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Topicstoreviewill
Analysis
iscontractionmappingprinciple
Definitionlet beametricspacewithmetricd Ifa X x issuchthat7Oec 1with
d 411,441EEdCxy VxyCXthen4Is acontractionofXintoX
TheoremccontractionmappingprincipiIfXis acompletemetricspaceandif 4 isa
contractionofXintoXthen7 xcXS.t.MX X
Ii ImplicitFunctionTheoremandInverseFunctionTheorem usedtodefinemanifolds
Informallytheinversefunctiontheoremstatesthatacontinuouslydifferentiable f isinvertible
inaneighborhoodofanypointxatwhichthelineartransformation f x isinvertible
theoremSupposef isaCmappingofanopensetEEIRNintoIRn f la isinvertibleandb flat
then
a 7opensetsUandVlhIRNst AEVbEV f isoneto one onvandflu5V
b Ifgistheinverseof fdefinedin bygtfCx XCXcv thengEC v
i.e Ify f x thesystemofhequationsYi fitXi Xn for KiencanbesolvedforXi Xn
intermsofY yn Ifwerestrictxandytosmallneighborhoodsof aandb thesolutions
areuniqueandcontinuouslydifferentiable
ImplicittontheoremIf f is acontinuouslydifferentiablerealfunctionintheplanethen
theequationfixy OcanbesolvedforyIntermsofXinaneighborhoodofanypointLab at
whichflab OandOHoyt0
cansolvefor intermsofynearLab IfMaxI 0 atCab

Iii Taylorexpansionsinmultiplevariables
DefinitionTheTaylorSeriesofaninfinitelydifferentiablefunctionfat a is
TCX Xd flat adt.IEdflajj.jo xj ajiz4y i0gfyjajjj'AdlCxjaj XkAk

Ii cxiaiscxkancxe.aeit Einfo iani7 tac GIIY a ca an
Example Inonevariable oftmnf.atexa n f'f exa fI exaft exapt

IntwovariablesTexy fcab x a fCab lybfylab exaffixCab 2Xalybfxylab
lyb2fyycab

2LinearAlgebra

Thisclasswillfocusondynamicalsystems describinghowthestateofasystemevolvesintime

Therearethreeingredientstodefineadynamicalsystem
1TheStatespaceThesetofallpossiblestatesofthesystem
2Time future1past1discretecontinuous
3Evolutionoperators awaytodescribeevolution
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Statespacewsuallydenoted

ExampleconsidertwocitiesAandBconnectedbytwononintersectingroads

supposethat it isknownthattwocarsconnectedbyaropeoflengthC2Lcangetfromonecity
totheotherwithoutbreakingtherope Is itpossiblefortwocircularwagonsofradiusL starting
atdifferentcitiestopasseachother

r

ThepositionofanobjectonaroadcanbedescribedbyanumberbetweenOand lwhere0indicates
beinginAandIindicatesbeinginBThusthestatespaceiscoDxoD

IEJYtbwyoawraoffenosfftanrgtfnqg.tl

thesamecityandtravellingtotheotherconnected

twowagonsstartingatoppositecities

Xiroad1 1

SincenomatterhowtheymovethetwocurveswillhavetointersectAtthispointofintersection
thetwowagonswillbeatthesamepositionthattwowagonsstartingfromthesamecitywouldbe
in i.etheywouldhavetobeconnectedbyaropeoflengthC2LButsinceeachwagonhasradiusL
thisisimpossibleThustheanswerisno

Time

DefinitionContinuoustimeis F IRLorIR1 ifyoucantlookintothepastanddiscretetimeis 1 2 or2 7
whereTdenotesthesetofallpossibletimes

Exemplecontinuoustimeisusedinphysicsusuallyanddiscreteinbiology

Evolution

Needtoknowthestateofthesystemattimetgivenaparticularstateatsometime

ForanyteTwehaveamap4TX XwhereX isthestatespacesuchthat ifXoisthestateattime
0then44Xo Isthestateattime t
DefinitionForafixedt Utiscalledanevolutionoperatorandthefamily4thtet iscalledthe
flow
Themapsatcanbedefinedforbothpositiveandnegativet lie4Tisinvertible1eyoucanlook
intothepastorjustforpositivetl ie4TIsnoninvertible
wemostlyfocusoninvertibleones

wealsoneed4t tosatisfythefollowingproperties
1401d le40x x
24t154solet 4toys ietogettottsyoufirstevolvedtotimet thenevolvedtheremaindertime



 DefinitionAdynamicalsystemisatriple XT44wherex isacompletemetricspaceTISthetimeset IRIRt74It and Gt3tet Isthefamilyofevolutionoperators temapssatisfying
theabovetwoconditions

JanuaryII thDE

Examjplesetupadynamicalsystemtodescribeatypicalpendulum
thisIS

negative

interested imnffefafntghfntioabceofntpboenehntor.tn
erorce

L o mgggravity
letTbecontinuous Itseemsreasonabletoletthestatespacebe acirclewherepositionis
determinedbyOCwewillseethatthisisnotenough
IfmovingleftOisdecreasing
thegravityforcewillalwayshavesignoppositetoacceleration aswegodownweacceleratefaster
andfaster amplitudeoftheforce
byNewton'slawofmotion Fma mgSino ma
Thedistancetravelledbythependulumisthearcofthecirclewhichrelatesto0usingtheformula
5arclength lO a e where denotesthesecondderivative
mgsince me
Thisgivesthedifferentialequation Eegin0 0
Theideaofanevolutionoperatorisgivenastartstateweshouldbeabletofindthestateattimet
butforthissecondorderdifferentialequationtohaveauniquesolution weneedaninitialposition0
andvelocity
soourstatespaceXneedstobesix112where s isthecircleforpositionOandRisforthevelocity
Tiscontinuousso1 112EvolutionISdefinedimplicitly EV V9psnoLov esNR

Alotofrealworldsituationscanbedescribedusingdifferentialequations

Let XT44beadynamicalsystemAssumeit isinvertible so1 112or F 1
Recall401d and4 5 4toysNoticethat4t istheinverseof4Tsotoeachtimet weassociatea
bijectivemap4TX Xsuchthat 0correspondstoId and Stt correspondsto4so4t
ThisisagroupactionofTon

Amajorquestionindynamicalsystemsisfiguringoutallpossibleoutcomesofevolution

LetLXT44beadynamicalsystem
Definitions
itAtrajectorythroughXoEXisamapfromTto givenbyXltXo1 4t Xo
Ii AnorbitthroughXoEXistherangeofthetrajectorythroughXoleOXo EXEXXXLtXol tET
trajectoriesandorbitsareoftenusedinterchangeablybutanorbitistheimageof atrajectory
noteif tiXo then01170Xo
iii AsetSEXiscalledaninvariantsetif44XocS tXoESteT
i.etheevolutionoperatorappliedtoastatein Swillremain in thatset



inAnequilibriumstateisaninvariantsetconsistingofasinglepointi.e it isanx exsuchthat
4th I X httET
i.e it isafixedpointoftheevolutionoperator
itisanorbitandalsoatrajectory
v AtrajectoryiscalledperiodictfFt ETsuchthat It it Xo XltXo VtET
ideanomatterwhereyoustartyou'llalwayscomebackaftert
Thesmallestsucht Iscalledtheperiod

VilAcycleistheorbitofaperiodictrajectory

ExempleLet denotethesizeofapopulationofbacteriaandassumethattherateofchangeofthe
populationisproportionaltothesizeofthepopulationwiththecoefficientofproportionalitybeinga
decreasinglinearfunctionofthepopulationsizeThisprocesscanbedescribedusingthefollowing
differentialequation
if r bX x cansolveusingseparationofvariablesbutwecanmakeconclusionswithoutsolving
NoticethatifNot0thenNEKOt tEIRCKOThus0isanequilibriumpoint
AlsoifNot btheni O XCtkb ttEIRSObisanotherequilibriumpoint
Ifyoupickanyotherinitialpointtherearethreepossibilities
itmovestoIcs impossiblesinceforXlargerthanbx'cosodecreases
ii couldgotowards0
iiitcouldgotowardsb

dependsonthenotionof stability

January13the3

LetLXT44beadynamicalsystem

DefinitionAninvariantsetSoiscalledstableifforanyneighborhoodUofSoexiststhereexistsa
neighborhoodVofSoSt 441EVhttOVXEV
TheideaisthatforanyneighborhoodVwecanstartasmallenoughdistanceawayfromsostyou
neverleaveV Ittisessentiallyan E Sargument

templeIfSoIs anequilibriumState

DefinitionSoIScalledasymptoticallystableif itisstableand if441 Soas t astheVCforsame as
above
ideaiswecanchooseVsmallenoughsuchthatthepathconvergestoSo
Definition441 Someansforanyneighborhood0ofSo Ft sost441EO tt t

FormanydynamicalsystemsthestatespaceisanopensubsetofIRnClemodelthestateofthe
systemusingtuplesof112NAlsotheevolutionisexpressedusing asystemofdifferentialequations
Thatis XVEIRn Uopenandit f x wheref isacontinuousfunctionon

Ifevolutionisdescribedbyadifferentialequation istheflowGethefamilyofevolutionoperators
welldefined
TheanswerisgivenbytheexistenceanduniquenesstheoremforODESwedontconsiderPDEs



theoremconsideraninitialvalueproblem x f x Xto XoWhereXEVEIRNUopenandfECKv r21
Thenfor It to1Smallenough7SolutionoftheaboveIVPXlttoXo andthesolutionisaCrfunction
ofLttoXo usuallyjustdenotedasafunctionoft
Note If r0youcanproveexistencebutnotuniqueness
ProofUsesthecontractionmappingprinciple
Thecontractionmappingprinciplestatesthatif AX Xisacompletemetricspaceand7acCOD
suchthatplALNAly Edplxy wherep isthemetricthen7 x sitACxI x
Asatisfyingthehypothesisiscalledacontractionmapping
ProofFormasequence AxA2x andshowitconvergesto afixedpoint

DefinitionABanachspaceis acompletenormedvectorspace

theoremLet be aBanachspaceLetAyyeYbeafamilyofcontractionssuchthat7aECOD
playXiAyud EaplXiXDVyEY If YisaclosedsetofsomeBanachspacedifferent thenforeach
YEYFg4EXStAyCg41kgywhereglydependscontinuouslyony IfAydependscontinuouslyony
considerx f x Xto Xo
Noticethatafunction41t is asolutionIff Xt Xotfof4th dI

sowhatif weconsideratransformation1A4 t Xo1ftof4thdI

Noticethat4IsasolutionoftheIVPif itisafixedpointofA

January I8th 3

Initiproblem XEIRn x f x X to Xo l

theoremSuppose fEcr V UEIROpenfor r lThenfor It to1sufficientlysmall I hasaunique
solutionXlttoXoMoreoverXlttoXoIsaCrfunctionof itsarguments
Notethedependencyon t isactuallyCrt

4 IsasolutionofCDif 4It5Xotftoflyth dT

sowe'dliketoconsiderCA4 t Xo1ftof4thd I

ThisAactsonfunctions4Suchthat61to Xo
Itismoreconvenienttoconsider4suchthat4101 0 byshifting
Noticethatif4101 0 thenFlt1 4Lt to 1Xoissuchthat4Lto Xo

sowewant anoperatorwhereafixedpointis asolution
NoticethatIf 4 Issuchthat41010then Ay t tooke to Xode issuchthatCA4 01 0
Moreover IfA6 6thenXlt Ht to XoisasolutionofClNotethatweonlyneedtoconsider4
suchthat141tilEbwhereb isanappropriateconstant
Noticethatif f ISbounded byM1inaneighborhoodofXothenforsmallenoughIt to1
14It KolEfotIfl4thIdtEMIt totwhere4IsasolutionSoIf IttoKCthen141TKolEMEb

TheideaisthatifthesolutioncannotgofarawayfromXothen4cannotgofarawayfromO



Recalli
isAcontinuousfunctiononacompactsetisbounded
iisAcontinuouslydifferentiablyfunctiononacompactsetisLipschitz
theoremLetf IRn VEIRnopen If fCCllr then fISboundedonanycompactsetKEVMoreover
If fECKV r2lthenf isLipschitzonanycompactKEV
DefinitionAfunctionisLipschitzIf7 20Suchthat IfCX fYKNXyl txyEk discalledthe
Lipschitzconstant

ProofoffirsttheoremLet FC IaOIRN1e Fisaspaceofcontinuousfunctions4 IaO Rnwhere
Ialot Ca a
RestrictFfurthertofunctions4suchthat4101 0and14471Eb ttEIalo
wedontknowwhataandbareyetwewillchoosethemappropriatelysothatthingsworkouttoLetIA4Lt f feetto XodTto
Noticethat IfGKMinsomeneighborhoodofXoIfAissmallenoughthen4Ltto 1Xobelongstothissame
neighborhoodhttcIalo since4Isacontinuousfunction IflyIt to1Xo1EM
Thus11A4 tKytoftffyeato XoIdTEMltIEMafortEIalo

choosing aevensmallerwemayassumeMaebThenAF F
Now11A4 A4211 EpalogA417HICA42 t I thisisthedistancebetween sincewecanmaketheneighborhoodAceandA42 compactsofLipschitz
ForanyteIalo wehave1A4It A42LTHEt.fiTfLqc toj xo fC4zC totXoYdEdttfottfhl to 42t told4
whereitisaLipschitzconstantforf intheaforementionedneighborhood
Now14ktto42CTtoll Paco14Ct424711144211distancebetween4and42since I toCIa O

SOVTEIalotIA4Lt A4241141144211Itkda1194211 A4It A4241141AhhA4211Eda1144211

Ifwepickasuchthatdad wecanmakeAacontractionThusF4EFsuchthatA4 4sinceFiscomplete
NotethatAdependsonCtoXoandisauniformcontractionwithrespecttoLtoXosothefixedpoint41toXo
dependsonLtoXoContinuouslyanddifferentiablyCleInaCrway
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considerx f x i

X to Xo 2
wherefECKVIUEIRn VopenR21

theoremForanyXoEV FamaximalintervalJatoSuchthattheWPCD 2 hasauniquesolutionon J
Thatis if ILt IsasolutionofCl 2 on IthenIEJandNti Ict fortEIMoreoverJisopen4e Jcab
andifboosrespectively a Cs thenVKEV Kcompact 7tsuchthat 7tsuchthatXltElk

Examplex x2 XEIR
MOXoO

C x2 at f t c x

0140 f Xo x t definedfromt 0upto t fo maximalintervaldependsonXo

teCra r l VopenVEIRn



I i l
DefinitionAnautonomousdifferentialdoesnotexplicitlydependontheindependentvariable t

SupposeXlt SatisfiesCDthenxLtt4alsosatisfiesG VTEIR forautonomoussystems
Pr00 dXoft Itto ddxf Itto a facto14 fact T t to
sincetoisarbitrarywearedone
Notethisdoesnotholdfornonautonomoussystems1e X fctoX

Examplex'set
onesolutionISXltketbutXltt u et T but x'Lt e et

theoremForanyXoCVthereisauniquesolutionof 4passingthroughXo forautonomoussystems
proofAssumewehavetwosolutionsx t Xslt Suchthat LtDxzltdX.co
considerTheLt XzCtCti ta ThenFzLt Xzt2 XoX ti
E X xzxconmaximalinterval

Alloftheseresultsallowustodefinetheflowofadifferentialequation ie thefamilyoffunctions
4t v vwhere4thofXltXoWhere satisfies l andNotXo
HereTEJXoWhereJCXo Isthemaximalintervalofexistence
Note4 Xo_Xole401d
4 401444401 ie Ytisanevolutionoperator

onemorethingaboutmaximalintervalofexistence if 5Cacsandfins It existsandbelongsto Vthenfix1 0wherex filmsXlt asimilarresultholdsfor 5toob

Thatis x Isanequilibriumpoint

IgJanuary23the3
letx fC XEIRh ftCrcIRn r21 XO Xo
DefinitionThecorrespondingflowIS9Xo 4LtXo t whereXlt IsasolutionoftheaboveIVP

SincetrajectoriesCororbitsareinvariantunder4Twecantalkabouttheirstability

DefinitionAtrajectoryElt IscalledCliapunovstableifHE07870Suchthat if 1101 Ilok8then
1Mt IttIKEVt 0

Definition Itt IsasymptoticallystableIf itISLiapunovstableandIXlt Ittil 0ast A

Notethemaininvariantsetswewilllookat areequilibriumpointsandperiodictrajectories

Example

periodictrajectory



Supposewehaveanonlinearsystem it fCx
AndsupposeweareinterestedinthestabilityofItt wecanaskwhathappenstoNtt Ict yetwhere
YIHIssmall taylorexpansion
wehave It tilt f Ict ly t FCI t 1DfCILthy1Olly12
ifgcy Olly14thenFC20St19471ECly12 idea ifyIssmalltheny isreallysmall
But ItE If Ict

Identicallyequal
yLt DfixLtDyLt 10ly12

sowemighthopetofigureoutthestabilitybylookingatthelinearsystemint DflEctDyLH
ingeneralanalyzingsolutionsofalinearsystemwithatimedependentconstantButif Itt is an
equilibriumpointthenIKKE DfCI istimeindependent
sotounderstandthestabilityofanequilibriumpoint itmightbeenoughtoconsideralinear
system 5AywhereA Dfix whereITisanequilibriumpointHenceletsfocusmoreonlinearsystems

ExampleEAXNotXoXEIR
Xlt eatXo

ExampletiAxNo XoXlt eatXoXEIRNbutsinceAIsamatrix
eAteItAtAztt

R AISdiagonalizabletfFPsuchthat APdiagdi P wherediagXi

Inthiscaseif Aisdiagonalizable EAxcanbetransformedtoitPdiagPIx p x diagXi pX
lety p Xtheny diagdiy le YidiYi

YinAnyn
y ediagHiltyodiagedityowhereyopXo
soxPy PdiageditpXosothebehaviorofXlt ast color b Isdeterminedbythesignsofdi
Lifdi 0foratleastoneiast A solutiongoestoCs Ifdicotti as t as thesolutiongoesto0

theoremconsideralinearsystemx AXNOXoXEIRNTheneachcomponentofthesolutionis a linear
combinationoffunctionsoftheformtoeatcosCbtandthteatsinCbt wherea atibisaneigenvalueofA
andOEllen1Soifalleigenvalueshavenegativerealpartsthen I Isanasymptoticallystableequilibrium
pointIfatleastoneeigenvaluehasapositiverealpartthen5 0 isunstable

z
ExemptxFAX

X21122
solutionis E it T

IgJanuary25the3
x f x
XO Xo

RecallIf ItsanequilibriumpointandDfCIhaseigenvalueswithnegativerealpartsthen I is
asymptoticallystable



I l
ExampteLOVEAffai.rs

SupposewehavetwopeoplewhoseloveforeachotherchangeswithtimeLetscallthefirst
RRomeo andthesecondpersonJCJulietThemore12lovesJ thelessJloves12ThemoreJloves
12themore12lovesJWewanttounderstandhowtheamountofloveforRandJchangeswith
time
LetRltdenotetheamountofloveRfeelsforJ attimetandletJctdenotetheamountof
loveJfeelsfor12attimet
WecanassumethattherateofchangeofRtt IsproportionaltoJettandtherateofchangeof
Jct IsproportionaltoRlt le
iz aJ
J bR
OO l theequilibriumpoint
a II t.gg
Eitc axe
eigenvaluesofA o h a

b o dfdatab
datab o di5 Iirabarepurelyimaginary Redi SothetheoremgivesnoconclusionButwe
knowthatthesolutionsarelinearcombinationsofCosvatTtandsinVabTt
Periodictrajectories

stab butnot m stab

ingeneral ifyouhavedistincteigenvalueswithzerorealpartsthenit isstablebutnotasymptotically

ingeneralthemodelcanbe EaRtbJ
5CRdJ

wewanttointerpretthemodelfordifferentsignsofa bcd

ExampleipopulationDynamies

Assumewehaveasinglespeciese.gbacteria
LetNltdenotethesizeofthepopulationattime t
wecouldassumeN AN
NoteThisassumesanunlimitedamountofresources food
Totakeintoaccountresourcesassume a r KN thenwegetN rCkNN
Kiscalledthecarryingcapacity
Thisiscalledthelogisticequation
Equilibriumpoints rCkNN NOorN k
flNKrCkNN rkN rN2 fCNk rCK2N fco rk O unstable f k rKco stable
Nvt t t

µ t



Fortwospeciespopulationscaninteract

January27the3

ExamplewolvesandRabbits

letWittbethepopulationofwolvesandletRlt bethepopulationofrabbits
wecanmodeltheirpopulationswith
Ntfa b RR CRW
WCt dWterw
wereparametrizethesystemtoreducethenumberofparametersofthesystem
letRtt aNtl wit py t andE8T
wewanttofigureoutwhataBand8are
2 f d acb awaxcapXy
dtffI dpytexpxy ahasunitstimesize

RWhasunitssize dfassameunitsasRandb18hasunitssecondssameas
fab

e8abIFoxX copxy abu crpxy abcixyx.ca3bxyEabIFchasunitsYsizetimeBisdimensionless

9 odyteoaxy sbodyteobxy badbyiaexyE.dk
Denote p4ab q 9a then
X lXIXXy fixy XuXY
yiqxypygcx.ykqycx.plg

DefinitionAplanarsystemisadynamicalsystemwithdimension2

DefinitionForasystem x fixy
y guny

theXnullClineisthesetofpointswhere fCxy oandYnutKline isthesetofpointswheregCxyj O

Fortheaboveexample if i O x O y I
if y y OXHq

Iff initiating

Hq1
notethefirstquadrantis aninvariantset

suppose xfCxy
y gCXy

consideranequilibriumCIY andsupposewehaveafunctionV v IRCE EVsuchthat
vcxiytQVCXLH.intHEOM V f t Te ie itselfofsuppose iVHtt YLt fffwalt y t PVXlt YCt fullyGLXY fgpoints t CoV1levelset
suchafunctioniscalledaLiapunovfunction

insidethe ov socannotleavethelevelset level set



I i e sel
Exampletoflinearstabilityanalysis
x y1 45442
y XtyWey2
equilibriumpointscoo
linearizationat0,0 gives

I Dfl0,0 Y f d E I i forlinearcasethisisstable i e Afocus
butoursystemisnotlinear
Ifweswitchtopolarcoordinatescarcosoy ran0X4y2r2
t P r isalwaysincreasing originisunstable alwaysmovingaway0 1

o
ta
n't E i o xif www.iyzfty2xycx

r2j2xxt2yy 72rr 2xxt2yy 7r XX'tYY XYtX2r2 Y c4y2 r p3

January30the3

theoremconsiderasystem x fu XEIRn fCCrRh r2l SupposethatITisanequilibriumpointand
thereexistsaneighborhood b IandaClfunctionv V IRsuchthat
1 VLIKOV1170forXtI
2 VCN CvXlt Pvx PV f x EO forXCVILE3
ThenITisstable
If inadditionwehave
3 Vx cofor EVIEI
ThenITisasymptoticallystable
ProofiLetBSTIKExtIRh IX IIES andtake8sufficientlysmallsuchthatBs EU
letm InfICNwheressCI EXEIRh IX I1 8XEssex

notethatsinceVix OforXix m O
let v ExeBST vCXcm andnotethatKevandv isopen
sincevCxsoweknowvalthISnonincreasingso IfNOIEui thenVXCtlcm ft 0HenceXltEB
bto
NowassumeV'CXKO VXEVIET3
TakeNolEVandconsider Lt SinceBSF iscompacteverysequencehasaconvergentsubsequence
Sowecanassumepassingtoasubsequencetfneeded thatwehaveasequencetin cosuchthat
Xltnconvergesin Bst
LetFlaimLtu notethatFettsince it iscompact

Assume IFI TakeE 0Sufficientlysmallsothat I Belt
Repeatingtheearlierargumentwecanfind it cBeatsuchthatifNotCVTthenXltCBet
HenceouroriginaltrajectorycannotintersectE so Xlt cUTTWhichiscompact
InVTVT itXKOLetk ftp.vcxlckcosolet k LwhereLO leV'LNE L VxcUTItt

Notethatvultn vNo fothicutDdtE LSothdt LtnHencevcxltnlkvcxcon L.tn
soasn co wemusthavevCNtn co



Examplex y
y XtExzy

10,01IStheonlyequilibriumpoint
5 ft2Exy EH2
dieat10,0are Ii solinearstabilityanalysisisnotapplicable
LetVLXY 4y2

W Ky KY gYzy XyXyEx
2y2Ex2y2

i OforE OandVcOforEco 0,01isasymptoticallystableifEco

a february1st 3

NoteIfVIs astrictLiapunovfunctionforXHx leVKK0 definedonthewhole112Nthen
thecorrespondingequilibriumpointisgloballyasymptoticallystable
DefinitionGloballyasymptoticallystablemeansforanytrajectory It wehaveNH I as
t cowhere fLIK0

NoteinsteadofIRNwecanconsideranyopeninvariantset

theoremsupposethesystem Efix hasanequilibriumpoint IsuchthatDfCIhaseigenvalues
withonlynegativerealpartsThenITisasymptoticallystable

LemmasupposeALRn Rn is alinearmapwitheigenvaluesthat allhavenegativerealpartsThen
thereISanorthonormalbasisinwhich a AN LXANE K112K OCletheanglebetweenthemis
Obtuse
ProofWewilldotheTaylorexpansionaroundI
X Ity x y flity DHI ytRapwhere1247044121
Lety EUthenit Df I U RlE pf x utRlUE ECUE RCEEI
Note Ifwemakeanylinearchangeofvariables UTVweget i TIDF I TutRCTVE
letVIVI IWI2
ThenPV f v PVCTDf E T vtOvRctvE V T DflETv V RLTVE
VV VitVit Vn2 OV 2W2K 2Vn
sinceDfCI haseigenvalueswithonlynegativerealpartswecanchooseTsuchthat
V TDfcETVEKIV12 K 0
SinceIRLTVEIECElVlforsomeCi then IVRCTUE IECzElv12
TakingEsufficientlysmallsothatCzeckweget iv flu E MIv12mO
TVflu cofu10SoVisastrictLiapunovfunction proofsketchIdontgetit

Definitionconsidertwosystems fCN i ga in112NLetthecorrespondingflowsbe4It NNtXl
ThetwosystemsareCrconjugateIf7hIRN IRN hECraRnIRN h abijectionhECKIRNIRN with
4LthCN h14Ltx
coconjugacyiscalledtopological conjugacy
IfhISlinearwehavelinearconjugacy



a february3rd

DefinitionTwosystems x fix gCNwithflows4It N Ult Nareconjugateif 7h M Rha
diffeomorphism suchthat 4IthexDh17It Nl Ifhislinearwehavelinearconjugacy

Letsinvestigatetheconjugacyoflinearsystems xAx ABx
Itiseasytoshowthat if AandBhaveonlysimpleeigenvaluesthenthetwosystemsarelinearly
conjugateIffAandBhavethesameeigenvalues
Eigenvaluesaresimpleiftheyhavemultiplicity I
ProofsketchK usehtodoachangeofvariablestogiveamatrixwiththesameeigenvalues
createabasistodiagonalizethesystems

ToconsidergeneralCrConjugacy Itishelpfultointroducethefollowingnotation
DefinitionLetMHAMCAlandMolAdenote thenumberofeigenvaluesofAwithpositivenegative
andzerorealpartsrespectively

theoremconsider FAXXEIRNandsupposethatMHA nthenthesystemcoconjugatetox x
ntheoremConsiderxAxXE112andsupposethatMocAkothenthissystemiscoconjugateto

1 Xyz XiX2C112MtxIRMwhereMt MtA M MCA

CorollaryTwosystems XAXxBXXEIRh withmoA moB arecoconjugateIf MtlA Mt B or
MIA MCB

TheoremCHartrobmanconsideraCr r Isystem fix XEIRhSupposethatfCITOand
MolDflxD OThenAFLNislocallycoconjugatetothelinearsystem5Df I
DefinitionsuchIasdefinedaboveiscalledhyperbolic

DefinitionAninvariantsubspaceofalinearmapAIRN Rnis alinearsubspaceCEIRnsuchthat
AXEEVXEE

LemmyIf EIsaninvariantsubspaceofalinearmapA112nsIRNthenE Isaninvariantsetofthe
system x AX 4einvariantundertheflow
Proof weneedtoshowthatVxEEUltNEEVteIRwhere4It N eAtx
dt.fmEo'I
ForanyfixedK lAit xcE if EE becauseAixEEfor EEanti ls aconstant
sinceCisalinearsubspace it iscompleteso fimoCA EE

UsingJordancanonicalformwecanprovethatanylinearmapAIRN Rnhasthreeinvariant
subspacesEsEuEdwhosesumis112NLieEs Eu tEEIRh andwhosebasesareformedbygeneralized
eigenvectorscorrespondingtotheeigenvalueswithnegativepositiveandzerorealpartsrespectively
Moreover InthisbasisofgeneralizedeigenvectorsA hasthestructure

Fou Fac dimensionsdependon Mtm mo
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RecallGivenalinearsystem x Ax wecanfind abasisinwhichwehave

E
whereAsAuAchavenegativepositiveandzerorealpartsrespectively

Cx supposeAhaseigenvalues f I iwanddwhereAIS 3 3pcoandd 0
wecanfind abasissuchthattheaboveholdssoaftersettingy TxWherethecolumnsof1are
generalizedeigenvectorsweget

W O

Iff f g y
withthisbasisEsandEuarenicespaces Yz

y
f Fo

consider x f x XEIR fISCr r22andsupposeFCI 0 nonlinearcase
Linearizingwegety DFCIy1RapRly Olly12
Applyingaproperlinearization ETy weget

2 foe 2 Elz Elz 042121

ItIsconvenienttowrite ECanwC112Mx112MtxIRmo
thenwehavesincelinearpartsarecompletelydecoupled
it_AsURuLUVW
fAsVtRvUVw
inAcw112WUMW

Theore stabeunstabe.am Centermani0dsconsiderxfCxXEIRN fisCr r22
AssumethatLuVw4010,07Istheequilibriumpointofthetransformedsystem
itAsuRuLUVW
VAuv1RvCUVW
wAcw112WUMW
then7sets
wifeECUvw KhvsCuWhWKUDhsv O DhswO141small
WIFELUVw UhalVIwhw v DhuO DhwlolWIsmall3 hCCr
Wife LUUWUhu4wV hiCwDhulO Dhit010 IWIsmall
Whichareinvariantundertheflowandtangenttostableunstableandcentersubspacesofthe
linearizedsystem
Moreovertrajectoriesinwhosecotandwifelolhavethesameasymptoticpropertiesastrajectoriesinthe
stableandunstablesubspacesThatIS IfxlolEW18101thenXlt 0 as t co IfNotCWibcO Xlt 0
ast as



Izfebruary8th

Exempts x x
y

x Xy x x
4 11 2 y y1 2

Lookingatlinearizedsystemtheeigenvaluestellyouwhichmanifoldsarepresent

considerasystemwithoutmoo
it_AsUtRuLUiV
fAuvtRvUN
Forstablemanifold v hvslu NU
TakingthederivativewithrespecttotimewegetvDhluU AuviRvlu.vtDHCUICAsutrulu.nl
Thenweconsideranexpansionofhintoataylorpolynomialwithunknowncoefficientsplugitin
andequatethecoefficients

Example if off g 0
2 equilibriumpoint 0107

D 1150wehaveanunstableandstablesubspaceforthelinearizedsystem
EuXaxissoforlocalunstablemanifoldwe'llhaveyhCXwherehCG andn'lol
lethlxtax2bx3cx4OCXSJ.yhkxix s ytx2hkNX s ax2bx3ci401 91 2 29 36444131044 X
139 246 25014104151 0
a 13,50 c O hLx 1143 01 5

r unstablemanifold
unstablesubspace

Example Ky 89 f E equilibriumpointislao
stablemanifoldlsolsincelfxothenitstaysolanc.lasoyo1sacentermanifold
Letssolvethisexplicitelysincetheseareuncoupledwecansoluetogetylttcyetanddftx2sxt t cx sxltl cx.tt Cx
lookingfor111054101 0
yixtCye hegotconfusedandnoneofthismakessense
asx o y o

way into 187 60

Ezfebruaryloth

ItX yDEt ed

y eo NO theseareall
No centermanifolds



RecallthatEFIXwheref isCronRh r 2 ISlinearconjugateto
itAsUtRulUVw
fAuVtRvUSw RuRvRwhavequadraticorder
inAcwtRwCUVw
intheneighborhoodof Tst fix WhereAsAuAchaveeigenvalueswithnegativepositiveand
zerorealparts

LetsfocusonasystemoftheformCD

theoremInaneighborhoodof10,0107system4 Isconjugateto
itAsU
fAuV
htAcwRlhLWhuwW wherehihzareCrfunctionshit070Dhi01 0

NowletsconsiderthecasewithMt Choeigenvalueswithpositiverealparts then
itAsUtRuhlW J ZwAcw112WLUW

theoremifU hWccw Isalocalrepresentationofthecentermanifoldthenthedynamicsonthe
centermanifoldISdescribedbyWAcw112WhwanW 3

theoremsupposethattheZerosolutionof 3Isasymptoticallystableunstable thenthezerosolution
of 2 areasymptoticallystableunstableMoreover If ultWLH is asolutionof 2withUCOWCOsmall
enoughthenthereisasolutionwLtof 3 St Ult hutchLt 10left Wct wLt 1Ole8T
p lethhwcthenUhw it DhlW w
AshW1RuthWW Dhw AcwRw1MWWHorNChlWI Dhw AcwRwthLwW AshW RuthWW 0
useTaylorexpansionandplugit in a

theoremsuppose4IRmo IRMISC41010,1341010 andNCUW OIWlb then1hw 4w1 0IWlb
asw O

tame it cHE X C'YI's
equilibrium10,0
centermanifold y hx 9 46 3044
y 20 362 043 I
9464014 1 2 291354013 X2Cax4bX31014 115
l aRtb1120141 0
a I b O y x2 014
x 112454044 115114045

a februaryBth 3

considerit fix
letITbeanequilibrium 1e flE o and letWiocsCI andWroc I bethecorrespondinglocal
stableandunstablemanifoldsThenWS E 04ItMocs I andW I outWion El are
globalstableandunstablemanifoldsofITWhere4IS theflow



i
Recallthatacontinuousdynamicalsystemisgivenbyavectorfieldx fix XEIRnandadiscrete
dynamicalsystemisgivenbyamapgRn Rn
Inthecontinuouscase 4It N teIRandinthediscretecase41tN tE7Land4cmx fhX

DefinitionGivenadynamicalsystemwith aflow4LtXI apointpelRhiscalledan wlimitpointof
Catrajectorystartingat apoint ifF ItisE ti co s t Uti N Pas is A Similarly an a limit
pointisdefinedbytaking ti as

Examplei

anypointontheperiodictrajectoryisanw limitpoint

IfPisanWlimitpointofXthenPisalsoan w limitpointforanyotherpointonthattrajectory

DefinitionwedenotebyWLx respectively xx thesetofall w limitpointsofXCrespectively
alimitpointsof

theoremLetUtNbetheflowofacontinuousdynamicalsystemandletMbeapositivelyinvariant
setThenVXEM WLxnM isclosedinMMoreover ifMiscompactthen
i wCNT0
ii w x iscompact
iii w x isinvariantunder4Ctix i e Itis aunionoforbits
iv w x isconnected
PLOOFwewillshowthatthecomplementofWLx IsopeninMCletwCNnM w x
Notethatthecaseof WakOandWH MaretrivialThusassumeWCNtoandletgCtwCxQEM
BydefinitionofWLx FEOFT Osthtt T 4LtX EBEg whereBEg y lyq1CE3Hencethereis
aneighborhoodofg v suchthatUnwcx 0SinceqwasarbitraryWCNcisopen
NowassumeMiscompact
it letxEMandnotethat 4ItNEMtt20sinceMlspositivelyinvariantTakeanysequence ti co
andconsider41ti X Since4 tiNEMandMiscompact7 iksuchthat4LikX pEMask co
HencePEWX
ii sincewa isaclosedsubsetofacompactset it iscompact tobecontinued

gfebruaryIsth 3

Cproofcontinued
Iii Letsshowthatif qEWLXthenthewholeorbitthroughqbelongstoWIN
Firstnotethat46q ISdefinedforallSECoco
Letsshowthat4CSq IsalsodefinedforSECb O
let tibeasequencesuchthat 4CtiN 9CsuchasequenceexistssincegEwCx



WLOGassumetictitiNotethat4CsUti N isdefinedforSEEtiCs since41SUltixD4CStti
TakeanySEt bO FNSt Hi N s ti sinceti co For i N 415,4Cti X ISwelldefined
Nowtakethe limit as i coandusethefactthat6Iscontinuous
limocelsUtixD Usf.im4CtiXD Usg
NowtakeanyqcwCXandletpe0cg orbitthroughq
Notethat7SEIRsuchthatp 4CSq bydefinitionof0cg
let ti besuchthat Uti X qandconsiderthesequence tits then4Gtti D UsceltixD so
bycontinuityof4films4 Stti X Yesfim4Lti X114159 p
iv RecallthatasetAEIRnisdisconnected if7VVopensuchthatAEVUVUnT OEnv 0 An t0
AAV10AlsoIf AEIRn isconnectedand fcontinuousthenf A isconnected
AssumeWWISdisconnectedthen7VVEIRh vvopensuchthatwex EVuV Un F 0Tink0
WHnU10 wCNN 0
let ti sibesuchthatcelti X pEVand4Csi qEVas ti co si b
Takelargeisuchthat 4 ti NEUThenFiz i suchthat siz ti and61SirX EV
NowconsiderKctiiSiz X theimageoftheintervalCti SirunderthemapH N SinceLtiiSid
isconnectedand4CX iscontinuousF t CHiiSizsuchthatWEX EMIWun Kcompactand
corresponding ti t such that4Ltix ck ti
Sincekiscompactwecanfindasubsequencetit tiz Suchthat41tix X FEKasK co
Butthen15EWCxbydefinition sincewCNE vuv

Considertheevolutionoperator4Ltix foracontinuousordiscretedynamicalsystemon112N

DefinitionApointXoEIRn iscalledanonwanderingpointLof4 IfVVSXoit1707 It17TSuchthat
Celtv nVI 0Thesetofallnonwanderingpointsiscalledanonwanderingset

Iffebruarynth 3
By4It X wemeananevolutionoperatorof acontinuousordiscretedynamicalsystem

DefinitionAclosedinvariantsetAof Mt iscalledanattractingset if 7 V A Vopensetsuch
that 4Lt DEVhtt o andthout w ATheset iscalledatrappingregion

Example x XX3 equilibriumpoints OD 10DCODy Yi
Y v fi
v v v

sgi thoutiVK l l D sothisisanattractingset
i n ki l
A n k
i i

DefinitionAclosedinvariantsetA iscalledtopologicallytransitiveifforanytworelativelyOpen
setsVVEA Ft OSt 4It v nv10

DefinitionAnattractoris atopologicallytransitiveattractingset



DefinitionThebasinofattractionofanattractingsetAis 04LtA Vtrappingregion

Example x y1x l E Xy2
y x y l 22 x yz
0

Forfixed2 convertingtopolarcoordinates
0 1
r rwrzT r

theoremSupposeGisaninvariantsetof acontinuousflow4ItX Alsoassumethatthereisa Cr
r2lfunctionVG IRsuchthatVLXEO VOV f ThenTXEG w xAGEEwhereEEXEGVIX o
Alsoa4 AGEE
Pr letpewLANGNotethatKpkithfovaletxDIndeedconsiderVCHtxDforsometime t since

ti assuchthat4HiN pMoreoverwecanassumetic titi
FK0Suchthat ti t Vi KsoVolltiX EV 4LtxD
PassingtothelimitVCPEV Ut N SOVCp Isalowerbound
sinceVE 07tisuchthat volltixDupCE itisthegreatestlowerbound tobecontinued

a february22nd

Cproofcontinuedrewritten letptwCNNGweshowedthatup5infoVueltax Nowconsider

thetrajectorythroughp 4It p 4ItpexistsforsmalltandUtpEGsinceGisinvariant
Fixsomesmalltandconsiderticitwhere4CticX pThen4Ltic tix Ht 4 ticX Ultpl 9
Usingasimilarargumentwecanshowthatvcqtfn.frcutxDButthenng VCplthatis
VC4 tip Vp Vsmall t Hence Cp O
Noteasimilarargumentworksforvz0

corollarinarianceprinciptconsideracontinuousflow4It X LetGbe acompact
positivelyinvariantsetwithnonemptyinterioranderrel boundary supposethatVG IRisa
Cr r I functionsuchthatVCXKOforXCG thenVxcG UltX MwhereMisdefinedasfollows
If EExtGVIX03thenMEXEEOLx EE thepositivelyinvariantpartofE

ProofTakeanyXEGClearly4It x wCx ast co bydefinitionofWCXDandsinceWLNEEis
positivelyinvariantWWEMThus64t Mast as

EXAMPLE
ftp.gy equilibriumpoints 0,01LII01

letway YI itxy Sy2
y

Cxy c I

on403andnotanequilibriumpointyto so thepositivelyinvariantpartofEis40,0 LII013



DefinitionForaflow4147 continuousordiscrete aperiodictrajectorythroughXoisafunction
4ItXoSuchthat7170 Ht1T1107 4ItXo VtelR

Letsfocusonplanarcontinuoussystems
xfCxy
yguy
DefinitionForfRn IRNthedivergenceoff IS divflxtIHNE.no x traceoftheJacobian

theoremsupposethatthesystemCDissuchthat 8 iffy o inasimplyconnecteddomainD
ThentherearenoperiodicorbitsinD
simplyconnectedessentiallymeansthereare noholes

a february24th 3

Xfixy y gLXy l

TheoremCBendiriterion suppose 0 8 o inasimplyconnectedregionDEIR thensystem l

doesnothaveperiodictrajectories in D lineintegral
ProofAssumethereis aperiodicorbitCEDConsiderthefollowingintegral fdygDX

let8 OD 1122beCr r Oandsuchthat8101841 letfg11231122then
fdxtgdy f forth OxLt 1galHIOy H dtwhere g fly c im8
fofdygdx f tfcocth.y.lt gLoCti xIt at ofTfggf dt Where8istheperiodictrajectory

ofperiodT recall df fIdx dy
ByGreen'stheorem fofdygdxyf.CI ifqdxdy osincefxItfy9to

TheoremCBendiriterionptsupposethere is aCfunctionB1124112suchthat
Bf 1 Bg to is asimplyconnectedregionDEIRThenthereareno periodictrajectories

inD

Xample x y
y x x3Sy8 O

II10 8 0 sonoperiodicorbitsin IR
i
i 1

Exemptx y I5X113841 4 870 rgi
ftp.fffS1 2 sodivergenceis 0whenxE81e x Ifs l t

i
lsoanyperiodictrajectormustcrossatleastoneofthoselines



1
DefinitionTwovectorsu.VERnaretransversal Iftheyarelinearlyindependent 1e UtavandvtaU
forsomexEIRTwovectorspaces vVEIRnwithdimUtdimV naretransversal if foranyUEU
VEV Uandv aretransversal

DefinitionRecallthataregularcurvein IRn is aCr r21map8 I IRNwhere I openintervaland
Olt to Anarcistheimageofaregularcurve

DefinitionAplanararc 8 IStransversaltothevectorfield Ifg If8kt istransversal toCfg at
everypoint841where E im8 Inotherwords Ifg ISnowheretangentto 2

DefinitionAlocalsectionofthevectorfield fg AtHoyo isanarc8containingHoyoandtransverse
toIfg

IfHoyoISnotanequilibriumpointwecanalwaysconstructalocalsectionthroughXoyo

Ifsfebruary27th 3

X fixy i
it gCxy vectorfield is nevertangenttothecurve

let 8 bealocalsectionatyoeR2
in thebox

NotebydefinitionoflocalsectionXoIsnotanequilibriumpoint
theoremSupposeZoe1122Otto2o Xoand E isalocalsectionatXoThenFUFZoUOpenanda
differentiablefunction TiU sIR st T Zo toandUT Z Z E E ZEU
Tgivestimethetimethat it intersectsthelocalsection
Thistellsyouthatyouknowthebehaviourof thevectorfieldaroundthelocalsection

theoremLetMbeacompactpositivelyinvariantsetforsystem l andlet 8beanarc
transversetothevectorfieldThenanypositiveorbitOttp forpen intersects8 ina
monotonesequenceThatis if 4 ti i p Uti p Htin p C8 then4Hi p liesbetween
4Hi i p and 4 ti i p
picture
a I'm

D

Ideaisthatthevectorfieldistransversetothe arc
P ClearlyIfOttpdoesnotintersect8 Orintersectsatoneortwopointsthestatement
isvacuouslytrue Intheothercases it isenoughtoconsiderthepointsxi i Nti i p
Xi P tip Xi11 4ItitIp ti k ti c ti11
considertheregionboundedbythearcsegmentGi ixDandthepartoftheorbitfrom
Xii toXicall it D
AssumethatthevectorfieldispointinginsideD ifnotconsidertheclosureofthecomplement
ofD ThenD ispositivelyinvariant ifyoureonthelocalsectionyoumustmovestrictly
insideD Then it belongstotheinteriorofDHenceXie Xi i Xi D



TheoremiLetMbeacompactpositivelyinvariantsetfor Cl andlet 2beanarctransverse
toCDThenforanyPEM w p intersects 2 in atmostonepoint
ProofiSuppose q qzEwcp n E q192ThenFEti ti co ticti i st 4 ti p 91Also7 si
si co sicsit st Csip qzSinceE isatransversearc wecanconstructsequences ti
andSisuchthat41ti p CE Ntip q and UsipCE Q Si p 92 Butthen 4 tipintersects
8 in anonmonotonicsequence

March1st

x f xy
5gCxy

l

theoremLetMbeacompactpositivelyinvariantsetforCD IfWcpdoesnotcontainequilibrium
pointsPEMthenWlp isaclosedorbit le theimageofaperiodictrajectory
Pr letgEWCpWe'llshowthat0cg is aclosedorbit
letXEWcq noteXCw p and lets bealocalsectionthroughX
Notethat7Etn3Tcs StMtng x Since istransversetothevectorfield wecanfind
Ctn3acost great g x andgneECsameargumentasprevioustheorem
Sincew pcannotintersect2 at morethanonepointprevioustheorem qn x th Hence049
is aclosedorbit
Nowwe'llshowthatWcpcoincideswithOCq
letEbealocalsectionthroughq
WCpsintersects 2onlyatq Alsow pdoesnotcontainanyequilibriumpointsand is
connectedThusWlpmustcoincidewith049 sinceotherwisew p wouldintersect 2 at
morethanjustonepointbyconnectedness

TheoremiLetMbeacompactpositivelyinvariantsetfor l SupposethatWcp PEMcontains
twodistinctequilibriumpoints piP2ThenF Orbit8EWCP st WL8 pz a 8 p

Ez

Assume781,82With218i pi w Ji pz i L2
let9C8192E82andlet 8 andEzbelocalsectionsthrough9 and92
Ft osuchthatcelti p intersects2 andFtz tisuchthatceltzp intersects22Thentheregion
boundedbythepartsof Jifromqitopzpartsof EifromgotoYetip andthepartofOtp
between4LtipandUtzp ispositivelyinvariant
Butthenpointsof8ioutsideofthisregioncannotbew limitpointsofp
theoremLetMbecompactpositivelyinvariantsetforCDThenforanyPEMWcp isoneofthe
following
isasingleorbit
inaclosedorbit
Iii Afinitenumberofequilibriumpointspi it k andorbits8Suchthat NDWL8CEpi Pk
ThisiscalledthePoincareBendixonTheorem oneofthem
P IfWcpcontainsonlyequilibriumpointstherecanbeatmostonesincew p is
connected
IfWcpdoesnotcontainequilibriumpointsthen it is aclosedorbitIprovedpreviously



IfWcpcontainspi pnequilibriumpoints then itmustcontainorbitsconnectingthese
pointsandtherecan beatmostoneorbit 8withdistinctwarsandaCDbytheprevious
theorem

March3rd

considerthesystem
X Xray1 2y describestheprocessofbreakingdownsugar
Y b ay zy

Aib 0
wearedealingwithconcentrationsinthissystemsowe'reonlyinterestedin thefirst
quadrant
NUClines
X o Xray1 2y y atX2
y b ay Ry 0 7 y b

atX2
IfxD KayO Y bay y Oforyebla icoforybla
ify O x XY b 0
Pluggingin y a to gives j Ab_ XI xlatMtlat bAtX2 atx2 Atx2

f it ti tiit i t t t Li
b TaImax

d n 1aroundb.bz

4 needstobeE Ion y XtbttatCtopointinside
onthislinewehave
X XtaExtbtbla 1 2y Ita bX 1 2y
y b aCXtbtHa X2y aLbNMy
l t.liabiIExExIaiH.aiifaii.Hxfx.sHIi4xIIa't
consider x4b a Mileykogot

t.az tIEIay x.a
finishes forthis
continuednextclass

bXco



3March6th3

considerthesystem
x XtaytX2y fCXy
y bayx2ygcxy
withpicture

b
a Rl
Ex
rI
b

TheregionR iscompactandpositivelyinvariant
Ifwefigureout if1whentheequilibriumpoint15ISunstablethenaftercuttingoutasmall
diskaround15lie121BeCptEccl wegetacompactpositivelyinvariantsetwithout
equilibriumpointsso121BelX containsaclosedorbitbyPoincareBendixon
Firstletsfindp
Xtay1 4 0
bay 4 0 F blatt
Atp wehave
EYE t.tt xY.aatIIHEEa a iiEiail

note If A f detCAXI det of cba D2 triA it detA d z trlA
IVHrAk4de
2

tr A b Cb4a babfba P detA Cb a 2b b4a 0
SO If tr ALO thenReldi2COSOStable
forinstabilityweneedb2a b'ta 2 O
b

a

Examplepredatorandprey lfishy
Assumethatintheabsenseofpredatorsthepopulationofthepreyfishincreasesat arate
proportionaltothesizeofthepopulationwiththeconstantofproportionality a 0 Assume
thatintheabsenseofpreythepredatorsdieoff at arateproportionaltothesizeof the
populationwithcoefficientofproportionality C c OLastly Ifthepresenceofpredators
decreasesabyaquantityproportionaltothepopulationofpredatorsandCincreasesbya
quantityproportionalto thepopulationofpreyifpreyarepresent



if x isthepopulationofpreyandyisthepopulationofpredatorsthenwehave
x Xlaby
ifyCCtdX
Thisgives
v

Ef
t

I

E
d

Noticethat x4 c dx aby cDX

and i aby abyKCdx

ticaxx't cabysy0 4 Taffy if 0
LetFCxtclnxDXandGly alnyby
ThenIfHCxy FIX GY wegetitCXy5F x litG y if0
soeverytrajectorybelongsto alevelsetHCxy5constantTheseareclosedcurves

a March8th3

Assume wehaveapopulationandadisease
Let sbe thepeoplewhoare susceptible I bethepeoplewhoareinfectedand12bethe
peoplewhohaverecovered
ThenIfNIsthepopulationsize N It 12 SIR
Makethefollowingassumptions
rateofSisproportionaltoN
susceptiblepeoplecanbecomeinfectedaftermeetinganinfectedpersonassuming
peoplemeetcontinuously
peopledieat arateofdeathproportional tothepopulation
Assumeforinfectedpeopletheydieat afasterrate
infectedpeoplerecoveratarateproportionalto I

Somepossibleadditionalassumptions SIRS
recoveredpeoplecanbecomesusceptibleagainata rateproportionalto I
rateofbirthofinfectedis BI

Thisgivesthefollowingtableoftermscontributing totherateofchange
susceptible S Infected I Recovered R
BN
1354N 1354N SIR

ws c wtwyI.tw SIRS

aR dR
PBI PBI



wehavethefollowingdifferentialequations
SII
5BNBS WS

asysumingNisconstantCNStItR
I BS lotWitw I N I R Otwi1W I

12 81WR 1281WR
SIRI
5bNPBIBS WSHRagsumingN isconstant
EBS 8twitw pb I I N I R 8 witWPb I
12 8I Wta R 128I Wta12

Inbothcaseswecanwritethesystemas
CrAI a127I
JI CR

where rBtpbJ WiW a BINandC w12
ThepossibleequilibriumpointsarecoO and I 12 1where r a I a12 0 8I C12 0
NotethatCI 127isrelevantonlywhen I 12 70 nonegativepopulation
suppose it isrelevant then r aI taR and 81 CR OSO
I CaCI I taCR R I
12 851 17 412 12
letVCIR I I ln ItdCR RP Liapunovfunction
PV I I 2d R R

if I I I 2d 12 12R a I I taCR R I I 2dCR RGCR R 8CI ID
a IZaCR R I I 2dCCR R42d8CI I 12 12

ThusifD i aCI I 22dC12 12120
Thisistrueeverywhere so CI 127isgloballyasymptoticallystableCsonoclosedorbits

a Marchtoth

Exampteranderpolequation

x mix 1 x 11 0
Describesthevoltageofapoint

ExampleLienardSystem AmoregeneralsystemthanVanderPol
fixXtgCX O

Since FLN gu whereFCx fifesdS
y

wecanrewritethesystemas
x y FLX
it g x



LetGCNJogodsand UKy YI1GLX
T LinardThOrem SupposethatgFEC feven goddXgX 0 for X10 FCO fCoco
F A OS.tFca 0and FK monotonicallyincreasingtoCsfor xzaThentheLienardSystem
hasauniquelimitcycleand it isstable
Notesince f iseven FISOdd
Proof
I
yo s

f
Y

trajectory
If 7YosuchthatY Yo wegetaclosedorbit becausetfCXy EXthenCX y EX
4k JdCULXY UCOyl UCOyo YI YI
du ydytgCXDX ydy lyFCNdyFLNdy
E Yg dxY.IE dy
Ata cela JFCxdy TFCXCHICgXlt dt
Itcanbeshownthat4calIsmonotonicallydecreasesto as as a as
rigorousproofinPerko

FortheVanderpolequation fix ieLx Dg x X U 0
TousethetheoremweneedtoshowFla 0Suchthat FlatO FLX Sof s ds FCX9co Xza X co
FCDUfoS2Dds u X XB HB
Fx Ofor a D o and17796 for X53X co

Thusthesystemhasauniquelimitcyclewhichisstable

otherexamplest
y
y f y g

and Ky Fox
y gu

MarchBth 3

Inclassicalmechanicssystemsaredescribedbygeneralizedcoordinates qpiwhere
gCgi gn isthepositionvectorandp pi pn isthemomentumvector
ThephasespaceisasetUEtten
IfthefunctionHCqp is thetotalenergythenthedynamicscanbedescribedby
gOtt

p
whereftp.ff IpHandTIlFa III

H iscalledtheHamiltonian



Notethat if 5 IonIon where In f
thentheequationscanbewrittenas

g JDH where DH Itf Itf
DefinitionAsymplectic form on1122Nis a nondegenerateskewsymmetricbilinearform
Acanonicalsymplecticform isgivenby rcu v CUJv UvEIR2n
Moregenerally rue v CUAV where A is anonsingularskewsymmetricmatrix

GivenafunctionH1122N IRandacanonicalsymplectic forms we candefineavectorfield
XHby Ithinkthisisinnerproduct
rLXHV DHJv VvEIRZn l

f l holdsfor ft XH then rug p V DHV

qpi JV CDHv
JTqp v LDHv
CJgpl v CDHv
DH1JCqplvko tVE1122N
DH J qp
q is ftp.t g

g Idp D sq
DefinitionGiventwofunctions FGIRM 112smooth WedefinethePoissonbracketofF
an Fcis rule xatE.CIifqIiffTftp.T
wecanshowthatgivenaHamiltonianHandafunctionFwehaveF F H

Noticethatit HH3 0SoallorbitsbelongtolevelsetsofH

DefinitionAHamiltoniansystemiscompletelyintegrableifthereexistsfirstintegrals
In I n l In Hsuchthat the Iic arefunctionallyindependentexceptmaybeon asetof
measurezero and I K Ie3 0 KK eeh
Notethata setMf CqpEIR2h Ikeap fk3 fCfi fn isaninvariantset
MfISlookingatlevelsetsofeachofthefirstintegrals

theoremMfisamanifoldthatisasdifferentiableastheleastdifferentiableintegraland it
isinvariantAlsoMfis diffeomorphictothendimensionaltorusTn sixsix XS CSacircle

n
MoreovertheflowofthesystemgivesrisetoquasiperiodicmotiononTn that is ifQETnthen
dYat wwherew f Wi f Wn f



3March15th 3

x fix XCRn

Definition An n l dimensionalsurfaceSelRnistransversetothevectorfieldf if f isnever
tangenttoS le h X fCNto VXESwherenextistheunitnormalvector

DefinitionAlocalsectionoff atsomeXoEIR isasurfaceSEBelXotransversetof oES

theorem let8It beaperiodicorbitwithperiodT
x f x XEIRn
andletXoHo oranypointon 8 let 8bealocalsectionatXo
Then7 a neighborhoodUofXoandafunction I U 112suchthat I is assmoothas f Tko T
and KILNXIEE VXEEhUCKtX istheflowofthesystem
Tix Isareturnfunction1eplugin apointaroundXoand itwilloutputthetimeatwhichyou
comeback soifyoupluginXo 4Xo T
Proof ImplicitfunctiontheoremConsiderF tix 4TH Xo fXo If S Isahyperplane
perpendicularto flXo ShoweffectxDto thenbyimplicitfunctiontheorem we are
done

DefinitionThefunctionpix 4thHotXlXo1 7XoIscalledaPoincarefunction
PC050 70IsafixedpointforP

theoremIf 8 t IsaperiodicorbitofX f X XEIRh then8Lt isasymptoticallyStable IffOis
anasymptoticallystablefixedpointofaPoincaremap

Examplei
X y U21 212
y Xty uz yaya

M 0

letX rCOSO y rsinO r
2 11242

ri XXyy x2 re X2y2 y2m2X2y2 m2r2 r2
x rcosO rsinO_O
y isinOtrsinoO Xy yx Ocr2050r2sin20 Or2
r r Wr2
x4y2Or2 r2 0r2 0 1
Thuswehave
f rcu rz
0 1

s

ofPartialfractiondecomposition
Olt Bott

topmast for tuttiu foru futero Iwen III



FoyYETI ene't
r2m2roz µ pyroezuet
r2cuzrozroom't µroze2u2t
rct Uro2e2 Yz

u2rotroezuet

per urethra
4 1 2Tsincepolarcoordinates

uz rzra.eu

a March I7th

x f x fECr r I
letyet bethecorrespondingflow d tix flat xD
supposewehaveperiodicorbit8454ItXDwithperiodT andwith E asalocalsectionatXo
assumeit isdefinedbyCXXofXo7 0
Thepoincaremapp I E isgivenbyP133414 031Xo13 Xo
we areinterestedineigenvaluesofDpcosince0correspondstothefixedpointXo
Notethatthemap41THot3Xo13 XoISdefinednotjuston 2butin aneighborhoodof0SODP10
istherestrictionofthederivativeof4hLXo137Xo13 XotoE
D430 IfIgot13430 whereDOdenotesderivativeof 4 withrespecttoX
fl4thXo Xo DELXo DYCEXoXo fXotl DyTxoTsne o T4TiXo xo
Noticethatthislinearmapactson avectorMEIRby
N flXoDILXoht8T N CDTXoN fXo Y T RwhereYCT DUCTXo
Noticethatanyrectorcanbewrittenas asum ofHolt'sSEE
if n cfXo13 thenYT n CfXo YT31317075CDI37ftXo1CfXo

theoremX11IsaneigenvalueofDPO itisaneigenvalueofYCT
111IsaneigenvalueofDLP 1Isaneigenvalueofmultiplicity lofYCT

considerXlt yet18t lyIt1141then it fly t 18ItD f Ht Df Ht yet1011412
y DfColtly101112

Thusthelinearizedsystemaround8 t is yAttywhereAct Dflolthisaperiodicmatrix
DefinitionAmatrix4Lt isafundamentalmatrixforthesystemyAltly if itsatisfies
i f Alt 4
ii det410
ThenthesolutiontotheIVPit Acty y107yoisgivenbyYCt Ut 4 Oyo
Moreoverdetent Det4107explSEtrIAlthat liouville'sformula
ItturnsoutthatYCt DatXo Is afundamentalmatrixofthislinearizedsystemandYC01 I
Proof4107 1a DYLOXo id

ve 04oxn
Datin

very 044



9 tix f 44xD

It it FyithxD HiattxD EE 34
DHTX5Df 4Ltx DfLtX atXowehavefiftyt ActY t Proofconcludeswiththefollowinglemma

LemmaIfyoflXoandY flat Xo thenYi YIthyo
proofyet flatXo Alt
4 DfalltoXo ItXo Df 4LtXo f 4ItXo DFTYTt.to Y
YCt Is afundamentalmatrixfor y Alt y yLtIYlt Y 10 yo YHyosince410 id
so fHo YlT flat Xo YT fXoSof Xo is aneigenvectorofYLT witheigenvalue 1

NoticedetYCT d in exptSottrlDfl8Is1ds expSotdivforcshds
For1122wegeta expSotdivfortsds

YoucanrepresentYet 2 tEDT
usingthe logarithmofYl1 givesYT EDT
sodefine2 t YeteDt

a March2Oth3

Liouvillestheoreconsider

thedynamicalsystem
x fCXXE112Nwithflow4T
letDodomainin112andDt 9IDo
Do

letVlt volumeof

Dilemma
f o forfax whereOf 8 t iffyaethedivergenceof f

Proof t det DXwhere4 1 1111 flat 10Lt2 taylorexpansion

3 idt t Oct2

detCItEAk folA Ef A E2fzA 1
T trial

det x L tr ft t1049
vltl vcojtpftr.toxt0Ct2

Lioville'sTheoremsuppose0f OthenVDoVH1_VCO volumeofDoa
volumeofDt YtlDo

iethevolumeispreserved



poi ecurrencetheoe.myAssumegIRN IRNiscontinuousan onetooneandassumeDERN
iscompactglD DLleDisinvariantunderg LetTEDand letUbe aneighborOodofE
Then7XEUSuchthatgncxEU forsomen 0
ProofconsiderthesequenceUgcugyu gmu
sincegisvolumepreserving someofthegilU mustintersectsinceotherwiseDwouldbe
infinite
Assumegkung4U I 0 K l
gke U nU10

Thus if we letygk4 1 thenxEUandgnuEUwheren K l

ExempleLorenzsystem predictingclimate
x rex y
y rx y xz
2 xybZ
equilibriumpoints loOO Q IVbcrTIVbcr.IT r l

a March22nd

Example
x rly X
y rx y xz
2 XyBZ

5frE F Ib Heoo.o To

T F11141rtDdtr tr d I f rt1 I ftp 4rc OErcl NO

Propositionif relthenallsolutionstendtotheorigin
PloofconstructaLiapunovfunction
Lexy27 4ry4rz2
2x2ry 2oz Gil 2XHy X 12orXy2h122oxyz 12ozXy2022 20144427 2oxy Hr
whenr 1thisisnolongertrue
vCxy z rx'try2 0122r 2 ellipsoidcenteredat10,02r
VCxy z v 0

Preposition7v suchthat atanysolutionthatstartsoutsideV v eventuallyitentersitand
staystrapped
Proof VC2rX2yr20122r xyE 2rt XyX2 2orXy25422oxyZ 12oxy2 2rb22
4orXy14orb2 2rCrX4y4bz rP br2
rx4y2tbZ r 2 µdefinesanellipsoid U 0
When u bra KO
choose suchthatrX4y4bZ r 2 br2with it in itsinterior
divergence r l bLO V fdivVdxdydz rt itb V
v t eco111bit o

whichshrinksexponentiallyto 0

consequencethevolumeofthesetofpointswhosesolutionremainsforall time backwards
andforward intheellipsoidV V is O
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ExampleisimpleHarmonicoscillatory

Iwax

considertheperturbation

y orientationofarrowsdependson E
y WEXEY IElect

AnotherPertubation
X y
y wokEx2
Noticethathexy WEI E isconstantalongtrajectories

Wehavetwoequilibriumpoints 0,0 CWMEO EO

QQ
Thisisanexampleof astructurallyunstabledynamicalsystemsinceonesmallchange
affecteditgreatly

Recallthattwovectorfields fgECKRn are topologically conjugateif7homeomorphism
h sRnSt h 4CtX 4Lt.MX where4and4 are flowsof fandgrespectively
insteadofpreservingtimeparametrization wecanallowit tochange
soVXTTCX.tlSt III o and hunt x 4 ICXthhXI
suchsystems1vectorfieldsarecalledtopologicallyequivalent

Notethatthespaceofdynamicalsystemson112Ncoincideswiththespaceofvectorfields
1e ItisaspaceofCrfunctionsfromRhtoRh CrRhRh
OneofthepossiblenormsonCrc1127112n wouldbef 2HfCx11butthisdoesntworkunlesswe
restrictourselves tothesubspace ofCNRRnconsistingofboundedfunctions
MoreoverweneedtocontrolDfCx
Toeliminatetheproblemwithunboundednesswecanconsidereithercompactinvariant
subsetsofRhorcompactmanifoldswithoutaboundary
sosupposefCCrCEIRh EcompactEopenAssume4CtX CEHEE teIR



DefineHf11 fpHfall tfpHDfwn
supHDfC

standard

Y to my11 euclideannorm
Yeirn

ThedistancebetweenfgCCrcEIRn issimplyHfg11
Alsoworksforcompactmanifolds

DefinitionThevectorfieldfonEisstructurallystableif foranyvectorfieldgonf St HfgHicE
fandgare topologicallyequivalentif E issufficientlysmall

a April5th 3
DefinitiontfXisatopologicalspacethenuex iscalledresidual if U ouiUiOpendense
If ISSt everyresidualsetisdensethenit iscalledaBairespace

TheoremlpeixotoLetf be aCr rel vectorfixedon a 2 dimensionalcompactdifferentiable
manifold withoutboundary then f isstructurallystable Iff
1Thenumberofequilibriaandclosedorbitsisfiniteandeachis hyperbolic
DefinitionAnequilibriumishyperbolic if the eigenvalues oflinearizationdonthave0
realpart

2Therearenoorbitsconnectingequilibriumpoints
3 Thenonwanderingsetconsistsofequilibriumpointsandlimitcyclesonly
Moreoverthesetof structurallystablevectorfieldsisopenanddensesubsetof CrCM1124
whereMisourmanifold

ExampleAtorus
EWwidefinesa flow on atorus
it z

its

slopeKo 21T
wk 2 Thewholetorusbecomesthenonwanderingset butthisisnotstructurallystablew



unfortunatelythesetof structurallystabledynamicalsystemson 3 dimensionalmanifolds is
notresidual

DefinitionLetMNEIRn besubmanifoldsWesaythatMandNintersecttransversally tfMANO
or VxCMANTxMtTxN LRn TxMisthetangentspaceofMatxSimilarlyforTxN
ideaisthetangentspacesshouldspanall ofRh

Qno yes

DefinitionAMorseSmalesystemisone forwhich
1Thenumberofequilibriumpointsandclosedorbits isfiniteandeach ishyperbolic
2 Allstableandunstablemanifoldsintersecttransversally
3Thenonwanderingsetconsistsofequilibriumpointsandclosedorbitsonly
NoteAMorseSmalesystemonacompactmanifoldisstructurallystable

Manydynamicalsystemsthatmodelrealworldsystemsdependonparameters
X f x u XEIR UEIR
u parameters
fCxu O
f IRnxIRk Rn

April7th 3
XRXU XEIRNMEIR
Assume fXoMo 0
weknowthatifDXflXoNodoesn'thaveeigenvalueswithzerorealpartthensmall
perturbationsshouldnotchangethebehaviorof thesystemintheneighborhoodofHoMo
Tomakethisslightlymorerigorouslet'sdefinethenotionoflocalstructuralstability

Definitionconsideravectorfieldf on anopensetUEIRNWesaythatf isstructurallystable0h
U if FV UsuchthatfIStopologicallyequivalenttoanygonvwithHfg11sufficientlysmall
SOIf IXoNo ishyperbolicthen fCxno is structurallystableon asufficientlysmall
neighborhoodofXoHowever if IXoMo IsnothyperbolicthenfXoMomaynotbestructurally
stable

Definitionwesaythatanequilibriumpoint XoMo ofX fixU undergoesabifurcationat
U Mo if fLxMo is notlocallystructurallystable

let'sfocusonthecasewhere it is ascalar

Example si u 112XEIRMEIR
wehavetwoequilibriumpointsif µ o x Iru oneequilibriumpointif u O110 and no
equilibriumpointsifUCO
It iseasytoseethat g 2x fc µ µ xp Isnot 0atX Fuandis 0at 110

Letsconsiderthesetofequilibriumpointsinthe lieNplane



r
noo stable

µ Thisiscalledsaddlenodebifurcation

f in ableunstable

Example Knxx2
equilibriumpointsareX oandX u
wecanshowthatfor u O X 0 isnothyperbolic

sjyf.g.SE uTu twoequilibriumpointsmergetoonethensplitto two
Transcriticalbifurcation

Example X ux 3
equilibriumpointsare X OandX Iru if u O

x s
tus s
u 2

r u

µtµ pitchforkbifurcation
in
n n U

og

Questionwhendoesoneofthesebifurcationshappenin ageneralsystem

x f x u XCIRMEIR

NotethatIf Df f flu to tx u thenflywhodefinesasmoothcurve inthe Mix plane
sowe'llhaveasaddlenodebifurcationif 7XoNoSuchthatf XoMokoandtheabovecurveis
tangenttotheverticallinethroughXoMo and locallyliestoonesideofthisline

ExampterityoflyingoonesideX µ113
n

v n x µ 3



a Aprilloth 3
f fu U XEIRMEIR
Assume flo070 0 0,050

Forsaddlenode weneedauniquecurve inlieN plane passingthrough10,0andthiscurve
shouldlieononesideof it
FromImplicitFunctionTheorem weneed

ucoo o tohaveauniquecurveUlmpassing

through10,0Forthiscurvetobetangentto u o weneeddayo o andfor it tobeononeside

of it 0 it'senoughtohaveCRM
Tix O to

consider F RnxIRM IRM
FCXy7 0 Flo050Cxy CRnx112M
IfDyFloO isnonsingularthenFg1124112mst FagLx I 0
Thensince f x u 50
0 CxUCX ffucx.mx 9 1 50
4 cos5718,2 0 if 101050

diffcos 71149 10 If III100 0 IIco.o o
sotohaveaSNbifurcationofit fix u atanonhyperbolicequi1pointto0 weneed
i of
Jul00110
ii 22f
871010 to

Assumeflo070 0 10,01 0

For atranscriticalbifurcationweneedtwocurvesofequilibriapassingthrough10,0
Implicitfunctiontheoremtellsusthatweneedfuel0,01 0
RecallthatweneedtohaveX oequil forall U SOfix UKXFXiu where
FCxu MYX x O

Foxcom X 0
Notethat
01010 0 0,01321210,0 10,0 0,0 fu10,07 1 010

weneedacurveofequilibriadifferentfromX 0passingthrough10,0 intheCUX planeSo
weneed 10,0110 FortheresultingcurveULX st Fu uCx o tobedifferentfrom11 0

werequire 043cakes
of
04010102 377,34 01

0
to if3 100710OFAutoO



sofortranscriticalbifurcation weneed
i of iii Pf
Tee0,01 0 5210,0110

ii yzf
FouCOO tO

Forpitchforkbifurcationweneed
DofTee0101 0
2 Pf
8710101 0
3yzf OO to

4Jsf
03 00 10

a April12th 3
X FLXU XCRnUEIRK

SupposeFCO07 0 IfDXFloO haseigenvalueswith zerorealpartwehavea nonhyperbolic
equilibriumpoint
Supposethereareceigenvalueswithzerorealpartandassumetherestoftheeigenvalues
havenegativerealpart
Tofigureoutwhathappensforsmall il wetreatit asavariable
X F Xiu DxFCO0 x DuFLO07MtFafX U

O 1121h12

For it_O
LetTbematrixSt TDxFCO077J Jordancanformwhere I J

Jz
JihaseigenvalueswithzerorealpartCit'sexc
T Y Uisacdimvector

Thenweget 1 if113170,0T Y DuFlo0 MtFzLUVM
ie JU1A µ fluVU
ii o
j Jzvrzutg.LUVM
T DnFCOO Iz fg TFaTY M
so thecentermanifoldcanbeexpressed as kh UU Dh10,07 0 NO01 0
ThenwecanapproximatemuU secondorderterms tthirdorderterm1
Note ifDXhUU it DuhCUU JahUU 112MtgluhlUU U

DXhUM JUt r Ut flUhLUUl U JzhUU Izu GCUNUU M1 0



Exampled
f y1 2y

y Xt2ytEyty2

HY'd KEITH
A

detCAAI 42 52,1 0 7,1 011 52
a o 24 Z f k

2F 4 L T If 21
fifth fi d Y Yuta

f 8 Y t's f 1 authorus
Uj stfu Ig 212Utv42VU EtrUl er upHutu42vU 12ECWU 1212v a 2
f h U E aU'tAzEU193E4013
ZaU AzE1012 OC27 52 aU'tAzEUtarge2 013 14512EU1244013
Ol3 La u2 39225EU EASE4013

n O
O

Ai 215,02455

it'sfefface a u w 1013751E IsteUlDUFF EU 8 EU ICEU tEs 1013
transcriticalbifurcation

a Aprilnth 3

f fu fCXo O

FirstassumeXXotythenyFly Flo fCXo O
Fly DECOytCywhereGly Olly12 soy DFlolyGly
letJ TDECOITwhereJisJordancanonicalformofDFL07
lety TUthen itJutECU
TaylorexpandGLUfurther tiJutFdu 113 U 1 Frl U touulr
NotethateachcomponentofthevectorAclu IsalinearcombinationofmonomialsofdegreeK
ThatIs If Fau FfuYu thenFaiLukEciiz inURUI Un EEdi K

HowcanwesimplifyFdu

letU Vthzv then v Dhzlh i JVJhzlhtfzcvths.lv 1
I Dhzcvni Jvthzcvltfz.lv 1DfaV hav t

Ocwig



NotethatLITDhzv t I Dhzv 10IVR
f IDhruv10WR TvtJndu 1Fdr 10WB
JvJhdv DhIv JV1Fzv 10 Iv13

wewanttopickhdvsuchthatJhdvDhruvJv1Fz v isassimpleaspossible
NotethatFz VEHzwhereHzISthevectorspaceofhomogeneouspolynomialsofdegree2
considertheoperatorLaHz H2
Lap v DPvJPV JVCpw JD
soJhzV Dhz VJv khz v IfhzEHz
ISlinearso I121mLz GzwhereGzisthecomplementof1MLz

SOFz Fz1122whereFIE1MLzFEEG2
PickhztocancelFz
NoteIfV ViV2 thenthebasisofHzis

C 87,1 7,1 1,4 1 vid
Examplei
5 8 f
Then O O O l O O

s
O O

HHYz O
O l On

iiivital
a AprilI9th 3

X fixU XEIRh UEIR f isCr r 5

Assumeflo Ufo andDxfCOO hastwocomplexconjugateeigenvalueswithzerorealpartand
theothereigenvalueshavenegativerealparts
asyouchange it youwillatsomepointcrosstheimaginaryaxis
usingcentermanifoldtheory wegetthefollowing
ti a ieU BU t f lUVM
v p u utalkvtfdUv ul
where Nut alMII iplU aretheeigenvaluescrossingtheimaginaryaxis
NoteNo o
usingnormalformweget
UacreU BMut AlnUb U V u4V21015
V BluUtd u ut b UU alum u4V21015



Inpolarcoordinates
F Nu rtacrer3 0Crs
013u beer2044
Taylorexpand413a b
f a O ur acar3 0U2ur3 rs
01310113O utbO r40U2Mr2 r4
considerthetruncatedsystem
fdeertar3
O wtCeetbr
d D O
a aLo
w po
B o
b bo

Notethatif o thenthoat r fdaI
Infact rtt OltD fdaI.tw cbadµ t Oo
Isaperiodicorbitif it issmallenoughHisasymptoticallystableforaco unstablefora 0
Thereare4cases
1 d 0 a 0
StableegpointforUcounstableeq.ptforee 0 unstableperiodicorbitforUCO
2 d 0acostableequilibriumpointUco Unstableequilibriumpoint u 0
Stableperiodicorbit u o
3 dco a O
4 dooaco

tf it OwWo Y t f'fYjYj at U Othena fineutfuiutffeurtffuift

X
btwfuvlfu'utfvi fuff2uutffv fuafufu frvffu

a April21st 3
Chaoslindiscretemaps

discretemapsareknownasdifferenceequations successiveiterations

ExampleAnticosxn a l dimensionalmap
ThesequenceXoX IscalledtheorbitstartingatXo



Thesesystemscomeinseveralways
1Theyhelpusanalyzedifferentialequations
ExamplePoincaremapLorenzmap

2Theymodelnaturalphenomena
sometimeswewantthetimetobediscrete
ExampleAnimalpopulation

3TheygivesimpleexamplesofchaossinceyoucanhaveWilderbehavior
Aa

Xo xxx

Orderonedifferenceequation Antifun FEC's
ordertwoAnt funXini

DefinitionAfixedpointISapointx suchthat fixKxtxi.eOrbitremainsatx forallfuture
iterations

wewanttostudystabilitystartingatxn x ten le arepointsattractedor repelled
welookatthelinearizationusingTaylorseriesexpansion
x tEnFlint f x En fix Itf'tx Ent0Ena
sinceflx x Ent f'tx Ent0Erp

linearizedmapequivalentoftheJacobian
Thisgives Eo sE f Xt Eo

E fLx112Eo

En fexDhEo
If IfLx714 En o so x ISlinearlystable
if Iflexit I En cosounstable
if If't 1 1 inconclusivesoyouneedtostudymoreterms

cowe.by
Definitioncowebsaregraphicalrepresentationsofdifferentialequations
givesinformationaboutstability
Xnt int fun

xnXmi

xz

ii
i i1 Xno XiXz

Examples
DAnt Sinxn X O fco I

if ifi
i
Xx Xo

bringsyoutotheoriginso x islocallystable



g
2 AntiCOSXn Xnties
Acalculatorgivesxn 0.739
Toseewhythereis afixedpointtherelookat the coweb

x

xample.tn

reteogisticmodelffrPll E
Fpopulation Frate K maximumpopulationP
k

fun dimensionless

Thisgivestrediscretemodel xntirxr.clxn wenormalizedXn k Xn 0

µ are4

Fixedpoints rx I x x
x o or ru x 1 1 x I Yr for r21

stabilityf'Cx r2rx
fco r sostableif rel unstableif r I Ctranscriticalbifurcationonefixedpointbecametwoand

theoriginalchangedstability
f'llY rso table if K2 rel Icrc3 andunstableat r 3

r I

xntlfr.io Cr1 istangent

at r 3thereisperioddoubling flux f4x ex

nri r 3
dashedlines
indicateinstability
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Anti rxn l xn

et fi IR IR f x _rx l X
weknowthatat r 3 theequilibriumpointx I Yrlosesstability
wecanconsiderthemapf2 fof
fl f x fcrxCl x r2 4 l rx l x
for r 3 wegettwoadditionalfixedpointsof f2 pq
wecanshowthatfor1156Crc3 pq arestable
r2CIX l rxClxD I
r l X l rxtrx2 I
relXrxtrx2rx2rs3 I
r l Xrx12 2 rx3 I
r2 32r22 Cr4rX rt1 0
r2 x ryr x2 0
Whenr 4 Max f I

fik
XnterXn lXn
Notethatthere'sanintervalaround42suchthatVxcIo fhCX Fco
Thenconsider f Io Wealsohavefnc s co

1

tI 7T Ez
Note flIo I Ll Iz
wecancontinuefln Io inverseimage
Notef n Io consistsof2hdisjointopenintervals
let 1CODI ofn Io thisisinvariantwithrespectto12
Divide oDinto1 0,12 and12142D
considerany xertheneitherXERorXEL
similarlyfixCRor fLxEL fn xCRorfmlx CL th
sotoeachxer wecanassociate asequenceLRRRLRLLR
Tomakethingssimplerlet'suse 0forLand lfoR
letsdenotethespaceofinfinitesequencesofOsand is 1e E f N 0,133 f soSy
wecanendow8withametric
d S t d soSi Sn Ctot tn EEotsigitit

Notethatgiven5 so t Ito
so to Sn tn dls.tkkn dSt E12h
Notethatwehaveamaph r E



theoremIf r 4thenh is ahomeomorphism

Recattwomapsaretopologicallyconjugate if7hX X ahomeomorphismsuchthathotgoh
x x
ht or th
Y 9 y
sowecandefineg E sE sothattheaboveh isaconjugacy

a April26th 3
f x rxLl N r 4

Hii
I o l

b CODI ofh Io

n h sE EEsN 0,133 dlst ocsizi

theoremhIsahomeomorphism for r 4

Take Xerhex soSi XEAsof xCAsf4XCAsz

fitfI o
wAo Ai

notethattheh h f x CsiSz
let r EbedefinedbyrusoSi D SiSz
Thisisashiftmap

theoremhisaconjugacybetween f r r and r 8
Proofweneedtoshowthathotooh
takexer hwGoSi
h flxDCsiSz rchlxltrlcso.si CsiSz

considerr q
thefixedpointsare 0,0 andCl l
letSi skbeanyfinitesequenceandletSn denotetheelementof8obtainedby
repeatingthesequenceSy Sk le Sy Csi SkSi SlcSi Sk
Thensy IsaperiodicpointwithperiodKThuswehaveinfinitelymanyperiodicpoints



claimperiodicpointsaredense
PLOOFletSEETakeE OandletYznCE
if 5Csi Sn let5sina.snthendS5 EknCE

ForncIN letSn s Snn beallfinitesequencesoflengthn
letsLS S254,542543514 thenforanySEEandVE0,7MEINsuchthataconc5 SKE
RecallAdynamicalsystem41TX istransitiveon if tUVEXUNopen 7tsuchthat4LtuhVI0
sodense transitive
sotstEE Stt FMEINsuchthatd rn s Mtl 21

DefinitionAdynamicalsystem4LtXexhibitssensitivedependenceoninitialconditionsif Fa 0
Suchthat itXyE I Ft 0SuchthatduetNYLty 7a

DefinitionAcompactinvariantSeti ischaoticif
isthesystemexhibitssensitivedependenceoninitialconditionsonh
i ith istransitive
iii optional7infinitelymanyperiodicorbitsdensein r
Adynamicalsystemischaoticifitcontains achaoticinvariantset

Examplewejustshowedthelogisticequationischaotic

theoremconjugacypreserveschaosf1e x x
n to th
Y 9 Y

infactevenifhis hto 1 Infinite itpreserveschaos
withthish wecallitsemiconjugacy

whatif r 41e fix5411 X
0EXE12letglx 2212
YuXE

fLoD oDg OD oD

theorem hCXYzlcos121TX isasemiconjugacyfromgto f

IsApril28th 3
fIRN IRN
Xm f xn fht yo

wemightwanttolook at fnXo18n fnXo Sn



Supposef IR SIRthenfmxotso fhXoe fn XoSo101802
so ffnofalcfnycxoyiF.IOficxiyCfCfcxDY fkflxDfkX7LflfCflx f4f f4fy fl x

enlfftE.ie f'Hill
onaveragetheexpansionis in olnIfkxiH
Takingthelimit wegetxcxot.fjmsnin.IOfkxiHeLiapunovexponent

examplegun E'm IEEE's't

e

Yz i

notethatlgicxitrxneimhEoenr.hr
Givensowe canestimateyn lDfnfggf ioDHXi

ISol
lxtVCX.XT.LA tVlAxAxT VxTATAx

take18011
CDfncxdso.Dfhlxoisolhlnlsnkhlnldfncxolsolztnlnls.itnlXo8owhereHnCxokCDfhLxo TDfhCXo

Fndirectionse enSt FLim lnleittlncxoleif.de

xfCx
3Dfaith
if41TXoIsthefundamentalmatrixwelookat 144,11

let
Liapunov 14ItXolelexponent duoe most
Exampleismatelshorseshoemape

Foot
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HT
FD D
shrinklinearlyinhorizontaldirectionby842
expandinverticaldirectionby48
7 equilibriumpointin DattractingallorbitsinDi

n n
11

Hi

f 411 Ho
1

o Vu
NotethatF s ISHoUHi
FHoVoFHi V
imageofahorizontallinesegmentinF s isahorizontallinesegmentshrunkby8
imageofaverticallinesegmentinF s isaverticallinesegmentexpandedby48
tounderstandthedynamicsnotethattheDUD2FMX 7X EDi X equilibriumpoint
sothepositivelyinvariantsetinsconsistsofpointsthatalwaysstayinsunderactionofF that is
r EXESFncxESVncIN3
notethat ifFCXIESthenXEHoUH soif147ESthenFINEHoUH XEF HouHi
soifFntkxiesthenxEF h HoUHi
Hence I FnCHouth

wecanalsolookatthenegativelyinvariantset r XESFn xESVncIN
If F NES XEVoUV
similarly F4 7ES FCMEVoUV XEFWoUVis
IfFn xES XeFNVoUV so I Fnwow

Thuswegettheinvariantset 1 1 ihr
ToeachXerweassociateabiinfinitesequenceC Szs isoSiSz ofOsandIs
Sk i if 1141CHi i Ol KEE
Thisgivesamaphit Is spaceofbiinfinitesequences
Ez S I 0,133

as Isi tildSt Iis is 21il
Themap hit Ez Isahomeomorphism
if 0 Ez Ezistheleftshiftmap ru sisoSi C SoSiSz thenhIsaconjugacyfrom
Flnto r
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FSinHr
r

1 periodicorbits FO sin42 0 Mr ITn nCIM 03
r Ynn1,2
Soperiodicorbitsare YnOo tin
ftSin ItcosIt
at r thesign o r 2 sign 0
considertheannulusboundedbytwostableperiodicorbits
CriO CrcOz

inTlrISinmnrrzT O

i ine i i
rLokklo
r sin sinIts ri Itt
f t O

dt
VUlUz FTOSt41TUDnUz10


