y = 9.

(a) (5 points) The region R is rotated about the y-axis. Set up, but do not evaluate an
integral describing the volume of the resulting shape. You may use any method you like.

<D wosher:
- 2 X=\y, x=Y/q
2] ©  intersection: \IT/ - \/T = q\,‘l‘z:\/ = q:\/‘lz

/ =) y: 81
ooy [ %

Shell:
D h=9x-x*, r=x

N\

infersection: x*=Ax =2 ¥=9
a a
e v=] o[ 2amx (ax-x) dx

(b) (5 points) The region R is rotated about the z-axis. Set up, but do not evaluate an
integral describing the volume of the resulting shape. You may use any method you like.

washer:
£ V=f:TY (R*r?)dx =j\:'lf(‘lx-x‘)dx
/
iz
Shelli8
\ 8l
// V=5\° 2urhdy =Jo 2my (F/- %)dy
v
n

N

[V,
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