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SolvingPolynomialsByRadicals

GivenaquadraticequationaX4bxtcOwecanfindthesolutionsusingthequadraticformulato
get roots bAVI where0ISthediscriminantcob 4ac

There isasymmetryintheroots Ifyouknowonerootthenyouknowtheother

Example If Itf is onerootthenlR2IStheotherrootofthequadratic

Thereis Galoisstudy 1ethestudyoftheGaloisgroup

DefinitionTheGaloisgroupis apermutationgroupoftherootsofapolynomial

similarlywecanconsidercubicequationsaX3tbx4cxtD 0 involvingsquareandcubicroots
anddegreefourpolynomialssquareandquarticroots
fr 4T

Foracubicequation
startwithQ add Vlandadjoinroots

Ks r
Q K Q Vi K2 ki r K2 T
canexpressrootasanelementoftheupperfield

Generalize Cz CikV r

CaQ1i r
G i f

i
Cz

adding V is acyclicgroupoforder 3 i.eCs Adding is acyclicgroupoforder2

IfyoucansolveCleWritedownrootsradicalsthenthereisafieldmadefromstepsthatthe
rootslie1h
SsorAsarenotbuiltupoutofcyclicgroups i.e notsolvable
Asis asimplegroup it isnotbuiltupbyanythingbutitself

FundamentalGroupTopology

IfXisa nicetopologicalspace exSltheunitcircleAttachedtoXisthefundamentalgroupITCx

DefinitionThefundamentalgroupmeasurestheloopsinX



Examples
1Takeapointandlookatall oftheloopsthatstartandendatthatpoint

youcantakealltheloopsandcontractthemdowntothatpointsothefundamentalgroup
isthetrivialgroup
2 cannotcontracttothepointiftheloopgoesaroundtheholesinceyouwill

getstuckinthehole

DirectionmattersAlsogoingaroundthesamelooptwiceisdifferentthangoingarounditonce

If byISacontinuousfunctionthenthereisamapofthefundamentalgroups f IT X ITLY
notethegroupoperationworksbyequatingtwoloopsandtheloopformedbyboth

ThestructureofthetopologicalspaceIsreflectedinthestructureofthegroups covariantfunctor

DefinitionHomotopicmapscanbedeformedtoeachother

Therearecoveringmaps

Example KS O
s

DefinitionTheuniversalcovercoversallothercovers

Example
t
f Theuniversalcoverforthecircleis acopyofIR

etnit Os

GroupsandGroupActions

Definition AgroupisasetGandabinaryoperation GXG GandanelementecGsatisfying
it isassociative
iite isanidentity
e a a ae taEG

iii existenceofinverses
HAEGFbEGStab e ba

DefinitionAgroupGIsabelianif iscommutative
ab ba tabEG

DefinitionAgroupGISfiniteif Gaswhere isthecardinalityororder i.ethenumberof
elements



Examples
1 7LtO
Inversesdenoted a foraC7L

2UR1O
3 74h2t O
cyclicgroupofordernli.e.cnsinceyoucantake1andaddIttoitselfntimestogetallelements4 IR o 1 where1124121103

5 74co1 where741It
6 74h74o 1

Therearealsosymmetrygroups

Examples
1Sn fEl n3 l n3 f isabijection Isagroupthesymmetricgroupofdegreen withthe
operationoffunctioncompositionandtheidentityfunctionwhichsendseverythingtoitself
2Moregenerally ifXisanysetSxEfX X f isabijection Isagroupwithfunctioncomposition
3TheGroupDslbookusesD6 studiestherotationalandreflectivesymmetries protation
Freflection oftheequilateraltriangleD5Elpp2 r rp rp23
4MoregenerallyDnLorD2naccordingtothebooklooksattherotationalsymmetriesoftheregular
ngonandhassize2hLnrotationsnreflectionsDnIScalledtheDihedralgroupofdegreenCororder2h
5GLdIR 22realmatricesdetM103
6Ghz2 22IntegermatricescletME74 113
cangeneralizetohimmatrices

Homomorphisms

wecanstudyanobjectbystudyinghoweverythinginteractswithit

ExampleD3
2 3

wegetamap4Dz S3that issuchthat4Cab 4cal4lb
claim4 isinjective
proofif4 f isthetrivialpermutationCie 4 f L then fVi Vi fVa V2 fV3 Vzwhere
ViV2andV3arepositionvectors
ViandV2areabasisof1122and f is alineartransformationThusf Vi ViandsoFId1hDz

weknow D326And 533 6Thussince4Isinjective D3 6

DefinitionGiventwogroupsGandG agrouphomomorphismis afunction4G G st
Hab 4 a 4lb tabEG Ahomomorphism is an isomorphism if 74G GSt404 1dGand
4041dci equivalently4 is abijection
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Examples
1 VGG 74 G G

g e

4isthetrivialhomomorphism
24Dz S3ISanIsomorphism
34Dn Snfor h24Isnotsurjectiveso it isnotanisomorphism
4 4Dz GL2 IR
mm I 7,4 artto9 un f o9
5Thereis nonontrivialhomomorphism 4S3 Cz
64112Coveraddition 1120Covermultiplication

ex
isanisomorphismsince xly e texeYand4112 TelRog is aninversehomomorphism

logXy logx logy
7detGlnCIR 11241210ISahomomorphismsincedeHAB DetcAdetCB
8 f a G isahomomorphism 7Gisabelian
g gz

Proposition If4G G 4 G G arehomomorphismsthen404 G G Isalsoahomomorphism

DefinitionAhomomorphism4G G iscalledanendomorphism IfQisalsoanisomorphism call
itanautomorphism

useautomorphisms instudyingthestructureof agroupYoucanhavegroupsofthesamesize
thathavedifferentautomorphisms

Example IfGisabeliansquaringisanendomorphism

PropositionThesetofautomorphismsofagroupGdenotedAutCGformsagroupunder
functioncomposition
ProofAutuncontainsisomorphismsbijection fromGtoitselfThecompositionoftwo
homomorphisms is ahomomorphismSimilarlythecompositionoftwoautomorphismsis an
automorphismSinceanisomorphism isbijectivetheinverseofanautomorphism is an
automorphism

DefinitionThebisectionsfroma settoitselfformagroupdenotedSG

ExampleLetgeaanddefineCgG G calledconjugationbyga gagI

claimCgisanautomorphism
proofgagKgbgI gagb a bthusCgisinjective
letbEGthenCglgbg b soCgissurjectiveThusCgISbijective
CgCab gabg CgCaCgb gaggbgt gabgThusCgIsahomomorphismandhencean
automorphism



DefinitionAnautomorphismoftheform4cg hghwhereheGISfixed iscalledaninner
automorphism

ExampleCgisaninnerautomorphism

Example G S3 h C12 h 12
hDh I th
Ll2 12 12 112 12 23 127113 12 132 127423
12 i3 l2 23 12 1237421432

Theinnerautomorphismsofanabeliangroupmapanelementtoitself

Definition AsubsetHEGwhereGis agroup Is asubgroup denotedHEG IfCH HxH e is
itselfagroup
ie It is asubsetthatisitselfagroupwithrespecttothesamebinaryoperationandidentity
asG

TheSubgroupTestHEGISasubgroup ifandonlyif
i Ht0
ii tabEH AbEH
iii taEH aieH

le tabEH Ab EH
IfGisfiniteyouonlyneedthefirsttwo

ExampleVG EBEG isasubgroupdenoted 1 or 0 ifGisadditive
1 iscalledthetrivialsubgroup

similarly GEG
Thesearetheonlytwosubsetsthatare subgroupsVGFurthertherearegroupsinwhichthese
aretheonlysubgroups

Definition IfHEGandHEG i.e His apropersubsetofG thenHisapropersubgroup
Typicallyyouwouldaskforanynontrivialpropersubgroups

Examples
1 AUtcGESG
2Theinnerautomorphismsofagroupisdenoted InhCG
claimInn G EAutG
Proof
VgEGCgCInnG
letCgChCInnG thenCgochCghsincegChah1g ghacghiii ifCgCInn G thenCg Cgi CInn G r

342412asadditivegroups
SLnCIREGLhCIR
DefinitionSLnCIR realnxnmatricesm detlmk13
Proof
i Det I LESLnIR
ii let ABESlnCIRthenDetAB detAdetCB I
ililletAESLnHRthenDetCAD detA I r

wecanalsogetsubgroupsfromhomomorphismsTherearetwoimportantsubgroups theimage
ofahomomorphismandthekernelofa homomorphism



I O l
Definition If4G G isagrouphomomorphism theimageof4denoted1m14 4cggEG
im4 EG

MotivationforthekernelGivenahomomorphism4G G yougetanequivalencerelationonthe
domainG For abEG defineanbif4cal4lb Denotethesetofequivalenceclassesby
Gln cat aEGwhere a EbEGb a3Then4inducesabijection4Gln 1m14

a I i ka
bijectivefromthedefinitionofequivalenceclasses Therighthandside1m14 is agroupsothe
bijectioninducesagroupstructureonthelefthandside G n

Anotherdescriptionof n
Claim7asubgroupKEGsuchthata b Ifandonlyif aKbKwhereAKEaK Kek ifandonlyif
a bEK Inparticular a ak ak bk VkEk ak bk fork Ek Kk a b

DefinitionThekernelof4denotedKerce istheaboveK 1e D 1k K 4 l

PropositionKer4EG
Ker47 4 Ee3

Moregenerally ifHEGthen4CHKG theconverseisnottrue

Definition a aKiscalleda left cosetofKandG isdenoted G K

Moregenerally ifHEGdefinea b Ifandonlyif a bEH ifandonlyif aHbH
Theequivalenceclassesarecalledleftcosetsandthesetofthemisdenoted GH

QuestionForwhichHEGdoes att BH CabHand E1HmakeGIHintoagroup
AbstractanswerGIHis agroupifandonlyifH isthekernelofsomehomomorphism4
proof
cc donepreviously

if GIH isagroupdefine4G GIH ThisisbydefinitionahomomorphismKerl4 Hai aH
concreteanswerwhenHisnormal

DefinitionHEG iscalled anormalsubgroupdenotedHEG if tgEHgHg EH equivalentlygHgtH
wheregHg ghg1HEH

Theorem It isakernel Ifandonlyif HEG
proof exercise
youhavetoshowthatthemultiplicationiswelldefined ieconsiderwhetherAtta Hand
bikbHmeansAbH abHmaking aH bHAbH iswelldefined

DefinitionTheindexofHinGis GH GH i.ethenumberofleftCosetsofH

Example GS3HEl 1313 ISHEG
427113742 23 EH HISnotnormalSimilarlyanyH 1 Lij ISnotnormalThereisonlyone
nontrivialpropersubgroupofS3ThatIS NEl1123C13273

ThefirstisomorphismtheoremIf 4G G is ahomomorphismthen4inducesan isomorphism
4 GKer4 TIm 4



ExampleWhatISGln IR SLnHR
Define4GlnIR GsuchthatKer4 SLnIR thenyoucanidentifythequotientwiththe1m14
UsedetGlnIR IR le thedeterminantthenKer fSLnCIRSOGln R SLnCIR 1Mdet IR
sinceif re112then det rfl r

Example IsthereanontrivialhomomorphismfromSs C3
Sincetheonlynontrivialpropernormalsubgroupof53ISN El 12343213weneedKer4 N
whatisGN Is itCz
CzhasnopropernontrivialsubgroupsbutGNonlyhastwoelementsso itcannotbeCs
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GroupActions

DefinitionLetGbeagroupandXbeasetA leftactionofGohX is afunction GxX X
gx I g x

whereg x is gactingon x satisfying
i 1 X X VXEX
ii VgigzEGandVXEXg gz x gigs X

Theset iscalledaGsetWesayGactson denotedGPX

Examples
1 GSnX El2 n3then r x olx
2 GDn regularngon

RemarkForgcGTXthemaprgxx gX IsinSx thegroupofbijectionsfromXto itself

proof
claim rg ogi
proofCrgorg x g g x ggy x I x x SimilarlyCogiorg x X

ThedataofagroupactionGxx sx isthesameasgivingahomomorphismxG Sx
gi og

DefinitionIfG isagroupandX Isasetahomomorphism a Sxiscalledapermutation
representationofG
ItgivesaconcreterepresentationofG

ExampleDn Snbylabellingthevertices

Cayley'sTheoremEverygroupisapermutationgroup
ProofGAGbyleftmultiplicationwithghighThisgivesamapG SGandmultiplicationby
Gisabijection

DefinitionAnactionG Xiscalledfaithful ifG SxisinjectiveWesaythatthemapG Sxisa
faithfulrepresentationofGThekerneloftheactionisKerG X KerG Sx
Sincethekernelof a homomorphism istrivial Ifandonlyifthemapisinjectivetheaction
GCXisfaithfulifthekernelistrivial



Examples
1 Cayley'sTheoremgivesusthatGCGbyleftmultiplicationisfaithful
2Dn Sn h23ISfaithfulwhereDrsisactingonthe nverticesoftheregular ngon
Ohassignmentwesawthisisnottrue for h 2

3GS3X El2,33 If g 12EG Ct2 3 3 but 12 1 211SoG X isfaithful

DefinitiongcGactstriviallyonXEX If g X X SimilarlyGactstriviallyonXifg X XVgEGVXEX

ExampleGS3 KEl2,33 12actstriviallyon3

FaithfulmeanstheonlyelementthatactstriviallyoneveryXEXis 1EG

Definition IfGCXXEXThestabilizerofXCinG ISStabG x EgEGg X X 1e thegeGthatacts
triviallyon x alsodenotedGx Theorbitofx underG IS GxEgXigEG alsodenotedorbc x

Example G S3EEl2,33
Stabs 3 El4273 Orbs 3 El2,3311
Stabs 2 El4313 Orbs 2 X
stabSsD El 2313 Orb53 l X
Thisshowsthatelementscanhavestabilizersbutstillhavetheactionbefaithful

PropositionKerGox Stabc X

Proposition
isitXEXStabGLxEGCandOrbGlx Isa Gset
InfactorbcCx Isthesmallestsetcontaining onwhichGacts

inTheorbitsoftheactionpartitionX
Thusanytwoorbitsthatshareanelementareequal

Iii IfGxGx thenstabG XandstabaxDareconjugateGe 7gcGsuchthatgStabGlxg StabaLx
sinceconjugation is abijectionthismeansthey'reisomorphic

Proof
i VX ICStabc X soStabax 10 IfggCStaba x Cgg X gCg X gX X ggCStabc x so
Stabalx isclosedundermultiplication IfgestabaX thengX XandgLgX g x
gg x gox x gtooxsogCStabc XIi Toshowtheequivalenceclassesareanequivalencerelation Definexnx if7gEGsuchthat
x g xOurclaimisthatthisisanequivalencerelationandtheequivalenceclassesarethe
orbitsSincetheequivalenceclassesofanyequivalencerelationpartitiontheset
reflexiveX I XSOXnX
Symmetric IfX g xthengox x so xhx IfandonlyifXnX
transitive IfX'sgXandX h X thenx ngXSOXnx XnX xx and
x Exexx'nx3 gxgeG3Gx

Iii IfX g xandhestabc x thenhX X Sox g Xandhgox g X ghg XeXsoheStabax
ifandonlyifghgeStabGLX

ExamplewesawforS3CEI2,33thereisoneorbitsothestabilizersareallconjugate4e Isomorphic



OrbitStabilizerTheorem IfGEXandXEX then G StabGtx GX
Proof1 pictoralProof startwithanorbitofXandJiestabGlx
1 x s g X s gax
xp x gigi s sincethestabilizersofeachpointareconjugate
Xhoax s grigi s tothestabilizersofX
X83x s g83g s
thisrectanglehasalltheelementsofGThenumberofrowelementsisthesizeoftheorbitand
thecolumnisthesizeofthestabilizer
Proof2letx'CGxandGxx gEGgx X SOGxx GxthenG ea Gxx

EveryelementinGbringsxtosomeelementintheorbitandthisistheonlyelementsotheyare
disjoint GfeeGxx so ifweshowVx Gxx Stabc x thenwe'redone

ClaimGiveng'CGxx theotherelementsareg8as8runsoverstabaxProof toshowthereis abijection
Define fStabGX Gxx whereg isfixed81 g's
ThefunctionGxx StabGlx Isaninverseof f r

h't Cgi h

ApplicationLagrange'sTheorem IfHEGthen G HCGHT1e thesizeof asubgroupdividesthe
sizeofthegroup
ProofletHEG 11411thenGEXbyg gilt CggH
Stabc 1H EgeGgH11311andOrbe 1 H GHSincegtlg.CIHVg G H GH r
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Theorem IfGoxthenVXEXthereisanaturalbijection fGStabax OrbeLX ForinstanceifGis
finitethen Orbacx G Stabc x 1etheOrbitStabilizerTheorem
Proof letHStabc X anddefinefcgHTg.nl
welldefined IfgHg'Hthenghgh forsome hhEH
ghCh's g te IfgHgH theng gh for hEHCheckthatfig'tD fGH
fgilt g Xgh x g xsinceheStaba x fight fCgH
surjective Vx'COrbGtx7gEGSuchthatx g xbydefinitionso fCgH X
injective iffCgH HgH cutsgHgH
g x g x Xgg x gg'CStabc x H gg hforsomeHEH ggh g'HgH
RemarkThisbijectionhasanextrapropertyNotethatGOGHLagrange andhereGEX
LookingathowthemapisdefinedV8CGandVGHEGH 8 fGH fC8gHsince8 g X 8g X
Sincethebijectioniscompatiblewiththeaction GHandXarethesameas Gsets



ExampleTetrahedron 4equilateraltriangles
V LetITCTheTetrahedral Groupbethegroupofrotationalsymmetries

ofthetetrahedron1e ITEge5031112 GCT T where503412 isthe
w Specialorthogonalgroupof33matrices ie ggT I andCletegT i.etherotationsfixingtheoriginO1h1123WuW e v4 QuestionWhatISIT
w LetG T X vertices LetvbethetopvertexStab v Elpp where

Vs plsrotationclockwiseby1200so Stab v23
OrbitLv X Orb v 4Thusbytheorbitstabilizertheorem IT23.412
sincewelabelledtheverticeswehaveamap4IT S4theactionmapv2

QuestionIstheactionfaithfulle Is4injective
letGETsuchthatgVi Vi i.egcKery Isg I
ThinkoftheverticesaspositionvectorsinsteadofpointsLetthepositionvectorofVi be withen
gVivi g wi WiAnythreeofthesevectorsformabasisof11231e Wwz.wsformabasis g I
sinceifyouhavealinearmapthatdoesnothingtoabasis itmustbetheidentity
IT S4 544124and IT212ByLagrange'sTheorem 1112or24

QuestionDoesthereexistanelementin54not inIT
Yes42ETIfirstdayYouwouldhavetoflip 34 F12SinceAriistheonlyindextwosubgroup
ofSn TEA4

Note Ifyoucantake agroupandmapitintosinyoucanknowa lotabout it

Examplecube
v Thesymmetrygroupofthecube isdenoted 0and iscalledthe

i Octahedralgroupsincetheoctahedronisdual tothecubeThenotionii ofdualitycomesfromtheideathatanobjectcomesfromthreesetsf i Ofobjectsverticescodimensional edgesC1dimensional andfaces
2dimensional Ifyouswitchtherolesoftheverticesandfacesof
thecubeyougetanoctahedron Thedualofatetrahedronisitself

O gES03 IR gb fi

in StaboutElpp frotationby1200
I O verticesOrbov V vertices 0238 24

TheresnothingspecialaboutverticesYoucouldalsousethefaceseasieri
i waytoseethestabilizer toget4.6 24oredgestoget21224

eightvertices v O Ss
sixfaces FO S6
twelveedges E O She
wouldbeeasiertostudyfacessincethereare lessofthembutthere'sanevensmallerset
tostudy
Youcouldact on thepairsofoppositefaces 3ofthem butthiswouldgiveamaptoS3
and 0224 53 6Whichwouldn'thelpmuch
Insteadconsiderx pairsofoppositevertices 114so4O S4thus if4 isinjectivethen
0 54



t n
i war w i waswii Then X wiwits

Ifg Wiiwi5 Wj wi VE1,23,4thenisg I
ConsiderWiWzWzIf7 it 2,3St gWi WithenWLOGgWz W2SO

of I 1
Bydefinitiondetg I WLOGgWEWi gW5 W3
NOWlookatWiWsWctogetdetg I goW4 W4butlookingatWzWsWy detg It l K
sog wi wi ti g I 0 54
ClassEquations

LetGbeagroupandXG thenGCGbyg a gagcleftaction

DefinitionArightactionofG0hXdenotedXDG isafunctionxxG X Sati
High g

Sfying

i x x VXCX
ii xgh x9h txEXVghEG

ThusGOGbya9 gtagsince a9hghlagh hgagh gagh a9
h

note ifyouhaveagroupandyouseethisexponentnotation itmeansconjugation

DefinitionAnorbit oftheaboveactioniscalledconjugacyclass1e theconjugacyclassofa
is gagigcG
conjugacyclassof 1 IS I
theconjugacyclassof2C2CGIS 23
notetheconjugacyclassofacontains 1 a l a
cannevercontaineverythingClisinitsownclass

DefinitionThestabilizeroftheactionstaba a EgEGgaga gEGagga Isthecentralizer
Thekernelis gEGgtag a taEG EgEGAggataEG 2G thecenternotationusedpreviously

If x G orbitsnote orbGCg LIffgC2 G

TheoremClassEquations IfGisafinitegroupandg grEGbeasetofrepresentativesofthe
conjugacyclassesthatarentin 2CG then G 2 Gt.FIGCcCgis
note 2GandCGCcCgIDdivide G
Proof G I orbits If OrbeLg I gEZ G SOcollecttheorbitsofsizeoneOtherwise
Orbeg stabcgi

butStabalgitCalgiand ff c H bydefinitionso
GCcIgiD OrbeCgi
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Examplesymmetriesoftheicosahedron
let I icosahedrongrouprotationalsymmetriesin1123oftheicosahedronrotationalsymmetries
ofthedodecahedronrotationalsymmetriesofthedodecahedron sincetheyaredual
Thedodecahedronconsistsof12facesthatareregular5gons30edgesand20vertices
Icosahedronis20equilateraltrianglesnotethisexampleiscoveredinsection6.2ofArtin's
algebra
QuestionForwhichndowehaveahelpfulmap I Sn
TrickTherearefivecubesinscribedinsidea dodecahedronand I permutes thecubes
givingamap9 I Ss
QuestionWhatis I
Wecanusetheorbitstabilizertheorem
Actonthe12facesthestabilizerofafaceis 5rotationsandtheorbitisall12faces
I 5.1260

Ifweshowthemapisinjectivetheit'sAsWedothisbyshowingthatEl and I aretheonly
normalsubgroupsof I thusanymapfrom I toanothergroupiseitherinjectiveorthetrivial
map
TheoremTheclassequationof I IS60 1115 20 12 12
ClaimTherearenopropernontrivialsubgroups
proofAnormalsubgroupis aunionofconjugacyclassesandcontains 13ThusIfNE I
then N It sumofnumbersfrom 15,2012,123 St N60ThisISimpossibleunless
N4,60 r

ThereforeKerce I I Howeveranynontrivialrotationofafacegivesanontrivialpermutation
ofthecubes KerceFI ThusKer4 1 I Ssand4 I hasindex2 4 I 5As
InfactVAn n 5therearenonontrivialpropernormalsubgroups

classequationYoucanpartitionelementsbytheirorder toEG F 09tgEG



ProofOfPreviousTheoremBreakupI intoelementsof agivenorder
order1 El
order2 LetebeanedgeThestabilizerofanedgeconsistsoftheidentityandtheelement
thatrotatesaroundthecenterof theedge y P a

oppositeedgeshavethesamestabilizersowehave39215elementsoforder2
order3 letvbeavertexForeachvertextherearetwonontrivialelementsandagainopposite
verticeshavethesamestabilizersoweget2022 20elementsoforder3
orderslet fbeafacewe'vesaidthestabilizerhasorder5andoppositefaceshavethesame
stabilizerso1241224elements
Question Arethereothers
Nosince60 1 152024
ClaimAllelementsoforder2areconjugate
proofTheedgesformanorbitsothe stabilizerofanytwoelements stableandstable
areconjugateSince1 isconjugateto 1 stable ElPe andstableD ElPe thenpeis
conjugatetoPeiV
ClaimAllelementsoforder3areconjugate
proofAgainstabv andstabv1 areconjugate
Letstabv ElPvPvi andStabcukElPvPvi wherePvis aclockwiserotationandsois
PuiIfT istheoppositevertexthenstabIT stab v andPopv l Pupo l AlsoPv is
conjugatetopobytherotationbringingu to TV
NOWforanytwofaces fandf stab f stab ft buttheelementsbreakupinto two
conu acies
Considertwooppositefaces fandFthen Pf pf i andPf isconjugatetoPEforthesame
reason aswithVerticesThus Pf 212andIf Pf isconjugatetoPrez PfnPf2 then
pre24but Pf 60SOPfXPf2 thus24breaksupinto24 12 12

Definition AgroupG IScalledsimpleif Gt I anditsonlynormalsubgroupsare 13and
itself

Examples
1 ifpisprimeCpissimplesincetheonlydivisors are pand 1 Further If G is a finite
abeliansimplegroupthen GECp
2 I AsISthesmallestnonabeliansimplegroup
3Thenextsmallesthasorder162 It isGL3 IF2 PSLzFy
4Anforme3Andn14 ISsimple

JordanHolderTheoremEveryfinitegrouphasanessentiallyuniquecompositionseries 1e
VGFasequence I NoENENaE ENicG St ti Ni Ni i issimpleThisiscalleda composition
seriesFurtherforanyothercompositionseries kMoEM EMzE EMeG bKandthe
collection MiMiDi isthesameuptoisomorphism as NiNi1 i TheNiNi i s arecalled
JordanHolderconstituents



Examples
1 I 412377 S3SotheconstituentsareCzandCzCz Cz

123 IStheonlynormalsubgroupsothisistheonlycompositionseries
2262hasmorethanoneoption
0aL2 aC6 7462
Cs Cz
0a 3 aC6 7462
Cz Cz

3 l AsSinceAsIssimple
4 I As S3
Infact fornes wehave 1 An Sn

s lasr2 aCr aDyCz Cz Cz
Iacs aCsr2 DyCz Cz

Definition Agroupissolvableif itsJordanHolderconstituents are allcyclic

ExampleDyS3C6 aresolvable
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FixedPointsof PGroups

DefinitionLetGbeagroup IfGCX afixedpointisXEXsuchthatgX XVgEGThesetof
fixedpointsisdenotedXG

Definition Fixaprimep AfinitegroupG Iscalleda pgroupif G pr

Example G Ca p 2 Cz I o LetGEX X finite
QuestionWhatare thepossibleorbitsizes
Anyorbit is X r X sotheorbitiseithersize1or 2
Either x r x XEXG or X t r x GX 2 so X X mod2
Therefore if X isoddthere isnecessarilya fixedpoint
Fixedpointsareelementswith orbitsize 1

FixedPointTheoremLet pbeprime G be a pgroupandGEXwhereX IS finite Then
XG XModp
Proof Xis adisjointunionoftheorbitsand Gx CGstabc x G PrTherefore

if xexGGX divisibleby p if XEX
so X X t pC nonSingletonorbits

utionofSingletonorbits

Corollary If G is a pgroupand GCX withXfiniteandp Xthenthereisalways afixed
point



Theorem IfG isapgroupthenECG 13
ProofLetX Gl BandXDGbyconjugation
Thisisvalidsinceif Gactson a setyoucanremoveanentireorbitand G will stillact
on the set

P XPr1Thus7afixedpoint2EXG te FzEG 2 It s.t.gtzg ZVg.GG zggz
zeZ G and z 1 1

Lagrange'sTheorem If HEG Gagroupthen H G

Question Isthereaconverse 1e Ifd GdoesTHEGsuchthat H d
No

Example GA4 A4 12but FHEA4Sit 11 6

Cauchy'sTheorem If p isaprimeandp GthenFGEG st g p
Thisis apartialconversetoLagrange ptimese
ProofLetCpGXwhereX IgiGz gp cGPgga gp 13 I l 13 andletCp co
with r Cg gp Cgpg gz gp i 1e arightcyclicshift Toshowthis is an action
weneedtoshowgpg.gs gp1 1 as thegroupmaynotbeabelian
Notethatgpggz gpi gp gga gpgp gpcDgp1 1 Thusthis isanaction
Further X GP 1because wecanpickgi gp i freelyfromGP butthengpCgi gp15
Sincep G p Xso7afixedpoint XCXCPThusXCgigz gp r X gpg gz gp i
Thereforex isoftheformCgig g Alsotheproductis 1 sog 11 gP L g p r

ptimes

TheoremAgroupoforderp2is isomorphictoCpiorCpCp
Therefore it isnecessarilyabelian
Proof Z G I so ZIG p or p
If ZCG pZthenG ZCG Gisabelian
Otherwise Z G EGand G 2CG G zu PYP p G za iscyclic G isabelian
If7gEG St g pZthen G Lg Cp Otherwise tg1 1 g p
Letg 11andH Lg Lg i i I p l LetgzEG H Hz Lgz Cgi j l p i so g itgzJ
for Isi jep l H nHz 13so HHz gig2J G Oeijep 1 with
HHz Hi HzHn Hz p

2

Thefunction 4 G HxHz
gigzi gig

Oei j Ep l is welldefined and abijection

Also4cgigziggd 4cgigi gzigzi giti gziti Pgigi4cgi'gzi
4 is ahomomorphismandHixHz CpXcp GECpxCp

SylowTheorems

Theorem Ifpisprimeandpi GthenFHEGSt H pi
Thisis apartialconverseto Lagrange Cayley'sTheorem is j I
Proof Byinduction
Definition Let Gbefiniteandpbeprime A psubgroupof G is HEG St H pi for j21
If pr G i.e G prm p m then asubgroupoforderpr iscalleda Sylowpsubgroup
Theset ofSylowpsubgroupsof G is denoted SylpG Further hpG Sylp G sometimes

justdenotedhp



SylowTheorems Let G prm p m
I hpG21 InfactVj st oejer FHEGSt Hpi
Proof Toshow ifHEG H pi ic r then TH HEHEGwith HHT p i e H pit
et HCGHbyh gH hgH Note h 111 1H
X GH and icr pEGH
xcX means xgHSt hgHgHtheH IffngegH th Iff gngeH th Iff gHgH IffgeneCH
so H NGCHH EGH
NACH H x I X LGH modp p NcCH H
NoteHeNaCH soNalt it is agroupwith p NcCH H sobyCauchy'sTheorem7HENGCHMH
St H pLetHbetheinverseimageofH inNcCH then HHTpand HEG Induction

1 AllSylowpsubgroupsareconjugate Infact VPesylpCGandVQEGS.tn QpJ7geGs.t.QEgPg
ProofLetPQESylph Pto and let QQGlpbyq GP CqgP p Gp soFGEGSt
qgPgPAgeQ qgEgPtqEQ gEgPg HqEQ QEgPg andsinceconjugation is a
bijectionso Q gPg QgPgi r

Il hp ICmodp InfactripCGNc P forany PESylpG andhprn
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ProofofSylowTheorem TI LetPesyIpG andSylp G DPbyconjugationBythefixedpoint
theoremtip Sylph Sylp G P modp
claimSylpGPeEP
proof QCSylp GP Iff gQgQVgcP Iff PENc Q Iff p isa SylowpsubgroupofNc Q
since NGCQprm QprandNc Q2QbutQ ISalsoaSylowpsubgroupofNcCQ so
7gotNuCQ stgoQgo p Q p
rip ICmodp

NowconsiderSylpCG DGbyconjugationwithone orbit Stabc s Nc S VSEGsobythe
OrbitStabilizerTheorem np Sylph OrbeCP CGstabcCPDEGNcCPD
np msince G prmandsince PENcCp NcP_prmso
hp G

Nccp
tmn so m'np m

Theorem If pq areprimes peg 9 l modp theneverygroupof sizep2qis abelian
so if Gp2qthen GECpaXCq Cp2qor G CpxCpXCq CpxCpg
Proofhp ICmodp andhpq hp sinceqisprimeand q11modp
claim ng l
Proofhq modg andngp So nq l pp ngtpsincepcqsop11modg Ifnqp2
thenp l modg qpH p1 pti qp l or q pi l g p1sinceq p and p kp
sog p11butq p q p11 9 1 modp whichis acontradiction

ByAssignment3 if hpLandng4 PESylp G QESylq G thenVgEP hCQghhg
Pp2 P CpaorCpXcpand Q p so Q Cpand PQ Gsince P Q GandPAG I



SemidirectProducts

MotivatingExampleLet12be afield oracommutativeringwith1 andlet Vbe an ndimensional
RvectorsoV Rnthen GLV EGLnCR whereGLCD ETV V Tis linearandinvertible
so nxninvertiblematrices
Anaffinelineartransformationofv is fV NS.t.fcv Av b where AEMn nCR BEV
If flu Av bgasA'v b Cfog v AlA'v b'Itb AA Iv CbtAbl Sof is invertible Iff A
isinvertible
AffanR thegroupofinvertibleaffinelineartransformations f V V AcGln R
wheretheoperation is functioncompositionand flu v is theidentity
Asaset Affn R Gln R xV CAb ACGln R BEV but thegroupGln R xVhas
OperationCAb CA b AA btb F AA biAb sothegroupis not thedirectproduct of
thegroupsAlsoV I XVEAffn R VIAffn R so cab1 LI b CAb AA CI EV
but GLnR Gln R x o EAffn R EAffn R sinceCAb CAO Ab CAb CAAAb AA'A
but in HXHzbothH HzEHXHa
weusewhat iscalled asemidirectproducttogeneralizethedirectproduct toget
Affn R VAGLnCR

TheoremLetNandKbetwogroupsand KEN lie wehaveahomomorphism4 K AutN
LetG Nxk as a setanddefineChiki nz.kz Chick nok.kz Thisdefines agroup
structureon G NxkdenotedNAkLorNnek calledthe semidirectproductof Nand K
with respectto4

Furthermore G K N Identifying kand kx lEGandNand IxNEG wehavethat KNEG
NEGandNhk L Lastly k n knkt heN
If theactionis thetrivialactionthenthisisjustthecrossproduct

ExampleLetNbeabelianandkCz Cr Define4 K Aut N if agroupisabelian thenri sen n i

inversionis an automorphism
If N cm Lr thencmACzhassize2M anelement t Dst Cr1 2 1 anelement l r s t
Ctrimel and rrr k r r r 1 soCmsCzEDM

DefinitionLetN KEG G isthe internal directproductof Nand K if
i G kN knN 1
Ii ThemapkN i kXN is an isomorphism

DefinitionLetN KEG Gisan internalsemidirectproduct if
i G kNCknN L
Ii ThemapkN NNcek isan isomorphismwhere Uk n Knk

Theorem If G is agroupand NKEG then kNEKxN iff
is kNEG
iil knN l

G is theinternaldirectproduct iff we alsohave
iii K N G

ExampleLetn 2m moddGe n 2 mod4 andconsiderDn Dn 2n 4m LetN Cs r2
Csreflection r rotation and K Crm El rm NeDnsinceCDNNJ 2and KEDnsince
k ELDn Nnk Lsincem isodd NEDmzso N Ken 2 2n DnsoDn NxK DmzxCz



Theorem IfN keG then kN Nsk Iff
is KEG
ii Nhk I

GENAk iff wealsohave
iii K N G

ExampleAffn R RnsGln R

Definition If HEG thenKEG iscalledthe complementof H in a if GHKandHnk I
SoG is anontrivialsemidirectproduct iff 7 apropernontrivialsubgroupthathas a
complement

Example G 4 28 Theonlysubgroupsof G are 13C827Cy 027has nocomplement so
C4Isnot a nontrivial semidirectproduct
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TheoremThereare 5groupsoforder12 upto isomorphism
GXCsEGz
CsxCsxCsECsxCa
Ay
DG
CsAC4 if recy Jeez o 8 82
ProofLetKbe a Sylow2subgroup andNbe aSylow3subgroup
Nz LCmod2 andNz3 net or3 n3 1mod3 andhas4 n3 1or 4
K 4 K Cy orCzxCz N 3 NICs
claim1 oneof Nor K is normal
If NEGthen h54 N NNzNsNusincetheyare order 3there are no nontrivial
propersubgroupsso NinNj I it j Ni 1 4.2 9 Thereare 3elementsleft
Khasorder4 so knNi sothese3elementsare k 13 nz I KEG

case1 NKEG G isabelian GE KxNsinceKsn L K N G NKEG
case2 KEGNEG son31 I thusn54 Let Sy13 G DGbyconjugation Weget4 c S4
If weshow that 4 is injectivewe get GIA4since 9 12andGmapsisomorphically
intoS4
Ker4 stabc Ni Stabc Ni Orbc Ni G G 12 Orbc Ni _4 7 Stabc Ni 3
sincewe areactingbyconjugation Stabc Ni Ng Ni ZNi Ni 3 NgNi
stabc Ni Ni Ker4 Ni 13 4 isinjective GEA4

case3 NEGKEG
LetNDkbyconjugation i e K n knk Note that Khk'tn sincethat would mean
kn nk G isabelianwhichis acontradiction Sotheactionisnontrivial
casea KECHCz
Aut Cs Eid43where C5co L827and 4 D 82 8
Sincetheaction isnontrivial we have 4 K Aut N andFKoek s t 9 7 4 1e
KohKo htAlsoFKEk st 417471 K 1 1 ifceck 4 Keiko UkKo 42 1d K Rko
note wecouldstopandsayGENAk but wecontinueto showits 136
et x k n X lcm K n 6 KoXKo Koknkot KKonKot Kin h k since
4447 1 kink n K n nk theN n ki CsinceK K kin 1
Let y Kothen x ycG X6 1 y2 1 yxy X I Do Gandsince Do G DoEG



caseb k C4
LetKLX N Ly WeknowxytyxsinceGisnotabelian
Xyx y G NAyN Where4 Xit Yi G CzACycalledthealicyclicgroupof
oforder12

Gsets

DefinitionLetXbea left Gset AsubsetYEXiscalledGstable orGinvariant if G YEY Cie
tgEGVyCY gyEY A GsubsetofX isYEXthatis a Gsetunderthesameaction

TheoremASubsetYEX isa Gsubsetifandonlyif Y isGstable closureunderaction

DefinitionLetXY betwo GsetsAfunction f X Y iscalledamorphismof Gsets or a
Gmapor a Gequivariantmap if VgcG.vnEXfCgx7g.fCx
DefinitionThesetofGmapsX Y isdenotedMapc XY fCMapc XY iscalledan isomorphism
ofGsets if I fCMapa XY suchthat foF idyandFof id

Theorem fCMapc XY is anisomorphismifandonlyif f isabijection

Construction If I is a setandXiisaGsetViEI then ie Xi isaGset

Note If fi Xi Xi isanisomorphism tie I then f X X ie Xi isan isomorphismwhere

f x fi Xi if AXieXi

Proposition Let bea Gset
i YEXis aGsubsetifandonlyifYis aunionoforbits
ii VXCXOrbeX Gstabc x asGsets
ProofofCii LetHStabc x anddefine f GH Orbe X Weshowedcon9103

gHi g x
that f is awelldefinedbijection
Letg8EG for GH flogH Og X 8 g x 8 fGH
f isGequivariant

Definition AGset X iscalledtransitiveifthereisonlyoneorbit
IfXistransitivethen it is GH forsome H

structureTheoremforGSets IfXisaGsetthen7aset I andHiEG tiCIsuchthat XI GHi

ProofLetI orbc x XEX and letXie i Li OrbeXi tie I thenX ie Orbc Xi

LetHi Stabc Xi then fi C Hi Orbc Xi whichgivesf ie Hi sieOrbe Xi X

constructionLetXYbe GsetsandMapXY f X Y f isafunction DefineGQMapXY
byLgf x gCfCg1 X g f gfg ThismakesMapXY aGset
Proof 1 f f gch f x g h f g X gCh fCh Cgi X ghf gh X gh f X

PropositionMapaXY MapXYGc fixedpoints
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RingTheory
Definition Aringisaset12withtwobinaryoperations and andelements0,1ERmaybe
0 1 satisfying
i R1,0 isanabeliangroup
a isassociative atCbtc Catb C
b Oistheidentity
c 7additiveinverses
d iscommutative
Ii If 110 CR 03 1 is amonoid Ie agroupthatmaynothaveinverses
a isassociative a b c Cab oC
b 1 isanidentity 1 a a a 1
Iii Distributivity a btc a bta C

catb oC a c tb C
Riscalledcommutative if iscommutative 1e a b b a ta b

ExampleR Ena Q IR ICIREXT CXy MnIR 1Hthequaternionring1algebra areallrings

DefinitionAnalgebrasatisfies i andCii
DummitandFoote'sringisourassociativealgebra ora ring 1e aringwithoutidentity

RemarkSomepeoplerequire 110Allowing1 0impliestheexistenceofonlyoneextraring
thezeroringdenoted 0803

ExamplesThefollowingarealgebras
Octonionshave1butnotassociative
Liealgebrase.gMn IR withusualadditionbuttheproduct isdenoted ABI ABBA
Notassociativeandnoidentity1
Jordanalgebras
Compositionalgebras

Definition Anonzeroring12suchthatVOtaER a exists a a 1 aat iscalledadivision
ring or askewfied Acommutativedivisionringiscalledafield

Definition Acommutativenonzeroringsatisfyingthecancellationproperty 1e ta bCER
a10 aob a c b c iscalledanintegraldomain

Example7467L isnotan integraldomainsince2.32.0but013



Examples
17Lis anintegraldomainbutnotafield 2922or2aE 2 or20 0 noinverses
2 QIRand arefields
374hais acommutativering If n iscomposite74ha isnotanintegraldomain
4 74Paisafieldforpprime
5 Hamilton'sQuaternionsIHisnotcommutative
IH atbiCj dk abCdC1123
i2 j2 k2 I ij k jie k jKei Ki j Kj i ike j
ThenormisNCqa4b21C'td2 q a biCj dK N q qq qg
NoteNCg 0 ifandonlyif9 0so if910 g 91Nq HIisadivisionring

6 IfdC2andd isnotasquarethen Rd isafield it iscalledthequadraticfield
QRd Catbirda beQ If atbird I abirdN a xx a2bd
NoteN a 0 ifandonly if 2 0SOfor a10 a 4NCa
LetAbearing RMn A is aringwhere it MER

m aa
m

aijea

IfMMER M1M Caij a'ij

of i
MM Cij whereCij aira'Kj

Thisisnotnecessarilycommutativeor adivisionring
8 LetAbea commutativeringThenAEXT i.ethepolynomialsoverA formaring
AEx PX GotaXt anxn aicA hC2203 PIXEoAiXi AiEA ai10 forallbutfinitelymanyi

IfPCX QXCAtx Phi Q X folaitbi Xi ifPIXQtx foCixiwhere Ci oakbiK
9 IfXisanysetandA isanyringMapXA is aringwith ftg x fix 1gX and f g X flagX
0110111 1
e.g ifXIR oranytopologicalspace RCCxIR f X IR f iscontinuous isaringIt is

commutativebutnotanintegraldomainsinceforexample

0 butneitheris0

10 It I beanindexingsetandRi beringstie IThenII Ri isaring
ai ieI bi ie I Laitbi ieI ai lbi Caibi 0 0 O 1 11 1
If 1 2thisisnotanintegraldomain

Definition a10 isazerodivisor if 7b10suchthat a b Oor b a 0

Example 2in7462isazerodivisorsince2.30

Definition If1210AERisaunit if a existsThesetofunitsisdenotedR

PropositionRxisagroupundermultiplication

Proposition If1210 zerodivisorscantbeunits



Examples
12x It
2 FKFEo if F is afield
3 Forn22 74h2 ac74h2gcd a n 13Thezerodivisorsarethenonzerononunits1e A
suchthatgodla n I
4 ForCCIRIR f x X isnota unitbutalsonotazerodivisor It isnota unitsince fl050
It isnotazerodivisorsincefixg x o g x O for X1 0 butg iscontinuousso
limglx go o g x

Proposition If R isa commutativeringthenR is anintegraldomain ifandonly if12
hasnozerodivisors

Proposition Afiniteintegraldomainis a field
ProofLet acR a10and la R R sinceRisanintegraldomain la isinjectiveandsince

ax
R isfinite la issurjective
FXERsuchthat la X ax L

RemarkWedderburn Afinitedivisionringis afield

DefinitionLet12,12betworings Afunction4 R R isaringhomomorphism ifi 4isagrouphomomorphism forCR1 O R 1,0 1e 4 atb P a 14 b
Ii Hab 41a4 b
iii 4117 1
Thebookdoesn'trequire Ciii

9isan isomorphism if 74 R Rhomomorphismsuchthat404 idaand404 idR

September24,2015

Examples
1 7L Q I 2h2arehomomorphisms
2 Let I beasetand Ri beringstoc I LetR Ri If jC I thenTlj R Rj isa homomorphism

Cain aj
3 4IH Mda with ycatbicjc.lk a f9 b to9 C 9 f d 9 io
isaninjectivehomomorphism

DefinitionAsubsetSER is asubringdenotedSER ifCS1 0,1 isaring
TheidentityofSneedstobetheidentityofR

Proposition SERisasubringifandonlyif Va.b.ES
i AtbCS
ii aes
iii abES
iv 7ES



Examples
1 IE EIREICEH1
2 If de7Lissquarefreethen 2Cfd atbrd a be23E Td
eg Ici E i D D 2 IT iscalledtheGaussianintegers IfD 3then I Fs EQ VI but
infact w I1437 eqq.gg but2Cw atbw a be7LEQ VI note w3 1 w e 3

Ecw iscalledtheEisensteinintegers

If Ii atb Iti a be7L isnotasubringofQiLi
D 2,3mod4 then7403 atb0 abea EQ VIingeneral let

o YyI D Ilmod4
2107isthemaximalringofthisform

3Letpbeprimeandyep abe gcdab p b thenIcpEQcalledthelocalizationof

7Latp
4 LetRCCIRIR FixN 0andletSiv feCCIRIR f x Ofor 1 1 N Itcanbeshownthat if
fgESnthen ftgeSN fgeSnOcSwand if Iµ x I 1 1EN then1N f f f INVfc.SN1 1 N
thusSivis aringwithidentity1Nbut In 1ER IESN soSn isnotasubringofR

DefinitionTheimageofa homomorphism4R R is im 4 4 r reR

Proposition im4ER

DefinitionThekernelofa homomorphism4R R isKero reR4cm034 O
Ker4 E R1 O asasubgroup

Question IsKerl4 ER
AnswerNounless12 0since4117 1 0 if R'toso 1 KerQ

et RKer leftcosetsofKer4 a I acR where I Ker4Thisis anabeliangroupwith
att CbtI atb I
Question is12I aringwith ATI b I cab I
Answeryessince4 R I im4 isabijectionsothestructureonthe left isthe

at It Ha
correspondingringstructure ontherightConverselywhen is anadditivesubgroupIERsuch
that RI isaringwith att b I ab I and 1 11 I

AbstractCharacterization Ifandonly if I kerf forsomeringhomomorphism4R R
4 R R I Ker4 1

ConcreteCharacteristic Ifandonlyif VreRVaEI raandarE I le I absorbsproducts

DefinitionSuchan IER asaboveiscalleda twosidedidealof12denoted IAR

Proposition I ER isanidealifandonlyif
i I 1 0
ii Va.BEI a bC I
iii VaEI VreR ar rac I



Definition If I ER thenR iscalledthequotientringof12by I

ExampleForallrings12 I 03ERandRER 03iscalledthetrivialidealandI R iscalledthe
unitidealsinceif I aRthen I R ifandonlyif FucR with ucI R 0312andRR 0

DefinitionAnidealIERwith IER is aproperideal

Examples
1 IfRiscommutativeRisafield ifandonlyif o and I R aretheonlyideals
2Theidealsof2areexactly n2 an ac23 h 0

FirstIsomorphismTheorem If4R R is aringhomomorphismthen4inducesanisomorphism
9 RKerce im4
atKerce I ceca

Examples
1LetRCCIRIR andfixXoEIRLet I fECHRIR flxoxo Showthat I RanddetermineRI
DefineevxoCCIRIR IR ThisisaringhomorphismandKercevxo I so IERandbythef i f xo
firstisomorphismtheorem RIEimCevxo IRsinceVaEIR f x AECCIRIR

2LetRCCIRIR andN othenSNER
3 I CcCIRIR SnWhereCcCIRIR isthesetofcontinuousfunctionswithcompactsupportis

anidealofR
4 IfRiscommutativeandaERthen a aR ar re123412andiscalledtheprincipalideal
generatedbya

5Let1211217and I 1 2 1 Whatis RI
Lookat Xt I eR I 1 172 1 1 1 2 1 I o I so 1 172 1
Define 9IRCx s E thenKer4 1sinceif fix1 1 2 1g x c I flit i't1 gli Ofix i flit
IEKerQandVgxEIRCXFgcx Mx C11217suchthatgx qX x41 tr x where r X O

ordeg rtx cdegqlx Ifg i 0 then rcis gli g i i217 0 0 0
If rex 10 then r x ax banda itb O abEIR i ba ieIRwhichis acontradiction

KerPEI
Im4 0Sincefor atbiEE flX atbxgives4 fCX atbi
Thusbythefirst isomorphismtheorem R I EQ
6 LetR QX andd be asquarefree integerThen Ex 1 2 D I VCT
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Proposition If E isanonemptyindexingset Ris aringand Ird R to EE thenone Ira12

Definition ForanysubsetSER theidealgeneratedbyS is s Ia R

If 5 a Az then s Caaz

Example If R iscommutativeand 5 a then s a ra reR



Proposition For12CommutativeandSER Cs Ehrisi neEzo ri eR SiES

For12noncommutative s EErisi ri theEzoSiES ri ri ER

Examples
1 Foranyring12 07 0and l R
2 Let122 ifAyaz are2thenCa ar gcd a ar

Be2out'sIdentity Letabe7LWhereaandbarenotbothzeroThengcdCab istheleast
positiveelementoftheformautbv Uve7Landallothersuchelementsare themultiples
ofgcdCab
Proof UsetheextendedEuclideanAlgorithm

Example 168 but8v Uve231gcd6,8 2

TheoremEveryideal in7Lisprinciple
Proof If I O then I O Let Ito and let n betheleastpositiveelementof I
claim I n
proof n.CI rnc I the7L n EI
VaEI 79 re7LSuchthat a qntr andOEren
acI ne I 9hCI aqn r c I andsincehis minimalsuchthat n oandOEren r o
ac n I ECn

Definition Anintegraldomaininwhicheveryideal isprincipal iscalledaPrincipalIdeal
Domain PID

DefinitionAnideal IER iscalledfinitelygenerated if Fa anCRsuchthat I Ca An

Example If R ExXz then I CXXz isnotfinitelygenerated

DefinitionAring12isNoetherian ifevery IER isfinitelygenerated

HilbertBasisTheorem If R isNoetherianthenso isREX

Definition Let IER JER
I 1J Eatb ac I beJ atb ac I beJ CIUDER
IJ ab ac I bEJ aibi i aie I bjCJ NEZzo ER

Proposition Let12bearing HIJER ITE I nJ
Proof If ac I beJ abE In J



Example Let12 2 I n J m
Il J un um U VEI gcd Mh
IJ Uvmn U VEI3 uivinm nmIEUiVi hmu UE7L Cmn

InJ ac2 ma n a lcm m n
e.g If n 12m 18 I J G IJ 216 In J C36
IJ In J ifandonly if Mn lcm m n ifandonlyifgcdMn L ifandonly if I15 2

Proposition If R iscommutative I JERand I1512then I 5 In J
Proof If I 1J R Fac I beJSuchthat atb L Let cc In J C C I ccatb catCb actbcc IT
since AEI CEJ bEI

Definition If Riscommutative I JERthen I andJ arecalledcoprime if I 1512

Definition MaR isamaximalidea1 if itsmaximalwithinthesetofproperidealswith
respectto inclusionE 1e If JERandMEJ M J or J R

Example Let122Whatarethemaximalideals
O EI VIERWhenis h E m
Wheneverymultipleof n isamultipleof m ieWhen m h Thusmaximalidealsare p where
pisprime

TheoremEveryproperidealiscontainedin amaximalideal
ProofApplyZorn'sLemmaLetXbe a nonemptypartiallyorderedsetsuchthatevery
chain3e hasanupperboundThen hasatleastonemaximalelementLet IER IE R
Sorto LetX JER IEJJER thenX10since ICX
Let beachaininXso Ji icE suchthat ti j eE JieJj orJjEJi
claim3hasanupperboundgivenby J Ji

ProofClearly ICJandJiEJ
i OcJi ti OEJ Jt 0
ii letabeJ Fi j suchthatAEJi beJjWLOGassumeJicJj

a bcJj a bcJj a beJ
iii if acJ acJj forsomej racJjEJ trER ThusJER
If512then ICJ ICJjforsome j Jj R butJj isproperso J112

ThusbyZorn'sLemmaFMEX IEMwithMmaximal


