Math 601: Applied Dynamacal Systems

§ Qanuary Gtn ¥

Topics 1o review:
1 Analysis

() contrachon mapping principle:

Definjtion: let X be a metric Space with metric d.If ®:X— X 18 Suth that 3 02 C <41 with

d (W), L) £ cd(x,y) Vxy e X, then @ 1S 0 CORTFACHBN of X intD X
Theorem (contyaction mappin

inciple): If X1s a complete metric space and IfF Y s g
contraction of Xinto X, then 3! xeX si. P(x)=x

(D) Implicit Function Theorem and Inverse Function Theorem < used 1o define manifolds

Informally, the inverse function theorem States that a continvously differentiable | £, 1s inverhible
in 0 neignborhood of any point x at which the linear transformation #(x) 18 invertible

Theorem: Suppose 15 a C'-mapping, of an open Set ESR™ jnfo R™, £'(a) 1S invertible,and b=F()
then:

a) 3 open Sets U andV in R" st+. aeU, bev, £ is one-to-one on U, and §(0N=V
b) IF g 1S +he inverse of ¥ defined in V by g(F0)=X (xeU), then geC' (V)
L ie. Ify=F() , the System of nequations : y¢=FilX,,....Xn) fOr 1c(en, can be Solved for Xy,...¥n

in Yerms of v,,..,yn. ¥ We restrict x and y to Small neighbovhoods of 0 and b, the Solutions
are unigque and continuovsly differentioble

Implicit Function Theorem: It £1s a continuously differentiable veal function in the pane, then
he equation flx,y)=0 can be solved for y Interms of X inanei gnborhood of any point (a,b) at
which £(0,0)=0 and % /y#0

L can Solve for x in terms of y hear La,b) ¥ °%4x# 0 ot (a,0)
(D) Taylor expansions in moltiple variables

Definition: ™e Taylor Seriesiof an infinitely differentiable function £ at 018
d
- b?(a\l ad) Y, ‘_d d bz'Hg\,,ad) A, I -
T(X\,..‘,Xd)- ‘F(a\,...,ad)+ _E:_aXSI_(xJ aJ)+2|JZ—:K§’| <)X5DXL (Xj aJ)(X[ GK)
d d d .3 co co n, Ng /y\mt...4Nd
i 3*$(0y,...,0d) . ) i ¥ .5 (-a0™ - (¥d-ad) (a £
MY J‘Z—I\E\E’u OXy¥ Xk dX g =0 D000 g -0 )+ -'éo n§=o n'--ng! bXP'---bYd"“)(a"""ad)

2) Linear Algebra

This class will focus on dynamical Systems (describing how the state of a system evolves in ime)

There are three ingredients to define a dynamical system:

1) The State 'space: The set of all possible states of the system
2)Time (future/past/distretre/ continuous)

2) Evdution operators (a woy to clescribe evolution)



State Space (Usually denoted X)

Two wagons Starting ot opposite Cities

Time

Definition:Continuous fime 13 T=1R (or %+ ¥ youcant look into the past) and @iscrere Hime s =2 (or Z +)
where T denctes the set of all possible Himes

volution
Need jo know the Shate of the System attime t given a particvlar state at some fime

For any teT,we have 0 map %:X— X, where X 1S the state space, Such +hat If ¥. 1S the State o+ Hime

O,4hen ¥*(ko) 15 the state ot Hime &

L» Detinition: For a Fixed t, 9t 1s called an EUeIbTiRGPEr@TDP and the family 1¢*3eeT 1S called the
Flow

LThe maps ¢* can be defined for both positive and negativet (1.e. ¢ 1S invertible Le. you can look
into the past) or just for positive tlie ¢t 1S non-invertible)
L we mosty focus on invertible ones

We aiso need 9* fo satisfy +he following properties:
DY°=idy (1e. ¥°(x)=x)
2)QPES= 3o t=ptoS (1e.to0Et o tS,ypu First evolved o Hime t, then evolved the remainder time)



Definition: A@yhamicalisysien s o triple (X, T,%*) where X 1sa complete metric space
L T1s the HMESER(R, R+,Z, 2+) and 19sdteT 1S the EamMIlyIGFEBICHOATBREXOTORS (1. maps Satisfying
the above fwo onditions)
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X ;// interested in the tangential component- of the force

A lot of real world Situations con be described using differential equations

Let (X, T, %) be a dynamical system. Assume 1} 18 invertible (so T=®-or T=Z)

Recall: @°=1dy and $E*3=P*o¢ S Notice that @78 1S the inverse of $* So 4o each time b, we associate a
bijective map ¥*: X— X Suth that O corresponds to 1dx and (S+k) Corresponds to @ ot

L This 18 a grovp action of T on X

A major question in dynamical systems 1S figuring out all possible outcomes of evolution

Let (X, T, %) be 0 dynamical System:

Definitions:

) A dFaJECIDAP Hrough Xo€ X 18 amap from T 4o X given by XltXo)= P (%)

() An @GP through % & X 18 the range of the frajectory throogh % 12. O (Xe)=ExeX: X=x(t, Xo), tETY
irajectories and orbits are often vsed interchangeably but an orbit Is the image of a trajectory
bnote: If Xi=x(by Xe),then OLXNI=0o)

U A Set SeX 18 called on (VOFIARESEPF Wt(Xo)eS HXot S, tET

b10. the evolution operator applied to astate in § will remaiin in that Set



W) An @QuilibribmIstate 1S an invariant-§et consisting of a Single point, 1.e. i+ 1S an x*e X suth that
PE(XO)=Yue V6T
L1e.tisa fixed point of the evoluhion operator
L w15 an orbit and aiso a trajectory
V) A frajectory 18 called PEABAIONE I +¥€T Such hat XLE+t* %)= Xk, Xo) YEET
b idea no matter where you start, you'll always Come back after t*
LThe Smallest Such £¥ 1S Coalled the @eFicd
V() Ayclens the orbit of a periodic trajectory
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Let (4T, %) be G dynamical system

Definit{on: An invariant set 3. IS called StabIENF for any heighborhood U of So eXists, there exists 0
heignoornood V of Se St. PEX) €U ¥E20 Yxev

bTne idea 1s that for any neighborhood U,we an start a small encugh distance awy from So st. you
hever leave U™ LIt isessentially on €-§ argument)

&)

Detinition: So 1S colled asymptotically stable I£ it 1S Stable and F P~ So aS t—00 ¥x eV (for same V 08

obove
1dea \s e can cnoose V small enough suth that the path converges fo So
b Definition: @HHIESE means for any neighiorhood O of So, 3t*50 s+ PH0E O Vi £

For many dynamical systems, the State space Is an open subset of R (1.e. model the stare of +he
system LSING tuples of R™) Also, +he evolution 1S expressed Lsing a System of differential equations.
That is, X=USR", Ucpen and X=F(¥) where £ 1s 0 continupws function on U

I evolution IS described by a differential equation, 1sthe flow (L.e. thefamily of evolution operators)

well-defined ?
The answer IS given by tne existence and vniqueness theorem for ODEs (we dont consider PDEs)



Theorern: Consider ah initial value problem: X=£(x), x(to)=Xo,Where xeUe R, U open, and fe C(U), r2)
Then for |t-tol Small enough, 3! solution of the above VP, xLt,40,%0), And the Solution 1S a C™ funcHon
of LtiteiXs) (USUAIl just denoted ag a function of b)
L> Note: if r=0, You can prove existence but hot Lniqueness
Proof: Lses +he contraction mapping principle
L The CONHrACHON MAPPIng principle states that 1 A:X— K 130 (omplete metric space and 3 ae L0,))
SUCh that p(AW), AlN) £ a plx,y) where p 1S the metric, then 3! X* st Ax*)=x"
L> A satisfying the hypothesls IS called a contraction mapping
Prook: Form 0 sequente X, Ax, A%,... Gnd Show t+ Convergesto a fixed point

Definition: A Banach'Space \s 0 Complete normed vecior space

Theorem: Let X be a Banach Space. Let Ay,yeY be a family of contractions such that 3ee(0il,
PLAYLL), Ay dp(i, X2) WyEY. If Y 1S 0 closed set of some Banach Space (different), then for each
YEY,31GLNE X S1. Ay(3)=g(\) where gly) depends Continupusly ony If Ay depends Continuously on y

consider x=f00 , x(ko)=Xo
Notice that a function ¥4 1S 0 Solution HE HE)= Xet Hmwdt

So what If we consider a fransformation (AY)(+)= x°+£ f(HOMT
(»)

Notice that ¥ 1S a Solution of the IVP £ 1+ 1S a Fixed point of A

{ 9ra/n.uan7, l8th§
IniHal valve. problem : XeR", X=F (), xtke)=Xo (1)

Theorern: Suppose FeCT (W), USR™ open for rzl.Then for 1t-tol SUTFicienty Small, () has a Unique
solution XUk, te, Xs). Moreover, XU tw k) 1S @ ¢ fondtion of s aruments
L Note: +he dependency on & IS actually ™!

9 1sasolution of () ‘PIA:FXo*EﬂtPLU)dT,
30 weld like o consider (AR (+)= xo+.:f fe(udt

This A 0ctS on functions @ Sueh that @(t6)= Xe

H- IS more Convenient to consider % such that ¢(0)=0 Cby shif+ing)
Ly Notice +hat If €(0)=0, then PLE)= QLt-0)+Ys 1S SUUN that Tleo)=Xo

So we want an operator Where a fixed point 15 Q 3 Sl ution

Notice #hat If € 1S SuCh that @IOY=0, then (pqy(4)- 3 F(@T-to1*)o) AT 18 SiCh that (ALY®)=0
Moreover, If AW=¢p, then x(t)= @Lt-to)+Xo I8 Qsolo’rion of (1).Note thatwe Only need to ConSider ¢
such that 19(6)) ¢b where b 1S an oppropriate Constant

Notice +hq+ Iff £ & oounded (by M), in aneignborhood of Yo, then for smail enough l&-to),
| QLE)-Yol & é‘ FPTNId b MIL-£ol ,where @ 1S aSolution. $o1F [t-td<C,then |@Lb)-Xol Mc=:b

LThe 1dea 1S that IF the solution Cannotgo far away from Xo, then P cannot go far awoy from O



Recall:
0) A continuous funchon on 0 compact set 1S bounded
(0) A continvously ditferentiably fonction on a Compact set s Lipschitz

1> Theorem: Let £:U—R", UCRn open. If feClU) then + 13 bounded on any Compact Set+ K< U. Moreover,
IF £e L), r2), then £ 18 Lipsthitz on any compact KEu

L Definition: A fonction 1s GFSEAED 1 3 A20 SUTh that 1F00-FIPIEAIX-Y) Xy ek, 1S called the
Lipschitz constant-

Proof of first Hheorem: Let F=C(Tal0),R") 1. F (s 0 3pace of continuous functions 9:Ia(0)—R" where
IQ(Q\: ("O;Q)

Restrict F forther 1o fonctions ¢ such that @(0Y=0 and |P)) ¢b VtETalo).

(we dont \r_now what a and b ave yet.we will thoose them ODDYDOI\O‘\'B\\) So that +hmos work put)
Let (AQ)(h)= (‘ LT
%o

Notice that If()eMin Some neighbornooed of Xe. If 0 1S Small encudh, #hen Plt-to)+ Yo belongs o this Same
neighorhood VheIaLo) (since 915 0 (oNHNLOLS Fonction) = 1P L-t)* XYM

Thos V(AQ) )< 9lszse(x-bo)tXDIdL‘MH:I‘M a_for bETal0)
to

choosing G even Smaller, we may assvme Ma<b. Then A:F—F.
Now |IA®,- A%, n==t&§gtlgwom—(wz)ml « this IS the distance betwen since we aan mare Hhe-neighoorhod
€lal0

A® and A®2  compact SO £ Lipschitz
For any €1a(0), we have A1) -APaB)l | T, e( @ (- teyx V- $ -ty \ |*g**|°ge b4y - bl
to to

where Ais a Lipschit2 constant for £ in ¥he atorementioned neighborhood
Now [T~ o)t (T-t0)|£ 0P 1P(£)-%2 (=111~ Pall = digtance. befween ® angd #2 (Since T-to€ Ta(o))

SO VETa(0), | A% LE)-ALalE) | SAUD-Lol1-[E1< AG N D- Pl =7t§l£\:wl)A‘P.H:)'A(PzLE)FIIALh'A(Pv_\\ < xall?,-92|)

If we Pick a Such that Aa<),we Can make A 0 contraClion. Thus 3P EF Such that AP=? (Sine F1s complete)
Note that A depends on (toiXe) and 1S @ Lhiform Contraction with respect to (o, Xe) SO the fixed Point Plbyle)
depends on (to,Xo) Continuously and differentiably (le.ina C* woy)
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consider x=+00) w
X(to)=Xo (&)
where feCT (V) ,USmR" ,u-open, rz|

Theorem: For any Xo€ U, 3 a maximal interval Jate Such that +he Ivp (N-(2) has a unique, solution on J.
Thats, If XUs) IS @ Solution of (h-(2) on I then 1T and x(t)=%X ) for t€I.Moreover, 318 open (1.e.T=(0,))
and ¥ b¢to(respectively 07-00), then YK EU, K-compact, 3t SUCh thot 36 Suth thet XIEIEE

Example: ¥=x2 XER
X(0)=Xo>0

dX_vz:\Qx_ rlL")—l-J. C-=>Y= l
dt " X2 S © X CTTATC-%

KOHo=> sy =5 =1 —=—X2_ dotined-from b20-up-tot=——=ymaximat-interval depends on¥o——
C A ‘/xo-lb I-Xo-[; acriniieyd mTorry L=U U io . xo

AO
te C'(W), r2|, U-Open, USEM"

v




Definjtion: An @uibnomous ditterential does not explicity depend on e independent variable (+)

Lemmo: Suppose x (&) Satisfies L), then x(£+T) also satisies (h ¥ TeM® (for autonomous systems)
Proot: dx(tﬂ:) - - .
|,G b = fFX ot )= (X (b 13))| t=to

d+ |t=ho+'t.

Since to 18 arbitrary, we are done
&Note: this does not hold for non Qutonomous systems Le. X= f(to,X )

Theorem: for any X.€V; there (S a unique Solution of LN passing though Xo (for avtonomous systems)
Proof: AsSume we have Two Solutions X,(E), X2 (&) SUCh that X,(t) =Xa (b2)=X,

consider Yo )=Xa (k-Loi-£). Then Xz (0= Xa (k)= Xe=X, (k1)

= %a=X, = %=X, (On maximal interval)

Ml of these results aliow us o define the Flow of adifferential equation (ie. the family of functions
Pe:U=U where Pelxe)= X(ti%o) Where X Satisfies (1) and xLo)=Y¥
(Here: 5eT (xo) Where JWo) IS the mayimal Interval of existence)
Note: 9°(ke)= Ko 1. ¥°=id
P *50x0)= P3(¥0xe)) Le. P* 15 an evolution operator

One ymore thing albout- Mmaximal interval of existence: If 3=(a,c0) and !lnm ALt) exists and belongs o U,
then $(xx)=0, where X*= Qim X(b) (asimilar result holds for T=(-to,l6)) *”

Tnat 13, X* 1S an equilibriom point
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let X=F(x), Xe RN, £& CTIRM), r 2|, X(O)=Xo
Definition: The CoreSPONGINGFIOW 'S P (Yo)= @ (b,Xo)=X(£) ,Where ALt) 1S 4 Solution of the above IVP.

Sine Yrajectories (or orbits) are invariant under Pk, e can alic obout their Stability

Detinition: A trajectory X (£) 18 called CLHAPONSVISTALIE I ¥€>0 3820 Such that 1f IXIO)-X ()< S, then
XE-RIIE VE20

Definition: X(t) Is @SympicHcallyistase I 1 1S Liapunoy Stable and IXLR-X(H)I—0 as £~ co

Note: the main invariant sets we will ook at are equilibrium points and periodic trajectories

O periodic trajectory



Suppose we have a non-linear Syskem: X=£(x)
And SUPPOSE we are interested in the stability of X (). we Can O3 whathappens 1o xLe)=X (t)+y(t) where
‘f(.H \S sSmall. taylor expansion
We have K Lb) +yLb)= FIX(6) +y(£)) =X L&) )* DR (X LY + OUyI%)
(f 9y)=OCly12) then 3 €20 4 Iginlciyl?) (idea f y 18 Small, then v 1s really Small)
But XLE)= £(x(kY)
identically equal
=) Y1£)= DXL L) O Liyi2)
$O we mignt hope fo figure out the stability by looking at +he linear system yle)=DR(X())yLE)
In general, analyzing solutions of a linear system with o time dependent constant. But, If XLt) IS N
equilibrivm point, then XLE)=X =>Df(X) 1S time independen+
So Tounderstand, +he stability of an equilibrivm point, it Might be enough o Consider a linear
system y=Ry, where A=DFY), where X 1S n equalibrium point. Hence, lets focue move on linear Systems

Recall:A 5 @iagonalizable \# 3P such thor  A=Pdia gLANP™ Where diag( Ac)-—@)'--o
Mn

Theorem: consider a linear syskem x=Ax, x(o)=Xo, Xe®". Then each compohent of the solution 1S a linear
comboination of fonctions of the form +'edbcos(bt) and +4e%*sin(bk), wnere A=0+(b 1S AN eigenvalue of A
and_0<uen-l. So i all gigen values have negative real parts, then %=01S an asymptotically Stable equilibrium
point. If at least one eigenvalue has a positive ¥eol part, then X=0 Is thstable
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X= £
X(0)=YXo

Recall: \f X Is an equilibriym point and DF(X) hass eigen valves With negative real parts, then T 1S
asymptotically stable



‘Example: Love Affqirs

Juppose we have fwo people whose love for each other changes with time. Lets Call +he First

R(Romeo) and the second person J(Jvlieh).The more R loves 3, he less T 1oves R. The more J loves

R, e more R loves J. We want 4o vnderstand how e amount of love for Rand J changes with
time.

Let R(t) denote the amount of love R feels for T ot ime £ and let J(&) denote the amount of

love J feels for R ot fime b.

we can assume that he yate of change of R() 13 proportional to Jk) and e rote of change of

J(E) 18 proportional 1o RIE) 1e.

R=0a7

J=-bR

(0,0 | the equilibrium point

(*%he *%33\_/0 QY
_A_U’/brz 7 A Y,

A AW AYAS

\J3) b o/L7)

eigenvalves of A: |O°A Q | a .,

“6  o-A|" 7 Td0

A%40b=0= A\2=*igb O rely imaginar 0 S rem Qi conclusion. we
Kknow that i e linear comvoinatio Si t
Pericdic trojectories:

N

This 1s Stable but not asymptotically sfable

l/ JIRN

~ O\
(I
17
\ /

~1

(in general, 1f you have distinct eigenvalues with 2ero real parts, then 1t 18 Stalde but not asympiotically)

In general, ¥he mode! Con be: R=aR tbJ

J=CR+d7

we want Yo interpret #he model for ditterent signs of a,b,¢,d

Example: Population Dynomics

Assbme we have a singe Species (e.g- bacteria)

Let N(&) denote He Size of the population at Hime k.

we could assume N=G N

L Note: This asSbmes an vnlimited amount ot resources ((food)

To tare into account resources, assume @=r(k-N),+hen we get N=r(k-nNN

L K is colled +he

L This 'S called +he

Equilibrivm points: rlk-NIN=0 =>N=0 Or N=k

FN)=r(K-NIN=rEN-rN?, §'(N)= r(-2N), §'(0)=rk>0 =>unstable, f'(k)=-rk<0= Stable

N
vy V
Krprp
222
€



For two Species, popolations can nteract
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Example: Wolves and Rabbits

let WCt) e +he population of wolves and let R(&) be the population of rabbits

we can model +heir populations with:

R0 (b-R)R-CRW

wik)= -dw+erw

we reparometrize the system to reduce +he numbey of parometers of the system
let RLE)= axlp), wib)=py(d),ond £=8T

we want o ’f\gure but what o, ,and ¥ are

dw.B dy. a has vnits z—

dt ddt 4

R,W has UNHS size d hqs same units as Rand b /‘6 h0S Units Seconds, Some as /ab

dx _ a o(:b - = /qb C B=9Yc & chas units ‘/sm;_ Hme
d{mb(l bx)x EBpYY = =FaLU-X-CIBXy—7 (XX XY >~ dimensionless

B=9Y%

Q\L dy+ LAY — ¥odvu+eXxh
oV ’ v, =] LAY L)

dt
Denote p=4/ab ,9=%/a, then
X=(=xX)X- Xy = fy)= xC-X-Y)
Y= 4Xy-PY=9U,y)=qyx-Pig )

Definition: A PlONGFSYStEM 18 0 dynamical System with dimension 2

Definition: For a system x=flxy)
¥=904y)
“the G=nUIICIAG (S the set of points where f(xy)=0 and YEABIIEHAR 15 the setof points where gixy)=0

For the above example: IF x=0 =3 Xx=0, Y= I-X
If y=0=>y=0,X=F/q

V-nullclme
X—hullchne

&
&

2

-

2

N

%, |
note: +he firsk quadrant Is aninvariant set

N &« ~|

I//
S S

Suppose 5(_=F£x,y)
¥=4(x,y?
Consider an equilibrivm (%,§) Gnd Suppose we have a function V:U—®, (T,§)eV Such that

VT¥)70, VIX(H), yEN<0 In U 5 0 positive
. d 0 r_ o eve

PPO
7

VL) 1Y -d‘k V{/ 1Y - vV U/ (B A% . v#!v F) pD\n'l's V eves
L such a function 1§ called o Cigptnov Funchon \'e’i,'e\se+ AN $p cannot leave the




Example (failure of linear stability analysis):
' —y+x(x +\?2)

y X+y (vy?)
equilibrivm points: (0,0)

linearization at (0,0) gives

x=-Y
=X
but our system 1S hot linear
I we Switch fopolar coordmares (X=rCosB, Y= rnd, Xy *=1?)

6= arctan-L o e VY% XY-YX _ xY-yX o ery Ofy) YR yy (y2)
AT X I+0%70*  x2 xdyr r2
73\ e
N/ e
1 (FD=2X X+ 2y => 20 F=2uk42yY =D F= XAHYY XYHCRIY Y2 aa) s
r r A
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Theorem: Consider a system X=f(x), XeR", feCT(RM), r2 |, Suppose that X 18 An equilibriom point and
there exists a ne|qhbomood U2 X and ac' function V: U= such that:
D VX)=0, vX)?0 for X# X

%WW%%—%YQ&E%iz) \ = d = Y= < X
dt
Then X 1S Stable.
It in addition we have
3) V<0 for x eU\IXY
Then X 1s asymptotically stable
Proot: Let Bscx) Lxe®:1x-X 1283 and take & sufficiently Smail such that BsG U
let m=inf v0O,where S3(x)=TXeR": IX-X1=§3
XeSs(x)
note that since V) 20 for Xx#X, m>0.
let U= LxeBs(R):vO0<m 3 and note that Xe U, and Ui IS open
Sinee U(x)£0, we know v 18 Non-increasing So If x(o) €U, then vix()<m Y£20. Hence X(+)eB5(X)
Y £20.
NOow assume V(<O Yxe U\EYY
Take x(eU: and consider ¥ (4). Since Rg(X) Is compact, every sequence has a converaen+ Subsequernce
S0 we cn 0ssuime (pasSing 10 0 Subsequence If heeded) hot we have a sequence b 0o SuCh that
XLtn) Converges (n Bs(X)
let X= Ibmxuu) (note that Xe T sinee U, IS compact)

Assbme X#X. Take €>0 sufficiently small So that X € B¢ (X)

Peeating the earlier argument, we Can find 7, S Be() such that if xwo) e 05, +hen X eBe (X).
Hence our original +rmec’row cannet intersect U, so x() eI\ T whichis Compack

In UAT, ¥(0)<0. Let k= Suy \;(x\ (KO o let k=-L wnere L0 1e. yc-L vye TAE )

Note that vOx Lea))-vixeoN)= JEr vixie))db £- L § e dt = -Len. Hence VOX(Em) € V(oD L &n
S0 AS =060, WE MLST have VX(En)L O 24«




Example: X=y
Y =-X+ EXy
(0,0) 1S the only equilibrivm point
3_—_/ o 'y
\Clv2exy  €x*)
Az ot (0,0) QY€ £( So linear Stability analysis 1S hot applicable
Let vOoy)» ‘2 (y2ry2)

=7 y20 for £20 and v<0 for £<0 = (0,0) 15 asympivtically stable if £<o
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Note: If V1s o strict Liapunov function for x=F03 (1.e. v00<0) defined on Hhe whole R", +hen
+he correspmqu equm\onum point 18 glolally osymptotically stable
finiti means for any ’rra)ect)vv x(£), we hove X —-X as
l:-90<> (where £(x)=0)

Note: instead of R, we Can Consider any open invariant se+

Theorem: Suppose the System x=f(x) has an equilibrium point, X,such that P£(X) has eigenvalues
with only negative real parts. Then X 18 asymptotically stable

Llemma: Suppose A:R"=R" (1§ alinear map with elgenvalves that ail have hegative real parts.Then
there IS an orthonormal basis in which (x, Ax) =<X, Ax> KIx1%, K20 (1.0.the anale between hem is
obtuse)

Proot: (We will do Hhe Taylor expansion around X )

X=X+Y , x=y= £(X+\) =DF(XIy+ R(y), where (y) =0C(ly1?)

Let y= E-u then U=pRCX) U+ R(tu)_

v~ RCEW)

e

Note: If we make any linear change of variables, U=Tv, we get N=THDF(X) T+ R(Tv, £)
let Vlv)= 11y

(@ 4]

\ ro Wi
TR D

(o id

(¢
o

7:51

Lo\ tig
TCX U

Then V- £v)=7v- (T'DF(X) TIV+ v RCTv, ) = VIT'DF (D) v+ v- R (Tay, £)

(VW)= V2V . +Un2 2, TV = (2V1,2Vz, ..., 20n )

since DFCX) has elgen values with only negative real parts, we can choose T Such +hat
N- (DT VE-KINIZ , 100

Sin@ \RCTv, 8)1€ CiElVL for some Ci, then 1v-R(Tu, 81 £Ca BIv)?

Toking & sufficienHysmall sothat Cae<k, we ger Vv-flv)¢-mivl?, mD

= yV-flv) <0 Yv#0 SoVisa strick Liapunov funchon gz« proof sketch 1 dont get it

Definition: Consider fwo systems x=£(x), x=90x) In RN Let +he corresponding flows be PLE,x), HEx),
The +wo Systems are E=EOAEGAETR 1f Ih: R"-R", he (R R™, h 0 bijection, neC" (@, RN, with
@ LE MO (Y4, X))

L C°-conjugacy 18 called 4OpSIBGIcal conjugacy?

L \f h\Slinear, we have
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Definition: Two Systems i=£(x), k=00 with Flows PL&,x), ¥k X Ore@ONUGEFR 1 3 h':R"—R o
diffeomorphism, such +hat PLe,hxN=hl%* Lk, X)) 1 h s linear, we have dinearconjugacy

LetS investigate the conjugacy of linear systems  x=Ax, ¥=Bx

1+ 1S easy 1o show that u= A and B have only Simple eigenvalves, then e fwo systems are linearly
conjugate Iff A ond B hove the same elaenva\ves

L Eigenvalves are SIMPIRIF they have mulﬁp\ici’ry !

Proot sketth: =) use h 1o do a change of variables 1o give 6 matrix with e same eigenvalues

(=) Crente a bosis todiagonalize e Systems

To consicler geneml C-conjugacy, it 1S helpful fo introduce the following notation:

Definition: Let @MxCaA), M=CAY, ond molAY denote the number of elgenvafu es of A with 1mh‘ive,magcm' ve,
and zero real parts respectively

Theorem: consider = Ax,xeR" and Suppose that m,(A)=n, en the system C°-conjugate fo X=X

Theorem: Consider X=Ax xe ' ond ose that M, (A)=0, +hen his system 1§ CO- conju

m-(A)=m. (B))

r - n): Consider a C", r2| system x=Ff(x), xe R" se that £(x)=0 and
Mo LOF(X )=0.Tnen %=£0X) 1s locally C°-conjugate to the linear system 3=p#(R)3
LDefinition: Such X 08 defined above 1S calted YPEFBBIIE

Definition: An invariantsubspace’of a linear map A:R"»R"18 Q linear subspace ESR” Such hat
AxeE Vxet

Lemma: It € 1s an invariant subspace of a linear mop A:R"“>R", then E IS an invariant se+ of +he
system X=Ax (\.e. \nvariant under the flow)
Proof: we need 1o Show that Ux e, Pt,x) EE YLER where ¥ £,X)=eA%X
ght. Lim S“ (An)"
T zp (!

For any fixed &,/ = (Ak)" i ¢

t=o (!

Since € 18 a linear Subspace, 1t 1S (omplete So lim( %, (A", .
00 \g=0 () J2A©

USing Jordan (anohical form, we can prove that any linear map A:R"-»R" has three invariant
Suks poces CEs,Eu, Ec) whose Sum 1s RN LLe. Es+ By + Ec=IR™) and whose bases are formed by generalized
ejgenveciors corresponding fo +he eigenvalves with negative, positive, Gnd zero real parts respechvelv
Mbreover, In his basis of qenera\rted eigenveciors A has the strucure

[ O O\

| © Au 0O ]«<dimensions depend on m+m-, mo

\0 O Ac_/
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Reqall: Griven a linear syskem X=Ax,we can find Q basis In which we have

As O (o]
X2 © Au O
O O Ac

where As,Au,Ac have negative, positive,and zerp real partS respectively

©

consider x=£00,xe R, £18 €%, r22,and Suppose f(X)=0 (non-inear case)
Linearizing, we get y=DFX)Y+R(y), R(y)= OUIYI?)
Applying a proper linearizahion 2=Ty, we ge¥

Ly

As ©O )
2= 0 Au O |2+E®@), R@®=0(121»
0 O Ac

It 1S Convenient 10 write 2=(uv,W)e RM-xR™*y RMe

hen we have (since linear parts are ompletely decoupled)
ll=As U+ Rulu,v,w)

V= AsV+ Ry (v, W)

W =Acw+ Rw (U, VW)

Theorem (Local Stoble, unstable, ond Center manifolds): conSider X=£x),xe®" 15 C,r22
Assome that (uv,w)=(0,0,0 15 the equilibrium pointof the transformed system:

u=AsU+ Rulu,v,w)

V=AuV+RyU,V,w)

W= AcW + Rw(UV,w)

+hen 3 ses
Wise® LV iw): v=hF (W), w=hw? (W), Dty (0)= Dty (0), 1ul- Smally
wm LLuvw): Uzh £ V), wehw'(v), Dhy (0)=Dhy (0), IVI-Smally (hecn)

Wit = £ Luuiw): UshuS(w), V=), D (0)=D(0) =0, Iwl-smal §

which are invariant under the flow and tangent 1o Stable, unstable, Ond tenter suospaces of +he
linearized system

Moreover, Hrajeciories in Wiot () and Wide (0) have H\e same asymptohic properties as haJedori es in the
stable and urstaldle SuEspaces. That 1S, IF xLo)e Wide (0, then X )0 Os =00, It x(0)EWioe (D), XIE)—D
as t--co
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Examples: X=X X=-X-y* X=X
Y=oy, YEysx® , YE-YX2
Looking at linearized System, the eigenvalues tell you which manifolds are present

consider a system withovt Mo=0

W= As U+ Rulu,v)

\.I: AUV"' Qv (M.V)

For Stable manifold: v=hyS W) =hlu)

Taking the derivative with respect o time we get = Dh(w) & => AuVv+ Ry (U, V)=Dh(u) (Asli4 Rulu,v) )

Then we consider an expansion of h ino a’ro\nor polynomial with untnown coetficients, plug it in,
and equate the coesticients

gxample: (x\_/ | O\/ x 0
y 0 -1/\Y x?
A=1130 we have On Unstoble and stable svbspace for the linearized System
Eu= x-axis 8o for local unstable manifold, we'll have y=hx) where h(6)=0 and h'(0)=0
ley hix)= ax*+bx3+Cx4+003)
Y=h'(0X =) Y+ xP=h') X => -0y ™ -bX3- x*+0( x %) 452 = (20X+3b2+4CX3+0 (X)) X
= (-3 K*-Ub X% 5Cx4+0U) = 0
= 0="3,b=0, =0 = h(x)= X¥/3+0(x%)

N
<V
1
o
g
[«
(o)

Stable manifold 18 O (Sine If x=0 then 1t Stoys 0) and qlso =0 IS 0 center mamFojd

Lets Solve +his pypliciely : Since ¥hese are uncouo\ed, Wwe cap solve 10 ger ylt)= Cye™® and

dx__')._\ J_— L= ylg\ = l l=p |
dt AN =7 W=7 AU - Cx"'h , T X X
\oov.mq for x(0=y(6)=0
yu=Cye™ X & he got confused and none of this makes sense
05 X=0, y=0 1\
gt et | x<o § &', 0 NANN
o . X20 { 0,x20 NN
Exomple: x=x? C\
y=-y W\
X= w=nNpt SN
B C*t e
y=J 8" | <O . hese are all [
“lTo  x20 center manifolds '




Recal that x=£(x),where £ 1SC” on R",r22 § linear Conjugate o

U=As Ut Ruluv,w)

V= AuVtRv(u, S W) 28(0 Ru, Rv,ew have quadrafic order

W=AcWRw(u,v,w)

in the heighborhood of X st F(X)=0 where As, Au, Ac have eigen valves with negative, positive,and
zeto real par+s

Lets focus on O System of the form (1)

Tneprem: In Q neighborhood of (0,0,0), system () 1S onjugate o

U=AsU

V= AuV

W= AcW +RLhi(w), halw),w) , wWhere h,,h, are €7 funcrions, hil®=0; Dhi (0)=0

Now lets consider the case with M+=0(n0 elgen values with positive real parts), then
U= AsU Rulu,w)
W=AcW +Rw (U W)

Theorem: If U= hw(w) 1S 0 local representation of the center manifold, then the dynamics on the
center manifold 1S described by w=Acw+Rw (hw w), W) (3)

A
Theorem: Suppese that the 2ero Sdution of (3) \s asympiotically stable (nstable) , then he zero solution
of () are asymptotically Stable (unStadle). Moreover, If ulk),w (t), IS a soution of (2) with U(BY,w(0) smail
enough, hen Hhere 1 a SHLHON W () of (3) 33, ULE=hwCLWLE) +OLE *), W(E)=W (&) + Ol **)
Proof () ek h=hwt, then U=h(w)=> U =Dhlw)-w
= As Wt Ry Lh (w), W) = Dw ) [Acw+Rw Lntw), W)] or N (hlw)): = Dh (wd L Acw+ Ray Cntwd, W) 1-Ash (W) - Ruthw),w) = O
use Toylor expansion and plug 1+ in [Z]

Theorem: Suppose 9:R™Mee—s R™-13 ¢!, 9(0)=0,DP(0)=0 and N(Y(w))= OLIwl®), #hen Ihw)-¢w)l= OLwb)
asSWwW=20

{édmw% 13th }
consider x=f(x)

let X be an equilibriom C1.e. £(x)=0) and \et Wioc® (X) and Wioc! (X) be the corresponding local
stdvle and unstable manifolds. Then W*(x)=9 @ lt.Wieé (X)) and W*(X)= Y @l Wioc" (X)) are

global stable and unstable manifolds of X, where ® IS e flow



\\UJ

Reall that a continuous dynamical system is given by a vector Field x=£00),xeR"™ and a discrete
dynamical system 1S given by a mop g: RN—> PP

L Inthe con‘rmoous case LPLt,x\ ten und in the discrete case @L6X),te 2 and @n,x)=F"(x)

Definition: Given a aynamical system with a flow @LEX), a point pe 1 1s called on @HIMIFPOIAE of
(a trajectory starting at) a point x 1f 3 {614 ti—oco S+ @Lbi, )= P as i~ oo. Similarly, anta=limit
@Poine 1s defined by taking bi= - oo

Exampe:
N0\
/ N\ \ ary point on the periodic Yrajectory 1s an w-imit point
(&)
\ N\

If P18 an w limi+ point of x, then P 1salso on w-limit point for any other point on that frajeciory

Definition: we denote by @I Lrespectively @E), +he set of all w-limit points of xLrespectively
a-limit points of x)

Theorem: Let 9(t,x) be +he flow of a continupus dynamical System and let M be 0 positively invariant
Set. Then VxeM, wx)N M 18 closedin M.Moreover, I Mis (ompact +nen:
Dw+ @

L) wx) 18 (ompact
L00) W) 18 invariant under Pt x) (i.e. 18 Q unioN OF Orbits)
cv) wlK) 1S connected
: we will show that +he complement of () 1S Open in M. (ler wi) MM =w®))
No\e that the case of W= and wx)=M are trivial. Thus 0SSUMe WLN*0 and let g gw ), g&M.
By definition of wix), I €203 T>O S+ V4> T, PLt,X) €Be(q) where Belg)=1y:1y-91< Y. Hence, there 1S
Q_heighborhood of g, U, Suth that UNwO0 = @. Sine g was arbitrary, win® is open.
Now aSsume M 1S compact.
() let xeM and note that PLt,X) EM ¥£20 Since M s positively invariant. Take any Séquence ti—co

and conSider @l x). Sinte L, x)eM and M 1S (ompact, 3 Le Suth Hat P, )= pEM OS k=00
Hence pewx)

() Sinte wlx) IS a closed subset of a compact set, i+ 1S compact (to be continved...)

(... proof continued)

((C) Lets show that 1f gewW), then the whole orbit Hhrough g lelongs o wix)
First, note that ©(s,q) I defined for all §¢ (0,00)

Lets show ¥hat @(s,q) 1s also defined for SE€ (-60,0)

Let ki be O sequence such that $(t;, ) 9 (Sucha Sequence exists Since g ew(x))




WLOG assume ti<terr. Note that @S, ) 18 defined for SE [tc, ), since PCS, @LbG X)) = P(S+ti,x)
Take ANy SEL00,0).IN St. VEON, $>-ti (since Ei—=60). For (>N, ®LS, Pt X)) IS well-defined.

Now take the limit as =00 and vse e fack that @ 1S continuous.

inm @S, Plec, X)) = Qg anwrh x))=9(s,q)

cCord

Now taKe any g ewlx) and \etpe 010q):= orbit +hrough g,
Note that 3SeR Such that p=9(s,9) by definition of 0(q)

\et t¢ be such Hhat (PLtmO—aQ and COnS\c\er the sequence i3, then @+t 0= Qs, @LE X)), SO

) (Recall that a Set Asren s @iSconnected ¥ 3 UV open Suth that ASULV,UnV =@ TOV= ANU +0
Anv#p. MsoIf AERM 1ISconnected and £ continuous, then £(A) 1S onnected)

Assome WO 1S distonnected, then U,V R, Ui v open Suth hat W) ST vV, Un V=g, TnV=@,
wWONU# 6, wInNV% @

let t¢,S( e SUCh #hat @k, )2 peU and @(sc,x)=>q eV 08 bi-20o, S co.

Take large ( Such hat @l X) EU. Then J (22, Such Hhat Sp i And @(Sia, X) EV.

Now, consider W(t, S, ),X) (the image of the interval (t:,,Sc2] under themap ¢, %) Sinee Lti, i)

IS_connected and @L,x) 1S ontinuovs, It € ey, Sip) Suth that @, X) EM\UuV)=K-compact and

corresponding E2,E3,... Such that PLELX) ek V.

since ¥ 1s compact, we can find 0 subsequence ti, bia,... SUCh that @(Ece, )2 P EK OS K300 .

But ¥hen pew by definition =& sine W) cUuV &

Consider the evolution operator PLe,x) for a continvous or discrete dynamical system On IRP

Definition: int Xe€R" 1S Called LoF @) 1f YUDXo, ¥T?0 T 11T SUCHh that
P00 U* . The set of all non-wandering points (s called afBAONAEFAG SER

§ {ebuany 1710 §

By ®L&,%) we mean an evolvtion operator of a continuous ordistrete dynamical system

iYion: A closed invariant set A of P(+) IS called on \f 3 U2A,U-open set Such
Hhat P,V LU V20 and hn Qt,)=A.The Set U IS called o +rappm9 yeaion
%0 o e

, Y
[ ) () @Lk, U= (4,17 ¢ 50 i) 1s 0N aHracting sed
J 7 1 << > q ~
\ T N ,i'\ } o0
N A L x/
Definition: A closed invariant set A 1s called I for any two (relatively) open

SetS U,VEA ,3t>0 3t Ple, UV OVED

Definition: An @rracior \s a fopologically Yransitive atra ching set




Definition: The BASIATGRIGHFOCHGY of 0n attracting set A1s U L., U=trapping region

Example: x=-y4 x (1-2*- X*%y2)
Y= X4 (=22 X% y2)
2=0
For fixed 2, Converting fo paar coordinates:
©=|
r=r(Jirz?'-r)

Theorem: Suppese G IS an invariant et of a continuous Flow @LEX). Alsd assume ot Hhere 1sa ¢,
r21 funcrion V:G—R Such that VOO £0 (u=Tv- £).Then ¥xXe b, wld NGEE, where E= Txe G y()=0Y
AlSO, aLONGEE

Proof: let pew )N G. Note +hat Vip)= m v(Lex)). Indeed consider V(%L x)) for Some time & Since

ti—00 Suth that L, x)—p. Moreover we con 0ssbme ti< b+

3120 Suth that Li 2t YOI sp VEREE, X)) £ VIRLE X))

Possing Yo e limit, VIR £V Lt X)) §6 V(P IS alower bound.

Since ¥ €20 Ib¢ Suth that VIPLECXN-V(p) < E, 1118 the Qreqtest \ower bouhd (o be tontinved...)

¢ {eburny 200t 3

(.. proof Continued Jrewritten) lex pew i Nk. e Showed that VIp)= £ur)\:;‘ v (@ (Ex)). Now consider

the trajectory through p, @(t,p). PLE,p) exists for Small £ and Plt,p)EG Sinte Gs invariant.

Fix Some small £ and consider s+t where YLk, X\I=p. Then PLee+kX)=@lb, P (b, X)PLE,P) =g
Lsing a Similar_argument, we €an show that v(q)= lanLm,x\) But then v(g)=v(p), that IS
V(‘-P(’wP)) V(p) V small . Hence vip)=o A

L Note: o Similar argument works for V20

Corollary (Lasall viance Principle): Consider a tontinvous Flow P(t,x). Let ( be a compack

positively invariant se+ (with nonempty intericr and c',rz1 boundary) Suppose that V:e—Risq

C',r21 functon Such 4ot VOOLO for X€ O, then Vxe @ LPtbno—vM,uohe\re M 18 defined oS follows:
If €= Lxe&: VOO=0Y, then M= xek: D*Lx)° EY< the positively invariont part of €

Proof: Taxe any xeh Clearly @Le, )= wilx) 0s 0o (by definition of wbd)and since WNLE 1§

positively invariant, wNEM. Thus @(x,£)->M Qs £-00

on {y=0% and net an equilibrivm Point, y+ 0 so_the positively invariant part of £ 10,09, 11,00




Definition: For a flow @ix) (continuous or discrete), 0 PericaiCHrajecisry imughie 'S a function
QLb,Xo) SUN ot IT20 PLE+T, Ko)=Plt, Xo) VEEIR

Lets focus on planar continupus systems:
X=Fy) G
y=96y)

DefiniHon: For f:R"sR", the £18 divEx)= V0= %‘L - .
L=l Xc

Theorem: § e that e system () 1S Suth thot %f_ g_q : .
X y .

Then there Qre no Peripdic Orbits in D.

L SIMPIYICONNECTEE essentially means there are no holes

{ {ebuany 2tn 3

X=£00y), Y=gy ()

Theorem (Bendixon's criterion): suppose of gg ‘¢ inaQ Simply connected region DER?, then System (1)
X Y
does not have peripdic trajectories in D vline integral

Proof: Assume there 1S O periodic Orbit C£D.ConSider the following integral: g;de-gdx

(let T:(0,i1=1R* be 7, r20,anA Such that B(O)=5(D). let £,g: R*>R?, then

— j"(mm\) Bx L6 +9LBLEN)- By' (&) At where ¥\ o o)
\b\/} c=1rm 0/

g{ld\rgdx= [T Y () -gLT (8K (6)) dE = ‘J;T(f'g- gf)dt=0 where ¥ is the periodic rajectory

Cof period T). (recall: af= _b_A

L3 A\

T dy ")

By Green's theorem: §£d¥-9dx g(_bj_ : 39§dazdu¢e since of L 39 o %
P, AT dX T2y

Theorem (Bendixon's criterion pr 2): Suppose +here 1s a C' fonction B:R*>MR' suth thot

n D.

Example: x=y
y=Xx-x>8y,8>0

[ L. o 2
X dy §<0-Sohno |sened|r: erbitsin-i

Example: X=y !
y=x-x28y+x%y , 3°0 e

¥ D
X dY

S0 ahy periodic tralector must cross ot \east one of Hhose lines . .




Definition: Two vectors uy &R" are@FaNSVERSAD\f they are linearly independent, 1.e. U#dv and v#au
for Some a&R.Two veckr spaces ULV ERM with dimU+dimV =n are‘transversalhf for any ue U,
veV, uand ~ are transversal

Definition: Recan that 0 weguiar-Corve'in ®" s a ¢ r21 map 8:I—~R", where 1-open interval, angd
3'()¥0. Ap‘@rcis the imoge of o regular corve

Definition: A planar orc 2 1s 4ransversal fo the vector field (f,9) ¥ ¥'(t)1S transversal o (4. g) a+
every point ¥lt), where Z=1m3. In otherwords, (£,9) \s howhere tangent to 2

Definition: A {ocal Section of the vector field (f,9) & oY) 1S Gn art 3 contoining Ms,Ys) and 4ransverse
o (£,0)

If (Xo,¥o) IS NOt ON equilibrivm point, we can always construct @ lcal section +hvou9h Xo\o)

¢ {ebusany 1110 3

X'-"FLXN) &b |

y=gyY) ) . Vector field Is never tangent 1o the Corve
XX 1 1h the box

Let 2 be a local Section Ot Xo &MR?

b Note by definition of local section, X» 1S hot Gn equilibrivm point

Theorem: Suppose 2o€R?, Plto,2o)=Xo, ANd 2 1S a l0Cal Section Ot Xo. Then I UD2e, U-Open, and a
differentiable function T:U— R s+. T(2o)=to Ond P(T(@),2)e D ,2EU

LT gives time the fime that 1t Intersects the local section

L This tells you that you khow the behaviour of +he vector field around the Iocal secHon

Theorem: Let M be a compact; pesitively invariant set for system (D and let 2 be an arc
transverse 1o the vector field. Then any positive orbit+ 0(p),for peAt, intersectS 2 ina
monotone sequence. That 1S, \F @4, p), PLbe, p), Pltcn, PP ED, then Pl p) lies between
QP Ltia, P Ond P Lbiv, P
pidore: — Py, P)

Qti,pr 2

5
tivr P

L 1dea 15 that the vector field Is fransverse to the arc

Proof: Clearty, \f G*(p) does not intersect & or intersects at one or fwo points, the statement
IS vacvoushy true. In the other Cases, 1+ 18 enough to consider the points Xc= PCtiq, p),
Ai=PLbe,p), Xen= PlEit,P) , bi-i< ti ¢t

consicder the region bounded by the arc segment (-, Xc] and the part pf +he Orbit+ from

Xia to X¢, call 1+ D

Assome that the vector field 1S pointing inSide D.(f not, consider the closure of the Complement
of D). Then D 1s positively invariant (if youre on the local section you Must move Stricty
inside D).Then Xun belongs 1o the interior of D. Hen Xi & [Xi-y, Xe41)



Theorem: Let M be O Compact positively invariant setfor (N, and let 25 be an arc transverse

to (). Then for any peM, w(p) intersects Z in aF most one point
Proof: #0 2. Then LY L2000 o<ty S+ P4

St 0o, Si¢Sin S+ P(S(,P)=9.2. Since T IS O transverse arc, We Can construct sequences e
and Si such that E:,p) €3, P(6i,p)=q, and U(Si,peS, P(S¢, P — g 2. But then PLEP) intersects
Z in 0 non-monoptonic sequence

§ o 1t 3

X=F00Y) ()
y=gLy)

Theorem: Let M be @ compact, positively invariant set for (0. \f wlp) does not contain equilibrivm
points, peM, then w(p) 1S a closed orbit (1.e. the image of a periodic 4rajectory)

Proof: 1et gewlp). we'll show that 0(Q) 1$ a closed orbit

let xewcq) (note xew(p))and let Fbe alocal section through X.

Note +hat 3 Ltnh 700 S+ Ptn,g)— X. Sinte 31s transverse o the vector tield, we can find

{End 7200 S+. gpn=P(En, Q)X and Qn€ 2 (Same argument as previcus heorem)

Since WP cann ot Intersect Z ot more than one oo\n+(pvevloos theorem), Qn=x¥Nn.Hence 019D
IS a closed orat-.

Now we'll show that WP coincides with 0*(g).

let+ 2 bea local section +hr009h q.

w(p) intersects Z,0nly at 9. Also, w(p) does not contain any equilibrivm points and 1§
connected. Thus w(p) must coincide with 0*(q) Since otherwise w(p) would intersect 2 at
move than just one point Loy connectedness)

Theorem: Let M be a compact positively invariant Set+ for (). Suppose that wlp), peM, containg
two distinct equilibrium points - Py, P2. Then 3! orbit+ §€ wWP) s+ wlB)=P2,al¥)=p,

Proof: M

SB s 0N

P9 9

<, Tme )

Y
ASSume I ¥,¥2 With dls)=P,, WIF=p2 , L=I,2.
let q.€%, 9, €8, and let 3, and Z2 be local sections throvgh g, and g2
34120 SuLh that @(t,Q) Interseds Z, and 22t Suth that <(>Uoz. P intersects Z2.Then the region
bounded by the parts of ¥ from q; to pz, parts of Zi from qi to Pte, p), Gnd the part of ot(p)
between DLty p) nd Pltz,p) 1S positively invariant.
But then points of 5i outside of +his region tannot be w-limit points of p =«

Theorem: Letr M be ¢ act, positively invariant set for (1. Then for any peM, wp) \S one of +h

Following :

a Single Ofbit

w)a dosed orbit

W) A finite humber of equilibrivm points Pi, U1, k, and Orbits ¥ such that d(®),wiBELp,,...,PeY
L This 1s Called the Poincare- Bendixon Theorem (one of them)

Proof: 1f wip) contains only equilibrivim Points, there can e ot most one since wip) IS
Connected.

& wipd does not contain equilibrivm POINTS, ¥hen 1+ 1s a closed orbi+ (proved previously)




¢ w(pP) Containg Py Pn €Quilibyivm oom’rs then 1t must contain orbits conneC’nm these

points and there can be ot Most one orbir ¥ with distinct w3 and « (8) by Hne previous

theorem £
consider the system:

G 1WA G EEPNTON { describes ne. process of breaking down sugar
y=b-ay-xty - )

we are dealing with conentrations in this System SO we're oOnly interested in the first
quadrany

Nuclines:
X O=-X+Qy+X2y => __ X
oy
y: b-ay-Xx*y=0=>,__b
" arx

If Xx=0=> Xx=ay>0, y='o-Qy (y>0 fory< 9a, y<o for y>5ad

\FV 0, X=_X V b)D

pugaing in y_ b . ¢ gives—x=X ab . X*b _-x(argd+(o+xbo
a+x? atx2> atx? atx2 o

b -
E"{\, U R
SR
AN
VNN
. N N\
; l w
b {o(max)
AV - | arovnd-fo,2)
ax “7a’)
d — - B (inonint inside)
X — bl d AN RLE L U“V/

On this line we have:

X=-X+a (-x+bot ) +x2y = (1t A)Lb-x)tXx2y

j= b-0 Cx* bt Ha)-xy=-alb-K-X*y

¥ | |-ato-xy | | a+*¥*V-b X*Y/x- =0

consider x%(b-x+bYa) Mileyko got

)
x | |Gty Go0exdy | |-Ora)t 4| | XV x-b-00)| /
(
/7

-(1+a)(x-b) confoused for this

b aV X ) Z | = lh-Ay_y2, en’ﬁre POH'

2y

Oy R B A B (continued next ¢lass)

\
)
b-X<0 J




consider the System
X=Xtay+x*y= fix,y)
y= b-0y-X2y=g0x,y)

with pictyre:
\PAS
Ly V‘/
/AN
[ NN N
L >~ |
b

The reanon AN comoad- and positively invaviant.

If we anure out I8/when the eqilibrivm point P (S unstable, then after cu’r’rmq out a small

dist. aroond p Oe. R\Be (P), E<<) woe qe+a comooc+ oosmvelv invariont se+ without

equilibrivm pointS S0 R\Bem Con+ams ) closed orb\+ (bw Poincare- Bendixon)

First lets find p:

“Xtay+x*y=0 _,5_ /b
b-ay-x%y=0 ' = /Qtk?)
At p we have
3_/b%x oy \_/-1*2xy  a+x*\ ( v*a b*a
% Yoy ) U -2xy  -0-x*/ 2840y -(b%a) /
note: it ,_./0 b _ a-A b \_,2 _ (A N (dra)®
! 2

c d// C d-A

Y= B0 gy B H Y o aye (2 g)e2b% bRab0
b*+a b%a /

SO If +r(AYO,then Re(r,,2)<0 SO Stable

for instability we need b>a- (6*+0)*>0

b

N\

)

a

Example: Predatpr gnd prey (#ish)

Assume that in the absense of predators, the population of the prey fish increases at a rate

proportional to the size of the DDDUIOH on with the conpstant of DYODOFHOHOH'I'\I 020. ASSume

hat in the absense of prey, the Dredafors die off at a rare proporﬂonal o the Size of the

population with coetficient of proporﬂonal|+y -C, C0. LaStly, ¥ +he presence of predators

decreases O by 0 quantity propovhona\ to the population of preda11>rs and € increases by O

quan-l-rl-v oroporhonal 1O he population of prey W prey are oresen+




I x 1S the population of prey and y s the population of predafors then we have

x=Xx(0-by)

y=y(-ctd X)
ThiS gives=
S d N\
[} /fo \T‘r'\‘
bV L\L\’//
N |=»
.—,
7 E td 7
d
Nohce that: o | /o AN r A e e e
VELS SRS LY Y %) PASSNS LY
Nin el (l.l.(n I ==L A=l re Ay
Uy y\.u U‘,) U OUYy//NC UR)

Let FOX)=CLnx-dx and GLy)=adny-by.

Then i H(,y)=FOO+GLY) we get HUy)=F!(x) x+ Gly)y=0

SO every trajectory belongs 10 a level Se+ H(x,y)= constant. These are closed Cuyvves.

§ sl w11 3

Assbme we have a population and a disease.

Let S be the pesple who are susceptible, T be the people who are infected, and R be +he

people who have recovered.

Then If N s the population Size, N=S+I+R (SIR)

Make +he Fonowmq assumptiony:

‘rate of S is Droporhonal to N

- Susceptible people can become infected after meeting an infected oerson(assummq

people meet ContinuOULSLY

*people die at a rate of death proportional 4o the population

+ Assome for infected people, they die at a faster rate

*Infected people recover atra rate proportional ol

SOme possi ble additional assvmohons (sipesd

- recovereg people can become. susceptible again gt a rate Droporhonol ol

rate of birth of infected 1s BL

This gives the f‘ollowma table of terms contributing 1o the rate of Chome:

Susceptible= § Infected=1 Recovered = R ) D)

+bN ([

-BS T/ +BSTN (>2F
-¥L +¥1 \ P SIRS

“WS (LW T -WR J \

+oR “oR \

-pB1 tpBL J




we have the following ditferential equations:
SIR

1\

5'—__ bM-BQI c
TN S ASSUMING N is constant (N=S+I+R)

e I - wl:—; 1= B - \Ix.,.:.\:-',w\\"l'_
N N B WAL~ AY I}

R=¥I-WR R= ¥I-WPR
S1RS
- I
N Assming N IS constant
oI . Yos (B .
N N
R=JI-(wtadR R=¥I-(wtOR

In both Cases we can write the system as

I=(r0I-aR)L

R= ¥I-cR

where r=R+pb-5-wi-w, 0= B/N, and L= wt+a

The possible equilibrivm Points are (0,0) and (Ix,Rx) where Y-0Ix-QRx=0, ¥Ix-cRx=0
Note that (Ix, R« 1S velevant only when Iy, Rx20 (N0 negative population)

Suppose I+ 1S relevant, then r=aIxtaRx Ond -¥Ix+CRx=0 SO
1=0a(Ix-T)+0(Rx"R) 1

R=-¥(Ix-I)+C(Rx-R)

let v(T,2)=T-TyAnI+d (Rx-R)? (Liapunov fonction)

V’f'( | (x iga 21(2 'E\\
I / /)

RV . O - T & - 2 |
=\= IE:I: iga'i 2d&i:" Ea P; eq].:i E) lﬁ(:&g &ﬂﬁi h’ 2dEE’ |5le&2§ R)>-0(1Ix +J]

- - 2_ - - 2 D\
L

;h')s lF a_ a NS WA J \2 A4~ o\, ~
26/ \' ULLiIX 1) =4l (WY ") &U

This s true everywnere so (Ix, Ry«) 1S globally aSymptotcally stable (80 no clesed orbits)

§ Mo ot 3

le: van der Hon

X+ M (ENX+X=0
L Describes +he vol’roge of o point

Example: Lienard 3ystem (A more general System +han Van der Pol)
X+ £00x+a(x)=0
J
\ d y [l VAN (‘xr:-\.ne
ﬁﬁﬁe—fx"’fﬂ‘)‘)—"ﬁfﬁ_wjf’ref&dt = 1 rix)=), T34y,
we. can_rewrite the System Qs

X=y-FX)
y=-9(x)




_[x _y?
“Jo n’= 2

Theorem (Lienard's Theorem): Suppose that g,Fe ', £ even, g odd, Xgx)>0 for x#0, F(0>=f(0)<O,
300 4. F(®)=0, and Fx) monotonically increasing 1o & for x2a. Then the Lienard sSystem
has a vnique limit cycle and it 1S Stable.

L Note: Since €18 even = F s odd

Proof:
) /
Ie ¥ /
AN ;
A
) ,+ra|ecrory
I¥ 3 Yo SLCN that Yi=-Yo,Wweger a closed orbit (because £ GDE X then (X, € X )
D)= JOU )0 - U OYo)= Lo 2o
du=ydytgndx=ydy- (y-Fx)) dy=FLx)dy
dX . Y-FOO) g Y-FXO g
dy ~ 90) A= -gx)
at Q - -7 g
3 0

K can be Showhn hat @(a) IS monotonically decreases 1o ~6o S X—-Co
(rigorovs proot in Perko)

For the van der Pol equation, )= (x% 1D, QL)=xX, U>0
To vse the Hheorem we need 1o Show 3’a>o sucn that F(0)=0, FO)= [F§(ds, FOO 7o, X2Q0,X—0e

oV~ - 3 -

= E(X)=0 for 0={3>0 Ond FX),0o for X2§3,x—00
Thos ¥he system Nas a unigue limi+ Cycle which 1S siable

Diher examples: .
X=Y and_ X=Y-FO)
y = FOOy-9x) y=-9(x)

§ Mo 13t 3

In classical mechanics, systems are cescribed by qeneralized coordinates:(q,p), where
9=(gy,..,Qn) IS the position vector, and p= (py,.. ,pn3 1S the momentum vector.

The ohqse space Is a set Wsm*",

¥ the function H(g,p) 1S the total energy, then the dynamics can be described by -

op where - (2H dH Y ang 2H - (3H dH \
o= dH R op TP, L, e/ 2a \2q,,..., 94n)
r b(l

L H s Called +he Hamilfonian




=(© InYwnere I :C"-O)
Note thot £ 3(_1n o) ere In o0

then +the equations can be written as

4. (3 dH
(P>-IDH,where DH'(bq, P

Detinition: A §YAPIECHIETFEA on ™" 1S a non-degenerate Skew-symmetric bilinear form,
A CanoniCal SYympIECHC orm 1S given by 12U,V =(U,Iv), uy ER"
L> More oenerally, n2.(u,v)= (U, AV) where A 18 0 NON-singuldr skew Symmetric matrix

Given a function H:R™> R and a canonical Symplecric form .2, we can define o vectror field,
XnH, by: o\ hink hig s inner product
0 (X1, = (DH,IV) VVER (1D

I£ (D hods for (%)sz, then (4, p),v)=(DH,V)

=> (g, p), Iv)=(DH,V)

= (37(4,p), V)= (DH,V)

= -(3(9,p),v)= (DH,v)

=) (OH+ T (g, P),V)=b ¥ VER*"
=> DH:':S(q,: P)

=) -g%: P , %: (L

_7q’-bP IP- bq‘

Defintion: Given fwo functions, F, G:R*™— R (SMooth). we detine the PBISSSHNBrACKS: of F

and G o - =3, (3L 24 2F 30
L S F Y= XF X6 L%(bq_i, Mi dp¢ bPL)

L we can show that given a Hamiltonian H, and a funcrion F, we nave F={F, H}

Notice that H=1H,H}=0 5o Qll Orbits belong 1o level sets of H

Definition: A Homiltonian System s @ompletrely integrablent there exists firstintegrals
Iy..,In-, In=H SUCh that the T are functionally independent (except MOybe on a set of
meqsure zero) and {1, 1e%=0, 14K, e<n
L Note that 0 Set Mg ={Lq,p)enz"": Te(q,p)=fiYy, F= .., Fn) 1S QN invariant set

L>Ms 18 looking ot level sets of each of +he Firstintegrals

Tneorem : Mf 1s a manifold ¥nat (S as differentiable 0s the least differentiable integral, and i+
IS invariant. Also, Mg 1s diffeomorphic 1o the n-dimensional +orus T7= x§'x...x§' (§'a circle)

n
Moreover, the Flow of the system gives rise o quasiperiodic Motion on T, +hoat is, \f @eT” +then
%34 =w, where W)= (w, (F),..,wn(H)
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X=£00, XeR"

Definition: An (n-) dimensional surface ScR™ ISEFANSVETSE to the vector field £ 1f £ 1S never
tongent oS, 1.e. h(X)-FOO*FO YXES wheve h(x) \S Hhe unit hormal vector

Definition: AUBLGINSEEHBA Of f at+ SoMe XoeR" 18 a Surface ScBelXo) transverse fpf, xo€ S

Theorem: |et (t) be a periodic Orbit with period T
x=£(x), XeR"
and let Xo=¥(o) (or any point on ). let Zbe a local Section a Xo.
Then 3 Q nenqhbovhood U of Xo and afunction T: U~R Such 4hat T 1s s SMooth as £ T=T,
and PLTW),X)e Z e 20U (Pgx) Is the flow of the System)
5T 18 a return fonction 1e. plug in O point around Xe ONd it will tutput ¥he fime at which you
come baclke (so I1f you pluqm Xo,'c(Xo)~T)
Proot: Implicit function theorem. Consider FLEx)= (Pux)- KoY FXo) I S IS O hyperplane

er End|cu\ar’rt>’r‘(x°> Show dF . .
dt ' ! !

done

Definition: The function PLO=L(TWetX), XotX)-Xo IS Called O Poincare FONCHon.
L P(6)=0=>0 15 a fixed point for P

Theorem: If ¥(%) 1S O periodic orbit of Xx=f00, XER",then BL6) 1S asympwricauy Stable Iff 0 18
an_asympiotically Stable fixed point of a Poincare map

Example:

X=y+xX (M2 y2)
Y= Xty (uP-x2-y2)
let X=rcosb, Y=rsing, r*=x*+y?

= rEExXty ¥ X=Xy vy (i Xy 2) = (u-rr?
X=¥rCosb- rsmee

Y=FSIND+rsin@6 = XY -y X= B(r2cpS®+ r*sin?e)= 12

41565
7Y

r=r(u™r?)
Xy2= 0 r*=>r*=p- 2= 0=
Thus we have:
r=r(U-r2)
0=1
X
\\//
5 (£)= Dott —_— A ———
(_dp " dp 2 ferdp frdp}l L, r 1, utr?
Jropuz=p2) © Jro P 2P dromtp] 47 242 uTrer
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X= {00, feC",r21
let Pit,x) be the corresponding flow, d¥® -
9 T 0= FLeLe)

Suppose we have periodic orbit ¥(t)=P W, Xe) with periodT and with Z as a local seckion oF Xo

(assume i+ 1S defined oy <¥-Xe, f(Xe)2=0)

The poincare map P: Z2—3 18 given by PE)=P(TIXe* ), Xo+ )=Xs.

we are interested in eigenvalues of DP(o) Since O Corresponds o the fixed point Xo

Note that the map PLT (s 3),Xe*3)~Xo IS defined not juston Z but In a neighborhood of O 30 DP(6)

I3 the restriction of the derivative of PLTlXet3),Xot3)- %o 102

o¢], = $E| +D¢|  where D denotes derivative of ¢ with respect 1o X

=0 dt $=0 =0/

= FP(TL) = / £ since uro)=T\tP(T =
), Xo)) DT(Xo)t DPLTUo), Xo)= FXe) DTLXo)+ DP(T, Xo) ¢ T Xo) = Xo

Notice that this linear map acts on 0 vector nem" by

N— fXo) DTLeY 7+ 8CT)- 7= DT (o), N FlKo)+ Y (TIN. where YIN=DY(T, Xo)

Notice that any vector can e written as a sum CfUt3,3e3

¥ N=CfUe)*§, then Y (TIN=CFUo)+Y(T)§=DPLO) §-4DT, ¥ FXo )t Cf (Xo)

Theovem: X# | 1San eigenvalue of DP(O) ¢=>1t1s an eigenvalve of Y (1)
A=1 18 On eigenvalve of D(P) ¢=> | IS an eigen value of multiplicity?! of Y(T)

consider x(£)=y)+50), 1ylb)eel, +hen Y+ ¥=Fly () +¥))= ¥ I*DF (5(N-y (£ )+ OLIYI2)
= y=DF(¥Lt) )y + OLIy1?)
Thus the lingavized system around Blk) I8 §=ALE)Y, Where ALk)=DF(5(NS a perjod it matrix
(Definition: A matny PLE) 1s aFundamental matriX for the system y=Alt)y, if it Satisfies:

V) =AY

() det 9+ 0 )
> Then he Solution 1O the VP y=Alt)y,y(0)=Yo 18 given by Y1)=PE)L"(0)Yo

Moreover, clet P) =det 9(0)- exp ( I3 +r (ALA L)< lioyville's formula
W +orns ouk hat Y(&)=DPWXs) 18 a fundamental matrix of +his linearized system and Y(0)=1



t HO= R eny)

BN D (D N D e >, 28 3%
6,6( S )G i) MSHLUM.M) 2 ixe 0%,

K=

k3 . d v (Proof concludes with the
= 2 DYPLEX)=DFLLLEXY) DELE XY, g Xo we-nave - Y(H)= A Y4 Following \em&?c‘? )

Lemma: IF Yo= flXo) ONd ;= F(@LE, X)), then Yi=Y(6) Yo
Proof: y)= £(PLt, Xo)) ACE)

E% DR LPLbo; ¥o3)- 2 1 Xo) = DELPLE Yo)-F L9 Lt XoN)= DFCPLEKeY)-Y

Y() \s a fondamental matrix for y=AL£)Y =2yL6)=Y ) YH(0)yo= Y(+) Yo (Since Y(o)=id)
L 20 £006)= Y(T)" FIOLT, %o = YT § 1Xo) SO f (X) 1S AN eigenvector of YLT) with eigenvalve |

Notice det Y(T)= Ay--An =€X (So-\'r(DF(Kls))dQ =exp( §& divE (¥ (sNdS)
L For B* we 0t Aa= expl < div FCsiaNds)

You can represent Yix)= 2(£)eP*

using the “logarithm" of YLT) gives Y(1)=e®"
so define z(v)= v g™

3 Masd 20%}

Liooville's Theorem

consider the dynamical system
X=£0X), XeR” with flow ¥

let Do=domain in R" and Ds=%P+(Do)
© =

e+ V()= volome Of D¢

LeymmaQ _g_ . §v¥dx where V- ¥_b—*:'+ = ﬁ Cre-the divergence ot £)
0 Do

Proot: yip= jde+ b‘?;’“ dx - wnere P L0=X+H00b +0 (6 2)etaylor expansion

b"Pt - df 2

> 1d+ {; +0(t2?)

det (1+8A)= FolAY+ EF A+ E28, (A)+. ..
7 S————

) tr (&)

o deb2P ye el 2E
=>det-2 T t0=ttr(30)H+0t?)

:>vua>=vto>+bf 5 7-£ dx+02)
1]

Lioville's Theorem: Soppose ¥ £=0, then V¥ Do, v(’«) v(0) <volvme of Do
Vo\ovy\e of D&= Pt (Do)

L).e. the volome |s preseyrved



Poincare Recurrence Theorem: Assume §:lR™R" 15 (ontinuous 0n One-to-one, and assume DERN

IS_compact, 9L0)=D, Lre.D1s invariant under g). Let X€ D and et U be a neighborood of X.

Then 3 xe U Suth that g'*(x)e U for Some n>0

Proof: consider the Sequence U, gtw, g*w), ..., g7 (W), -

Since g 15 volume preserving =>3ome of the q"(u) mvs+ Infersect Since orherwise D would be

mFm\+e —&

Assome Q4w NOUW =B k2L

= q""(mn u+ o

Thos If we et y=9*™*(0, then el and g"X)EU where n=i-L

Example: Lorenz system (predicting Climate)

Xz 6 (x-y)

YErX-y-Xz

2=xy-bz

equilibrivm points: (0,0,0), @x= (2blr-0, 2 {blr-1), )

Example:
X= a(y-X)
y=rx-y-xz
2=X\y-bz
) [-r ¢ o)
J=\r-z -l X \ JIm.nm= r -l O}
y X b/ 7 \0 O b/
AT N A -0 2> A= ()3 e o ) ) 0Sr e A<D
v A ZKL Fr=yto+i i)

Proposition: If rel, then all Solutions end o the origin

Proof: construct a Liapunov fuonction:

LOGY, 2)= X% oy 2 ?

¥, 20y, 20 2) (D= 20 (y-X)+ 20Xy - 20Y*-2 Xy 2 + 202Xy~ 202 = -20 (X y=2*)+ 20Xy (I4r)

L when 21, thisis nolonger true:

vu,\/,a:rx’*+<r\;2+<r(‘3!-2\r)2 (ellipsoid centered aF (0,0,2r))

vixy,2)=V>0

Proposition: 3 v* such thot at any Solution that- startk outside v=v¥, eventually 1t enters i+ and

stays +rapped

Proof: v=(2r¥, zyo-,zo-(z—Zr))(ky 2)= 2ra(Xy-XD)+2arXy-20y220Xy 2+ 20Xy 2 -20b 2

-4arxy+4arbz=-20 (rx* y*b(2-r*br)

rx2\?+b (2-N*=. defines an ellipsoid  U>0

when U >br? =3 v<0

choose V¥ Such Hhat r*+y2b(2-N*=br2 wirh U In 1S interioy

divergence: --1-b<0, v=Jdiv V dxdydz = -( c+1+0)V

= V(t) e (0‘+|+b)‘bv

which shrinics exponenhially to O

consequence: +he volume of the set of points whose stlution remains for all fime (backwards

and forward) m the elipsoid v=v* 15 O
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Woe

> This 1S an example of a structurally unsrole dynamical System Since one $mall change
offectecl i+ greatly

Recall that +wo vector fields f.g€ C'(R™) are dopologically eonjugate It 3 hom eomor phism
h:R"- R s+ h(@,))=Yt, nx)) where @ and 4 are flows of £ and g respectively
L Instead of preserving time parametrization, we con allow i+ o change

SO ¥X 3 TUXE) Sk g—:m and h(PLEX)) = % (TU,E), i)

Lsuch Systems/vector fields are called @BpOIGGCaIN EqGivaAlenE

Note that the Space of dynamical systems on R coincides with the Space of vector fields
1. s aspace of ¢” fonctions from R" o R", C"(R",RN).
LOone of the possible NOYms on CF(R"R1 ) wovld be xsé)& 0O but tis doesnt work vnless we

restrict oorselves 1o the sucspace of CTIRR) Consisting of bounded functons.

Moreover we need to Control BF(x)
To eliminate the problem with unbdundedness U Can consider either ompact invariant

Subsets of ®" or compact manifolds withour a boundary
SO uppose fe CrCE, ™), E-compact, e-Open. Assume Pk, x) € E YxXEE,teR.



Define WIfl) = SUplI £6O 11 +SVPIDFOOI

xev—v—\_}

Ir\nrﬂ
S Sya )

E“.‘EOJM“ I eulidean norm
YeRn

ThediStonce between £,0€CTCE, R") 1§ simply If-gll,
A\ works for compact MOnifolds

Definition: The vector field £ on £ 1s SHOCEOrGIN'SabIE 1 for any vector field gon £ S+. I$-gWi< €,
f and g are topoogically €quivalent \& € 1S Sufficiently Small

If X 1S S+. every residual set 1S dense, then it 15 called 0 Boire space

eacC,r r fixed o -di ional ¢ ct, di
ry), the N
NTh (libria_an roi inite_and 1S h i
L Detinition: Wil the eigenvalves linearization dont
real part.
2)There Qre No Orbits connecting equilibrivm points

Moveover, the Set of Et’nrvc’rurmu\/ stable vector fields 1S open and dense Subset of C(M,1R32),

where M 1S cur manifold

Example: A torvus




unfortunately, e set of structurally Stable dynamical Systems on 3-dimensional manifolds 1s
not- residval

Definition: Let M,N ER" be submanifolds. we say ot M and N @nteysect Hransversally If Mon= g
Or V¥x€MnN, TxM+TxN =R (TxM 15 the tangent space of M at x. similarly for TxN)
L idea 1S the fangent Spaces should span all of R"

\ =
N

Definition A Morse-Smale’ system 1S one for which:

D The number of equilibrivm points and closed orbits 18 Finite and each 15 hyperbolic
2) Al stoble and unstable manifolds intersect transwersally

3Te non-wanden’ng set consists of equilibrium points and closed orbits only

b Note: A Morse-smale System on 0 compact manifold 18 structurally stable

Many dynamical systems rhat model real world systems depend oh parameters:
x=flx M) ,XeR", me R"
- parameters

fOx, =0
FRMR*—R"

§ Qpl T 3

X=f0x, W), XeR", mer*

Assume f(Xo,0)=0

we Know that 1f Dxf(Xo, o) doesn't have eigenvalues with zero real part, then Small
perturbations should not change the benavior of the system in the neighborhood of (Xe is).
To make this slighty more rigorous, let's define the notion of local structural Stability

Definition: Consider O vector field £ on anopen set usikR". we say that-f 18 Skroctorally stable on

U (F IV2U such that £1s topoliogically equivalent to any g on v with 1IF-gi, Sufficiently small.

L S0 (f (Xop Uo) IS yperbolic, then fix,me) 1S Structurally Stable On a sufficiently small
neighiborhood of Xo. However, If (xe, Ao IS NOT hyperbolic, then £LXo, Mo) may not be strocturally
Stable

Definition: we say that an equilibrivm point (Ke Me) of X = £lx, ) Undergoes a GiFOFCatEH at
A= Mo IF F UK Mo) IS not loCally Structurally stable

let's focos On the case where 4L is a scolar



“<—stable
< This IS Called Saddle-node biforcation

«— unstable
\o
unstable

Transcritica) bifurcation

S
N K

S\, S\,é/‘) it forl biforcat
\(U

T~

Question: when does one of these bifurcations hoppen in 0 general system?
X= 0,00, XER', weR

Nore tat 1f pp- (2F ;’—;)m VXA, then £0x,4)=0 defines a Smooth curve 1n the (u,x)-plane

SO we'll have a Saddienode bifurcation If 3 (XeMo) Such that £ (o, Ms)<0 aAnd e aove curve 1S
tangent 1o the vertical line through (o Ae) and Clocally) Lies 4o one side of His line
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X=8x, A, XER', MER'
ASSume. £(0,0=0, gF (0,0)=0

For Saddie-node, we need aunique twyve (inLud-pPlane) Passing through (0,0) and Hhis Curve
Should lie on one side of u=0
From Implicit Function Theorem, we heed g_i (0,03 o 1o have a vnique Curve, uLx), passing

through (0,0). For thiS Curve tobe tangent +o u=0, we need da (0)=0 and for - to be On one side
dx

0f =0, it's enovgh 1o have d>u
9 Gia %0

consider F:R™xRM— R™

F&,\)=0, FIOOY=0, (x,y) € R" x R™
If DyFLO,0) IS non-Singular then JG-RL R™ s4. F, gl =0

Then Since F(x,mm'o
°‘° (x um)* Lx u(x)) (x) 0

g‘;‘ (o) =;i%x(g’°3 =0 # oo)=0

dzxz (o)-—;/’fﬁ—oo’"’) £0 I ‘”’ L (0,000 00050

so to have 0 $N bifurcation oF X=f(x, ) O+ 0 Aon-NyPErboNC. equil point (0,0) we need
V3 000

W) bb;(i (0:0) 20

Assume §£(0,0)=0, b(f £ (0,0)=0

For a fransuritical bifurcation we heed wo Corves of equilibria PASSING hrough (0,0).
Implicit function theorem tells us that we heed as ¥ o0=0

Recall that we need Yo have x=0 equil for all M. So, £lx, WI=X E(x, ), wWhere
FOC )= %*(X' )x , X#0

¥ax (O;M.) x=0
Note fat:

F(0.0=0, bF _0F

o (o,o), bx2 Etooy= gxij(o,o), bM(O'O) YRy

ox?
we need A cuyve of equilibria different from Xx=0 passing through (0,0) in the (4, x)-plane. S0

we nheed gﬂ (0,0)#0. For the resulting torve ulx) (s4. Fl¥, 4 (YE0) 4o be different from x=0

we Yequire o<| (o)|<00

-9FAx (0,0) . ¥2(0,0)
OFA1(0,0) bz%xau, (00)

ox (0i0)=

x AR oy +0 f bX,L(o,o):tto



o, for franscritical bifurcation, we need:

; oy 2
VX 0o=0 WO TE o0)#0

v ¥

Ve M(OD) ¥0
For pitchfork bifurcation we neeg:
) Bbf_k 0,0)=0

2’%%(0;0)-0

9%

OB oreo
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X=F(x, L), XeR”, L eRF

Suppose F(0,0= 0. If DxF(0,0) has eigenvalues with 2ero real part, we have 8 non-hy perloolic

equilibrium point.
Suppose there are C eigenvalues With 2ero real part and assume the rest ofthe eigenvalues

have negative real pav+.
To figure out what happens for small K, we treat it as g variable:

X =F (% )=Dx F(O,0) X + D FLO,0)+ Fa(x, &)
OCly lunl2)

For 4u=0:

Le+ T be matrix St T'DxF(0,0)T=3J , Jordan can. form where 3=(:n ‘Jz)
/

31 has eigenvalues with 2ero real part Cits cxce)

=T( ), us a c-dim vecror

en We GF T ((4)=Def(0,0)T( Y )+ DuFCO,0N M+ Fa lu v, 10)

W= Ut A, (U, Vim)

M=0

v =J2V+ L mtglu,vi )

- ! -

T DMF(O,O)=( - GS):T F2(T(Y%), )

S0, the center manifold Can be expressed as v=h (U, ), Dh(0,0)=0, h(0,0)=0
Then we can approximate: h(u, u)= Second order +erms + third order term+...
Note - = Dx h(u, 4)- U+ Dauh(U, )4k = Tah (U, I+ Lo+ glu, hlu, &), M)

(o]

Dx h (u, i [Twu+ L+ §lu w40 1-Tah (i) -Aa k- gLy, hlu, ), 4) =0
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X=f0), fo)=0

First assume x=Xoty, then y=F(y), F(0)= £ (x)=0

Fy)=DF(O)y+Cry, where Giy)=0UYI2) 36 \'/=D'F(o‘)y+c\t\/)

let 3=T*DF(®)T, where Jis Jordan canonical form of DF (o)

let y=Tu, then G=Ju+ Gu)

Taylor expand G (W) Further: u=Jut Fa(ud+ Falud+... +Fralud+ 0LIuI")

Note that each component of the vector Felw) Is a linear combination of monomials of degree k.

Fu'uw) :
That S, W k()= ) then Ff (0= ZCiia-tn WU S U™, Sati=

FurW
How can we SiImplify Fa(u)?

let W= vtha(v), +then v=Dha (V) v=Iv+Ina (V) + Fa(vtha (W) +. . .
(T+DN2vNV=Iv+ Tha (V)+F2 (V) + DF2 (;)-h;()v)* .
(vl



Note that (T+Dn2(v)Y™'= T-Dha(\)+ OlIvI2)
=> y=(I-Dh2() + 0 (IvI2)) (Fv+ Tha(v)+ Fa(vV)+ OLIvI))
= Iv+ Th2(v)-Dha(V)-Iv + F2 (Wt O (IvI2)

we want o pick M) such that Tna(v)-Dha(v)Tv+F2(v)1s 0S Simple as possible
Note that F2(v)€ Hz, where Hais the vector space of homogeneous polynomials of degree 2
Consider the operatoy L2:Ha—>Ha

(L2PXV)=DP(VNIP(V-Iv=[P(v),T V]

S0 Th2(v)-Dh2(v)Jv= - (Lah2)(V), IF ha€ Ha

L2 1S linear SO Ha=Im L, ® Gz, where (2 1S the complement of \mLa

SO F2'= F3' +F,2 ,where Relmla, Fa € Ga

Pick ha fo cancel 7

Note, i V= (vi,V2) +hen +he basis of Hais

(),("7), () (@), (), (o)

g Qpril ath 3

X=foo ), XER™, MER, $15 L7, r25

Assume £(0, 4¥0 and Dxf (0,0) has two complex conjugate eigenvalues with zero real part (and
the other eigenvalues have negative real par+)

0S you change AL yov Will at Some Point Cross the imaginary 0xis
using center manifold theory, we get the following -

G= (U =Rt £ (Uv,M)

V= Blautaluvt2(u v, w),

where ALw)=alMAITiplw) are the eigenvalves Crossing the imaginary Qxis.
Note: al0)=0

using normal form we get

U= u- Bl + (LW u-blavILu*v2) +0(%)

V=Bl ut alp)v+ (o(amdu+ oWV uzv2) +0(8)



In polar coordingtes:
r=ala)r+a(r3+0(re)
8=RLAU)+bu r2+0lr4)

Taylor expand o,B,a,b:

¥=a(0) AUr+a(0)r3+0( M2, Mr3,re)
6= RLO)* B'(0)U+b(O) r:+ O M2, Ar2 1)
consider the truncated system:
r=dur+ar®

O=wtcumtbr?

d=d'(0)
a=alo)
w=p(o)

c=p'(0)

b=b(0)

Note that If dTM<°’ then r=0at . l_-_dau'

In fact, (rie), 6L6)=( \(35 (wo+Ce- ) ) 6o)

IS a periodic orbit i 1S Small enough s asymptotically stable for <0, unstable for a>0
There are 4 coses:

1D d»0, 0>0

Stable eq. point for 4<0, nStable eq pr for >0, unstoble periodic orbit for M<0

2)d>0, a<0, Stable equilibrivm point <o, unstable equilibrivm point >0

Stable perfodic Ofrbit >0

3) d<0,0°0, ...

W) d<0,0<0,...

" (5 () o wromen e i el

o
7

B | Fus Chutat o) fus Ut €300~ Flu Rt o £3v]

faput 1k 3

Chaos (in discrete maps)

discrete maps are known as difference equotions (successive iHerations)

b The sequence Xo,X,,... IS Called the@rbiFstarting at Xo



These Systems Come in several ways:
DThey help vs analyze differential equations

2)They model natural phenpmena
L sometimes we want the time 1o be discrete

3)They give Simple examples of chaos Since you can have wilder behavier

order one difference equation: xn+i=f0n), f€ C*°
ordey wo: Xn+1= £ (¥n, Xn )

Definition: A®ixed POINE 1S O point X* such that  £(x*)=x¥ 1.e. Orbit+ remains at x* for all future
trerations

we want to study stability starting ot xn=X*+tn L. Ore Points attrocted or repelled
we 100K Ot the linearization using Taylor Series expansion:
X¥4 Ene ™ X = F(XHEN)= FOX4F' (X)) En+ OLERY)
since F(x*)=x* => Eni = £ En+ O (En")
linearized map (equivalent of the Jacobian)
This gjives: & €= F'(x*) &
€2=(F'(x*))* €o

En= (') €0
I® 1F'0MI<1=> En>0 SO X* I8 linearly stabie
If ') = En—>00 SO UNSHable
I® |£'(x)]=1, Inconclusive o you need to study more terms

cowebs
Detinition:€owelSIare graphical representations of differential equations
L gives information about stability

» Xn1= £ (Xn)
ot Yn=Xnr1

Xn




2) Xn+1= COSXn, Xnnr— 7

0 Calculator gives Xn—=0134...

To see why there 1S a fixed point there, ook at the coweb

/
/\.IL. 'f,/
LAl
/’-.-.- R —_\
/xo X\ X3 X’&\

/7

Examp\e: The discrete loaistic model

dP ol PN
dv ' TUTc)
g= population, r=rate, k=maximum population
[/ S
A
t £0Xn) dimensionless
This gives the discrete model: Xnwi=FXa(1-Xn) (we normalized Xn=>*/¥) Xn20
c J— Osrey
AN
») Ya. \

Fixed points: rx* (1-x*)=x¥

= x¥=0 or r(-x*)=1=>x*=1-Yr (for r2l)

stability: £'(x*)=r-2rx*

£'(0)=r SO stable If r<), unstable \f rr1 Gransuritical biforcotion one fixed point became fwo and

the original changed stavility)

£U-Ur)=2-r SO Stable ® -1<2-r<i=> lcread and unstoble o 13

Yol /r7‘< (r=\ 13 Yongent)

[ L2\

MR ;t‘=3

\/‘W .
dashed In€S
ndicate ins-\-nbi\ih/
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Xny = ¥n (1-Xn)

letr f: R—®R , £(0)=rx (1-X)

we Know that ot r=3 the equilibrivm point x*= 1-7r l0ses stobility.
we can consider the mop £2: fof
FEUN=£rx=x))= 12X U-x) (1-rX (1-X))

for >3, we 9e+ two additional fixed points of £*:pq
we can show that for He<r<3, pg are stable
r2C-x) C-rx (-x0=1

r (=X O-rx+rx®)=|

rO=X-rX+rx% rx>rx3)=|

rU=%-rX+ 2rx- ry3) =|

r2x®-2r2x% (% r)X-r+1=0

r2(x-""")x2=0

when r=4, mox £=|

| %

Xn#1=Xn (=)
Note that there's an interval around Y2 Suth that WxeIo £M(0"3-00
Then consider £(Io). We also have " ()—-co

[
codee-

|
! !

! t=—-r
! ! ;!
,_--_'..-_T-_-{...'-
il L
s T 1.7
L Jo I !

Note: f(1)=1,U 1,

we can continve f™(1e) ¢ inverse image

Note: " (123 congists of 2" disjoint open intervals

let A=[o;l\ Y £ (To) , +his is invariant with respect to R

Divide [o,1] into L=L0,%=2] and R=[,1]

consider any xe L then €ither xER or XeL

similarly fOOER or FLOEL, F™(x)E R or FIM(x)EL Yn

SO 1o each xe L we Con associate G sequence LRRRLRLLR...

To make things simpler, let's use O for Land | fo R

le+ 3 dencte the space of infinite sequences of 0s and Is 1.e. Z=1F:N— 10,85, F=(So,8y,...)
we Can endow = with G metric

dcs,v)= d((SD,&,. "'Sn"")l(b%bl/-.-,":n,...)) = i?. | Se-4i)

o 20
Note that given S=(so,..), t=(to,...)

So=to,..-, Sn=tn (St 'on = d(st) < fan
Note that we have a map h:n-3



Theorem: If r>4 ,+hen h1s a homeomor phism

gegaj#l_: fwomagps are topologically Conjugate I Ih: X=X, a homeomorphism Such at hot=goh

X— X
hl o \[h
Y—=5Y
S0 we can define g: Z— 3 SO that the above h Is a conjugocy

{apuL 3

F()=rxC1-x), r>y

e S ——
e e — — - o

————— 7
Io !

=00, I\ {J £ (To)

hA—3, S={s:N—> 10,39, d(s,t)=  (Si-i)

o 2t
Theorem: h Is a homeomorphism for r»4

Take Xed,h(0=(SoSy,...), XE Ase, FOOE A, F20EAS,,. ..

'
'
()
]
'
.
]
|
[

——————

—=
Jo !
——
Ao A,
note +hat then h(£(x))=(88z...)
let+ 0= 25— 2 be defined by ((So;8,...))=(8y, Sz, ...)

L This 1§ o ShifEMGp

Theorem: h 1S a conjugacy between f:A—A and ©2— 2

(onsider e 2— 2,

the fixed points are: (0,0,.--) and (l,\,...)

let Sy.., Sk be Qny finite Sequence and ket ..., S« denote the element of 3, obfained by
repea’ring the Sequence Sy .-, Sk le. Sy, Se=(8y..., Sk, .-, Sk, Sy, ..., Sk, ...)

Then $,...S5 S0 periodic point with period k. Thus we have Infinitely many periodic points.



Claum* periodic points are dense
Proof: le+ Se 2. Take >0 and let on <€
W S=(Sy..,Sn,...), 16+ S=5i,.,Sn, then d(s,3)< an<E

For nem, let s™,s™2..., 8" be all finite sequences of length n

le+ S=(s", §2, §%,8%%, §%% s* ) then for any s€Z and VEXD,INeN such that dlen(8),S)<E

(Recall: A dynamica| system Plt, ) 1SEFFARSIFIVENON X 1f ¥ UVEX, uv-open, 3+ such that Pl,u)nv ®)
b so dense = transitive

S0 ¥ Ste2, $#6,3neM sucth that dlan(s), a"(£))2)

Definition: A dynamical system @(t,x) exnhibits Sensitive dependence on initial conditions i 320
Such #hat YxyeX 3t20 such that A(PLs,x), b,y Zd

Definition: A compact fnvariant et A 1s‘ehackic I -
O the system exhibits Sensitive dependence on ihitial conditions on A
()AL 1S transitive
i) (optional) 3 infinitely many periodic orbits dense in A
L A dynamical system is chaotic If containg a chaotic invariant set

Iheorem: conjugacy preserves Chaos
le. X=X
h] @ [h
Y=Ly
In fact even if h 1S h-to- 1 (n Finjte), it preserves chaos
5 with thish, we call 1+ €Mi=tonjogacy

what If r=4 1e. £0)=4xli-%?

let 900;{ 2x , 0exe'a
2-2%, exe)

£:fo,1—[0,1],g: Lo, — [o,1]

1
M 1
Yo | I

Theorem: h(0=12(1-C0s (211X)) 1s a semi-conyugacy from g 1o £

¥ Qpsil 18th 3

PR
Y= £ 0n)=F"" (X0 )

we mignt want o look a+ EN(Xot 8- F"(Xo)=Sn



Suppese f:RMR Hhen $lkovse) £ U0) (£ Uio)8s OLES)

2ol | eyexal= n 1#06))] ((F(\’(xm' FIELOY-FIO0, FeELON)=F '(fmx>m'(gggwcx)>

SO
xl Xy

| 8ol
_"

21n|f(xo|

on average,, the expansion 18 % ﬁo LnlP'Oo)|

Taking the limit we get x(xo)= 417 %n@ £« Liopunov exponent

g’(=€(x)
$DF (X)) §

IF Pb,Xo) IS the fundamental matrix, we look at 19t x0el
lel

Liapu
elxpmeni—-#)\(xo, e):= &m L l(Pu;‘ex|°)e|
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D1

F:0—D

Shrink linearly in horizontal direction by 8§¢'2
expand in vertical direction by s

3! equilibrivm point 1n Dy GHtracting all orbits in D,

)

V2NN
7777777777 v
%Vo 7 v,
y 77777777 o
Y
| U4

Note that F(s) IS Ho UH

F(Ho)*Vo, FCHN=V,

image of a horizontal line segment I F'(s)1s a horizontal line segment shrunk by §

image of a vertical line segment in F(s) 1 a vertical line segment expanded by Y3

to understand the dynamics, note +hat ¥xe D, LDz, FM(X)— X* €Dy, x*-€quilibrivm point

SO the positively invariant $et In S consists of points that always Stay in § under action of F, that 1s
L= 1XES: FNOX)ES YneN Y

note tat (f FOOES, then Xe HoUH, SO If FAX)ES, then FO)E HoLH, =2 XEF "(HoL HY)

SO If FMM0ES, then X6 F ™" (Ho U HY)

Hence _/L+=niﬁ°F'"(HoU HY)

we can also look at the negatively fnvariant set: A-=1XeS:F(0ESVNEINY
If FY(X)ES => XEVoLV,

Similarly, F200€S= F00EVo LV, =>XE F (Vo U W)

IF F ()82 Xe F Vo OVI) SO "L':nﬁ‘:"“"""‘)

Thus we get +he invariant se+ A=NA+NA.

To each XeL,we asspciate abi-infinite sequence (... S2,5-, %, Sy, 82,...) of Os and Is
Se=C If F*(x)€H(,(=0,1 ,KET.

This gives a map h:L— Z,« space of bi-infinite sequences

Za=1s: Z— {014}

disey= 2 St

=-0o 2|L|
The map h:/L— 232 1S @ homeomorphism

If o 2235 IS the left shift+ map: (..., 8,30,81,.. )7, S0, Sy 82, ... ), then h1sa conjugacy from
Fl_n_ o 0
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r=sin("r)

B=r

1 periodic Orbits: r=0=> 8in"2=0=>"r=Tn, ne M\ 10}
r= \/Y\, n=|,’l,...

3o, periodic orbits are: (Yn, Bo+ tin)

4 (nT)=-Leos T

A+ =5 +he SigN<0 , r=51= sign>0
consider +he annulbs bovnded by two stable periodic oY bits:
(Y_'nen),(.fz,ez)

6=sin r 28in s 50

lex 61(k)-Olt)=F(t)

ﬁ

£(t)= 3N (,—T‘L-t))-sm(ﬁﬂ
r (O (0)
f1=8in()>8in(f) »f2 b)

5 ElE)>0

V WU, 3T208E AT,UuD NULF B

>




