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October 3 (Allan)

Dedetind Zeta Funchion

Let ¥ be a number field (1. a finite extension over @)
Let G« be the ring of a {;ebra\c Integers in K

Z({m m=2or3(mody)
QWmM), Gk= '
when L=GHm) K= [|+\l;‘] , m=1(mody)

Example: m=-|, 0= Z[(1)=2 (1]
m=-5, 0= Z[{B] , 6=2-3= 1+ FENU-5)

O 1S always a Dedekind domain=> every ideal Is factored uniquely info a product of prime 1deals

Let 61,0%,..., Tn be embeddings of £in ¢, where n= le: @)
For dek, define N& ()= @) Malo): - M)

Fac+s

D NaLoO IS vational . If A€k, then N () IS an Integer

DNG 15 mu\hp\\ca’rwe

NI ae Ok, NG D=1 i o1 aunit

1) i N& W) 18 0 prime number (SO &€ Be), then & 1s Irveducible

For any n-tuple of elements ayoz,...,dne kK, define +he discriminant of waa,... on 10 be
AiSCL 0z, .-, 0 = [ o (ot

. Ox 15 0 free abelian grovp of finite rank h= O has a basis over Z and we call this bosis an
integral bosis

disc(v=disc(an Integral bosis of Ox)
Let T be On \deal of Oc. Define the norm of I by N(I)=|O%/z| (N(D) Is finite)

Claim: N(D)1s well-defined

Proof: let ke T, k20 GNna let DEM=NE (). WS meL.

m=a-B=>p=m . B1Sanolgebmic integer => BEOL=>meI=> (M)ST
d .

Look ot | ©%/1| 2| ®%m|

|5%/tml 15 Finite (Since G 15 afree abelian group of finite rank and “mea= ¥ Hn(@2) = ®Zmz )
S0 N(I) 1S well-defined [

Foas:

DN(ID=NIDIN(I)
DN(UN)= NG

A fractional \deal @ of L 1S a set of Hthe form o-I for Some aek and Some ideal I of O

Define the product of fwo fractional ideals by I)(pN=aBLT SO the product of two fractional 1deals
IS a fractional deal



Define o™:={oek: a0 c &, Yy Aisoa fractional deal
) QQ":.O'K
so the fractional ideals form a group

Define the ideal class group Cilk) 08 CICKY:= G/ where G IS +he group of fractional ideals and His a
Subgroup Consisting of all the principal fractional ideals
louks lie 4Ok

For a fractional ideal 9, le+ [Q) be the ideal class containing Q. Let he=|%H|= # 1deal closses. he 1S the
ideal class humber

Theorem: For all K, he<oo Che=] 1ff O 1S a PID)

key Theorem: For all hon zero fractional ideals o of Ok,3 x 60, #0 S.+. INGW01<MeN (8) where
M= (2 -DF JTdisclioT (note IF G=pI Hhen NID:=N(BN(D)

2 1S the humber of pairs of complex embeddings of k

Let 03, or,=real embedding s and T, T,,...,Tr, Tra= COMpleX embeddings (ri+2r,=n) and define
K—R"

A (60, 02(K), .., 07 ), ReL T )), IM (Ti(Y), . .., Re LTry(), IM (Trale)))

The map IS an additive homomorphism with a trivial kernel thus i 1S an embedding

= B maps onto an h-dimensional lattce Aex

|
VOl (A oe)= o Jldiscti)|

For 0 Sublottice M of a lattice A, VoI(M)=vol( ) [P/m|
image Az OFT gives vol (A1)=v0| (Le)| /2 ]= vol (Aew) N(T)

Define a Special norm on R" depending oh r, and rz in the following: x=(x, Xa,... xme 1", Set
NOO=X X2+ Xri (e et ertzl)' - (Xn-% +Xnb)
I AEOx, d> X E-NLor,Hhen N(X)=Ne («)

Theorem: Every n-dimensional latice A in R contains G honzerd Point x with
INUO| 55 (£ vol () (apply A= Ax)

Lemma 1:Let @ be a fractional ideal of k. Then 3120k st
0 Lo)=[1)
LON(1)<Mk
Proof : Consider O'of Q.3 REL* s+ TBA™ IS an 1deal In Bk
e T, A0 S, [N (0] 2 MeN(T)
AlSO () ET= (ETT for Some T20¢
(11= (37=[Q). N(DIN(T) =N ()= N (€M N (T)

lemma 2: There exists only finitely many integral ideals of bounded Norms
NCTY=N(PIEIN (P2 NCPrEr £



October 17(Dan)

Dirichlet Characters and Number Fields

Theorem (Quadratic Reciprocity): Let p,g be odd primes, then p is a square mod q, if and only
it g isa square mod p unless p=g=3lmod4) in which the opposite is true. (Forther 2 is a square
mod p iFand only if p=ti(mod 8) and -| js a square i and onty if p=1(mod 4)

Evler's Formulation

Definiton: Let p e an odd prime. A quadratic residve med p is just a square mod p

| it a isa quadratic residue mod p

Definition: The Legendre Symiol (i) for aeZ is given by (i> f o
P P -1 i¥ ais notr a quodmtic residue moed
P

SO Owadratic Reciprocity says: (%)-(%) unless p=qz 3(mod 4), then (%3:(%)

Euler's version: 1f p=g(mod4ylal),then (a) ( )

o G

Some people express Quadratic Reciprocity Os ( % )( % ) . (-I)( ()

we want to extend this fo get “/a )(25Y _not quite right.
J (n)( ) SUA D.obb?/ doesn’rgmce it

Definition: The kronecker Symbol (g_) for onez: let N=up®---pS* u=ti, pi prime and let
n

ARG o (24 @110 (B1) e

¥ piscdd, fa). ay.§ g e
(P> Legendres symbol . (2) {_l :g;;\ém%

e (42):(RXE), v @R ()(R) ae

Eoler's Quadratic Reciprocity => 1f p=q(mod4lal), then (%)z(%) =y 1§ m=nlmodylal), +hen

(m (— |s a Dirichlet character mod 4 lal



Qoadratic Fields

Let deZ be squarefree, d#0,1,and let Kd=Q{3d), +hen Oy® 0d:{l\i[ifl;13/] ,d=2,3(mod 4)
ZL'"™°A) 1d=1(modyd)

SO _)4d , d=2,3(mod4)
AlYd -{ ! !
) d , d=((mody)

Example: d=-1: Q(1), 0= ZLi, a(k-)=-4 (Gaussian integers)
d=-3, @), 0-222LF3], (-1 +2]-3 1400 = +J2-§' w3z} = Ks=Blw) and O.g=2[w] (ﬁsensfe’m)
. )

l‘[ 1+3 /2] i n{-esers

Definition: A fundamental discriminant is an integer that is the discriminant of a quadratic field
1.e. & is fundamental I A=l (mod4) and squarefree or A=4d, d=2,3lmod4)and d squarefree

Let & be a fundamental discriminant and let 'Xb3=(%)=%d=<%) (since either a=d or a=4dd
NONSOIQICNS

Theorem: L » is @ Dirichlet character of conductor 1al and (A) is odd(,_e_ Alz -,>|F and only f a<0

Let p be prime in Z. Question : How does it factorin G? By the Lnique factorization into prime ideals,
loo at pOic= P P, Pi prime ideals in O

For quadratic fields: pOd=PiP2 (pis split") P Pa
or pOa=P (pis “mnert"d
or pOd=p* (pis “ramified")
set vp a dictionary
Example: d=-1, Z[{], (5)=(1+20)(1-2¢) split €= |
(2)=(2) inert ¢« -
20.= (t1)*0- ramified &> O

(Generally if p=1(mod 4) it SPlits. \f p= 3(mod Uits inert. p=2 ramified)

Then the way pO- factors is given by (%): (—F',) (%) L1 Since (;—;){"é ;5;23:,3:))
L p=

Theorem: d Squarefree and a=a(kad) then p is ramified, split, or inert according to %a(p)=0)l,0r -

N(pOa)=p* pba=P.P2=)N(RO=P [ '
= p = N(p)=p°' Since n is mulhphcative

=" =2 N(P)=p
K N -1 _AN\T 1 z2 Nty ) !
" L LS)_O%E?Y%* (‘-NC\P)S) ‘(%’):o(l'j?) (;%:-l(\ P"")@:):\U #) ¢ () ¢ "LB(P)PS)

= THL(S,La)



October 24 (Sarah)

Elliptic Curves and their Hasse-weil L- Functions

Definition: Let K be a field. An elliptic curve over Kis a sSmooth Lnon-singular) projective plane corve
given by an affine model:
' y2+Q,Xy*+02Y = X3+02X"4QuX+Qe, Qi€ k < long Weirstrass form jrant
IF char () #2,3, achange of variable gives E y*=x3+Ax+B , ABek A(E)=-1e(4a*+21BD #0
Short weirstrass Form

Examples:
Dy=x® 420 DY=xPex® p=0  3) y*AR3x+3 A=2160
mu|h:;lici+y M'“Pl;fi*v
_
Cosp at (0,0) hode at (0,0) Smooth, non-singular
Singular

f0O=x*-Ax+B , 0,,0,,03 are roots
A= ((8,-02)(02-02)(6,- 0] "= - (UA2+278Y)
AF non-zero as long as 602,03 are distinct

Definition: A projective plane over K is P*(K):=A(O\L(0,0,0)3/~ where [Xo:Yo:Zol~ (Ao NYo:AZé)
XO;YDI%DI)\G K, )\*O

Projective planes have the property that each class of parallel lines intersect. 1.e. all vertical lines
intersect at ©,a point at co

¥= @.Given an elliptic wrve E\Q,we are particolarly interested in E(®), rational Solutions of E

Homogenize: E:y*=X>+Ax+B, ABE®, AU:)*O1 \
L T L e L e R T R R L
let 20=1=> back Yo short weirstrass form
IF DxorYo: 117 LAKo NYo: 1= ()= (Xo,Yo)
I P Q , unfleFined
let 2o=0 then ¥,=0=> IF (0:1:0] is asolution => (Xy)=( ) since %=*"/z., Callit O, point ot co

50 for any E\(® , O E(

Fact: \f P,Q eE(@), REE(®)

T

P:Q P+Q




Lsing this fact, we define additional points f,QeE (@)
L |f P+ @, secant line hits at point R.Reflect thisabout the ¥-axis and +hat is P+Q
> 1f P=Q, Use the tangent line and do the Same thing

Note Hat for Pek(q), P+0=0+P=P
Sketch: 9

ptp hitsat Yp P=(2,3) P+4p=5p= (2,-2)
P+dphitsat P p+p=2p= (0, P+sp=6p=0
P+2p=3p=(-1,0)
P+3p=y4p=10,-1)

Question: IS E(@ agrovp” Yes! with O as the identity. <P E(@ * %2

Mordell-Weil Theorem: E(@) is a Finitely generated abelian grovp- In fack E(GIZE(®)sors DL where
E(®)+ors= LpeE(®): Ipl<ooy={pe E(®):nP=D For some neMy

Ijnp , 1€ €10 or n=12
Yma*Tha , m=24,08

L Tnere are only 15 possikle torsion Subgroups

L E@)tors is Finite

Theorem (.M(Rl)r) : E(Q) TS ~

|EL®) |<0o is entirely dependent on +he rank. rank (£)=0=1E(®)] is finite. rank(£)*0, IE(R)|= 0o
Computing the rank of E is difficult

Examples:
E: Y9‘= X3+\, Bl l/b'l = yank (€)=0
B2t Y22 X346, B2(@)=10%2 Y 12 = rank(E)=0
Ea: y*=x3-2, Ea(®)= 43,500 % Z
(Fon Fact: E(@)+ors= 16> every affine rational point on Ea has infinite order!)
€y \]1'= X3+7105X >+ 1321104x, Ee(@)2 Yy ®Z 2= rank (Ey)=3

Noam ElKies:

(2006) E:y*+ry+y= x3-x*+aX+lo , rank(E)Z23 ¢ someone discovered its equal fo 28 recently
0 has 56 digits, bhas 83 digits

(2009) largest known rank (Ex)=12

conjectore: There is no bound on ihe largest rank for an elliptic Curve < Probably wrong



November 7 (Sarah)

Last time: [ casy', Finite . \
Mordel-Weil Theorem: E(B)Z E(Q)rors ® 2 RE & N OF €/ noF so€asy
FE(Q)<00 &=>Re=0
FE(®)=00 =Y Re2)

Motivation For “How do we find /estimate Re?"

Analytic Approach

mooth
E\®, E:y*=X>+aX+b, 0,0 Z (see table 3| Silverman AE.C) A= -l(o(qa3+z1b’)¢o
lreduchporn mod P

Ep-y 'X3+0X+b G, be Zpz=Fp Aep*0
E\IFp

geogfch’on
reduction / prot “cose”

E “woap > Ep < |< additive reduction

\bﬂd
n Slopes of the +an en+t _ :
“hode henes are 4] > spht
mulh \icative

reduction
pPlae
reduction | ot e s .
So e el _ . .
hhes are not in ?@P = non-split

There are only finitely many p Such that pl o€

Fix p. Define Np ‘-FYEUFP"‘) mzl, p pnme, {Np""—ﬂm | [memonn-\?.ocn Theorem
o
look at 2 (£p,w=exp 2 ZN mut S (S ) -0l +pu
m “°" M Cl-u) CL-pu)
This ap depends on p
0o additive redvction
0p= : $plit+ moltiplicative reduction ploe

"l hon-split multiplicative reduction
p+l-Np(E) good redoction <—ptat
(HE(Fp))

The global-2eta function 2le=T0ep, =T PWIP") me (1-0pp >+ p™2)

:t(s)t(s-D (mp pr2) = L(sie)”

(S) ,p|be

Definition: The Hasse-Weil L-fonction of E\@ IS L(S,E):= T (1-0pp™S+ 1alp) P2°), where (o) 3
|
) P1ae

Fact: Theres overwhelming evidence that ﬁ(E,p) can be analytically continued to all of €

LCS,£) converges for Re (5)? 32

Question: Can L(s,e) be analyHcally continued fo all of €2 (Conjecture: maybe)



L(S,) has an analyhc continuation o the entire compiex plane as an analykc function L* (S,€) that
sotisfies the functional equation: L*(SE)=w(E)- L* (2-S,E)
root #,w(E)=tI|

L (5,8)= (NeY2 (2my *T) LS, €
condoctor of E (roughly the procluct of primes with bad reduction)

Assuming the (onjecture (Robby Says it's proven), It how makes Sense o +aIK about L(S,E) at S=1

Birch, Swinnerton-Dyer (BSD)conjecture: The rank of € over Qisequal +o the order of the zeros of
L(s,e)atS=|. (ords=iL(S,E)=R¢)

Fun Facts
) Millenivm prollem: 81 million

2) Gp measures the ervor in your estimate of +the rank. Ap<2{p <Hasse Roond
3) (s, ©)=wleF (28, B

consider w(B)=-1 at s=1, *Q,E)=-L*0,€)= L*(1,£)=0 so L(S,E) has a 2ero at S=1, by BSD, Re2|, (@) =00
4) Reflects around Re(s)=1, compared to Re(s)=/ (Riemann Zetu Fonchion)

New Question: How do we find ords=; L(S,E)?

Recall: Analytic class humber equation:
F,a field , Re =0rdsep Te ()
Lim Te(8) _ -heRege he = #cl(F) We =#M(E) voots of units
S0 gkr WF Rege =Covol (Z%F)

The BSD makes this analogovs for an elliptic Corve

RBSD Conjecture
) Lim L(S,E - Ne#lle Reqe T
S2U (-0 (HE(Q)4orsy P T
g ax_ rege : elliptic regul ator of E®)/¢(myrors
Em 12y) h:E@— R
Since E is a prgjective Corve, E(Qp)=E(Zp)

Tamagawa nombers, Eo(p):= {pe E@p): P reduees 4o a non-singular point in EG#pd
Cp:= #(E(Qp) /Eo(@P)) . Cpis 4 if prae

Ule is called the “shafarevich +ote grovp”

0—E(® ®8/z2 — sel (YW — O
lﬂ u "
(QULYRE selmer group of £". Consider E over @p over R and over €

Let K be a numboer Field e/ :=ker (H'(LEY— T H'(kp €3] where W(kE):=H'(Gal (k1) E(E)
Induced oy Gal (Kp/kp) = Gal (k, k).

Shafarevich- Tate Conjecture: dlle is finite

200Q: Verified +rue for all E\@ with Re<| and conductor <5000



November 14 (Erik)

Modular Forms and_L-funchions

let H=+he upper half plane = §2 € €:Im(2)70% with metric HYy2

Define the modvular group to be SLa(RD. we define an action of SLal®YonH :

-02*b _(a b
=2 (¢ P)esuw

This action IS isometric, transitive, ond “almost” faithful
¥,-¥ act identically
PSL2(®)

Definition: The fundamental domain for M(1)=SL.(2) is the Set of 2eH such that 2,%p(y 22 for
2,2 F(M'(N) and given any 2zeH I¥EN() Such that ¥(@)e FCP (D)

Example: F(P()={zeH:1Re(@)| ¢, 21>1Y. There is a map C:H— D
v/ 7, 2ro 275,
&R

-‘Ilz | ‘l‘h.

e naon=(2 5)-(2 §)-(5 Fmeand, meooc{(§ 8 (2 e o]
0:{(51), (2 D)

cosp of I are the points (1 orbits) of @MU i}
Let H¥=HU {cuspsh

Definition: £ is a modular form of weight K, for T, if £ is holomorphic on H* and has the property +hat
(ayb‘) (cz+d) F(2) for ( 2 b)el"
c d

Definition: Given a Dirichlet Character mod N, Mk(N,X) is the space of fonctions holomorphic on H* with
%+b)
the property #(422)= X () (cx+d) F(a)

Denote Me(M),the space of modular forms for M weignt K.
Se(M is the space of modolar forms for M of weignt K, which vanish at the cosps
rinz

[V Y\ - _S n_$
Te( )2 b=, #(2>= 200972 3 ane

Notes about these spaces:
L» They form a vector Space over €

L M(PN) s a gvaded ring. feMe(P(D), g€ Me(P (Y= FgeMrse (PN
L £is an avtomorphic function if meromorphic

#(c:*b) £02) for ( en

L £,9eMe(P()) then f/g is an avtomor phism



Examples: Eisensteins Series:

let K=2m>4 0nd (myneZ). Define Ex@)=4, 2 (meni"

(it can be shown that Ex(2) is a weight k modular form for NMN)

K o \K/
Ek_(.%):t(y-)*‘% 2 Ty-1 (n)qn where 0“(_}'\) :th.q dk

Gr@)=T(0)" Eu(@)
Define A(R): Gu@)=1+2402 02 (NQ", (e ()=1-504Z 05(N)Q"

Gu(@EP-G @)
Take 28

This is a cusp form of weight 12 for M. Sk (MM has dimension 1

= A(2)=q-24q7+152°

Mellin +ransform: §£: (0,.0)— ¢, M(s,#)=y *’(Y)YSQL
R>0 Y
Bomple: s ety=] et 4° 8t - ey
@70

co
L-function of mod form: given f(2)= 2 0nq”. Define L(s,$)=§lann'3

Trivial estimate: On<Cn??

Proposition: L-function has meromovphic continvation toall S and satisties a functional equation
it (S, $)= ((N2AK-S, $).The A(s,F) extends to a funckion on §
A(s 8= (21)™° (LS, )

First conjectured Evler product was by Ramanvjan
Ls, o) STUMAS= T (- TP p%)", TTndq=q WUI-g™™

This is in general hot +rue, & is a Hecke €igenform (Modvlarity Theorem)

Generalization: L(S§X)=2Xn Qnn™S

converse theorem: Given an L-fonction satistying some functional equations, when can we say Us,f)
comes from a modvlar form?
In the case of T'C1), things arent so bad

Giiven $)=30nq", L(S,H)=2anN"S, AL, H= (2T TIHLES,F)= (-NT2A (K-S, #) and Sometimes on Euler
prodoct

Theorem- Given a Sequence 1anl=B"(N*) For some k sufficiently large, L(s,§)=2anNn"S
AL(s,H) has a continuation then £(2)=20nQ" is 0 modular form , Sk (PO))

Theorem: For k an even integer, £ holomorphic on H with Fourier expansion Zan€*™*"%, F(2)eMy (1Y)

Wy .
iF and only iF AL(s,P)= (AT P LEs, = COTALE-5, ), Als )+ A2 + £D282 and a=0=> #is a

cusp form



ENovember 21 (Erik)

Recall: we introduced modular forms for N1 and also for congruence Subgroups

@)=+ = fx)=20m", q=e>*?
L(S,§)= Zann"S
A(5,8) =(2TY SN LS) LIS, P)

Also we mentioned the Mellin Transform : M= ré; LS th

Question: what s Hhe Connection?
AGSE=MFLLL)
(In Diamond [ Sherman theres a hice example)
M'(L(s, e =¢F

Given conditions on +he L-fonction, can we say it comes from a modular form?

Converse Theorem: (for ML) Fe M (D) if and onty it ALS, r—) WP ILLS,E) has an analyHe
continuation, is bounded in vertical strips and MLk (si#) = D72 Ay (-5, F)

Example: Recall +he Eisenstein series E(2)=T.(0)+ &ma)' Z e
Can we show that +his has the desired properties?
conditions fo Satisty-

LS E($))= (21 TSIL S, E())

L AD=TR1(Z )LD = A+ -5

Q" L(S,E2(0) = T Tt

Ze(D=AL) ACS-Ck+))
(DS PG

Ze () has the required properties o apply the converse theorem (exercise for +he reader)

PN =¢s,T2 has minimal generators, N(N) has more generators
Question: Can we say Something Similar 1o the Hecke converse theorem

weil Converse theorem: If NEZs,t is a Dirichlet character modN, Qn and bn are sequences ot complex
numiers, and 1anl,lbnl= O(N*) for k sufficiently large
(ON)=1,L a Dirichlet character mod D o
Li(s,%)= Z2x(manns L2(S,X)=ZXn) bn S
(S, 2007 (2T S TUSHL(S, %) Aals )= 2Ty NS K) too long to write
(imposing extra conditions)
A8, La(s, L) have analytic continuation, bounded in strips, and satisty a functional equation
Then $(2)=20nq" iS a mod form in Me(NY)
9(.%3= anq’n. ..

we hope that an L-function has an Euler product
a(2) a weight 12 cosp form, L(s,a(z))=:f',un)ﬁs= E(l-t(p)p +p" 28)
=1



Question Which modular forms have an Euvler product?
Answer: when $e M« (M) is a Hecke eigenform in Me (M)

Digress: we can think of SL.(Z)W as the space of 2-dimensional lattices

define a lathice over €\(wi,w2) o form the lattice ALy ,w2)= Zw, ®Lwz S0 B= 1w, W)™ Im(“w2)?0
B—1L (spﬁaﬁ:es)

(w1, w2) > A(w, ,w2)

Proposition: A(w,,w)=A(w.,wa") if and only if IEEN(N Such that Flw,w2)= (W', w2")
(G b)(‘»nB:(GWl*bWZ)
¢ d W2 Cw,tdwa
Corallary: L= sL,@)®
B—— H
(Wyw— 3 - wywz
B/ex2H

B,
LDV & st

Define operator onL  TlmA= 2~ g
a-a)=n

SN A—NnA

Proposition:

1 Sn)stm)= SCh,m)

2) S(MTIM)=T(M)S(N)
NTMTIN=TIMN)  (mn)=1
DTEMTPY=T(P™)+pT(p"") S(P)

. . - - =25\~
IF £1s a Hecte eigenform normalized, L(S;FB-T'; (-TPP>+p ") T(p)=ap



November 28 (Jamal)

Hecke Characters and their L-Functions
Recall: Given me Z>o, a Dirichlet characker mod m is g funchon X: (Z/mz )Y —S' . The correspondling

Application: Primes in arithmetic progressions
Given 0,deZ, (a,d)=17, there exists infinitely many primes p such that p=atmod d)

Work Over Number Fields

Let K=number field, O« = ring of integers
Prodlem: O *UFD in general but it is a Dedekind domain=> unique factorization of ideals

Analogous: Study “distribution of primes along a field ideal class”~ Define characters on ideals
Motvation: work over Z

Let X modm be a Dirichlet Character
Goal: Extend Yo a character % on Ideals of Z relatively prime to mZ

Naive approach: Define % ((a))=2(a) whenever (a,m)=|
Problem: (a)=(-0) but L)#X(-a) in general so L is not well-defined

Note: a and -a differ by -le2*

Now, X(-D=C-NP, pel0,1y, (p= exponent of %)
\ = P =
Define X (laY 7“‘”(&) for O*aez, (a,m)=1

Let K=number field Such that G is a PID. Let 0¥ M a0
Let 3" =L fractional ideols of ¥ coprime 1o M3
we want fo define %:T"— ' and decompose into fwo parts:
V) Finite component Xe: (O%/m)*— §
t0) infinite component Leo: O — §'=> L(<0N)= L (A A=) Yo ek, (a,M)=1

such a character X: " —§' is called a Grossen charakter mod M or Hecke Character
Determining % mod M« determing X+ and Yo

The infinite Component: A more Convenient space than B is (Minkowski space)
(L@ & (RO x (€)™ where ri+2r=n= v Q)

PR {£\Yx Ryo
C'eS'xRro



tharacters on:

L1215 X1 xP, pefod
Moo X x*Y ,geR
St x+— xP, pel

S0 for Xe (K ® Y x=W,..., Xey, Xeuny, ..., Xeyrrz)
ftr, - \Pj i.q- 10,15 1¢yn,
X+— T (__,_X ) 47 W where q; . ' =)
=t %) 3! LeR, Pie] g P LYETIHr

p o
x— N () WY, pe™ gem™
p-ug is the exponent of X
we say that X is of type (p,9)

Example: L=@(0~Ok=2(L]1 [r,r]1=00,)
take M=1=Ye=|, KXo
(oMY ¢*
Define QLY < ¢*
LIT— §
Take <aYeJ" where ae QLY +hen O‘_ﬂq‘al(q_}t’ Qe peZ
la)
Ensure that X is well-defined
Gd= 2% = 1x), 1Y
\q 1l ) P
check LCL(,0)=|tial <\t 2a] <‘ =LY (EL)

Thos (£0)P=1=> p=Un,ne Z. Therefore Hecke Characters on J 100k like ')C(<°7)=l0|‘:q' (a_\>kln
la)

The Finite Component

Let kY =$ae k*: (0,M)=1Y K= §aek*: 0= 1(mod M) G*=1ae02:a=1(mod M3
Then e (@)=) Yae O™ = L) =Y (0) Vaed*

But ae O is g uni+ 30L(<aN="Xeo(0)=Il. SO e is a character on (k® RY/gM

= Define Xp: (O%/m)'— § by Yela)= X (<aY)
Lo (0D

Proposition : Let XmodM be a Hecke charocter. Let MM | the Following are equivalent:
{) L= restricton of Hecke character K': 3™'— §'mod M

() L+ Factors through (/M )*

¥mod M) is primitive if it is Not the restriction ofa X' mod M' ¥M'| 1

The conductor of X is the smallest £|M such +hat X=restriction of a character (mod £)



Arbitrary Number FieldS

A modulus For k is a function M:{primes of kY —Z such that
L M ()20 ¥ prime P, M(P)=0 For almost all P Cie. all but Finitely many Q)
() P real > M(PIE Loy
L) P complex=> M(P)=0

write M=T "

Decompose M=MoMa where Mo=product of positive powers of prime ideals, Me=product of real
Primes

Definition: Given 0 modulus M, the ray class grovp mod M is given by Cmi=:‘n/pM where
T™= L fractional ideals of k coprime o MY

pM=1Lprincipal fractional ideals (0 of K such ot a=)1(mod Me) and a tofally positive ¥ pIM PN



December 5 (Jamal)

Hecke L-Functions

e ; M
Last time: Formally defined a modovlus M=}'§p ® Mo Me

“ Ray class grovp moed M:Cpm =3-M/p"‘ , where J™={ fractional ideals of k coprime o MY
p’={principal fractional ideqls <o of Kk such that =1(mod M), T(a)70 ¥ T|Me

~ Define Hecke characters over 0vb\'+rary number fields

Definition: A (generalized) Dirichlet Character mod M is a character X:Cn— §', 1e. o character W T'—
such that X (p™)=1

Proposition: These characters mod M are precisely the Hecke characters mod M of +ype (p,0) 1e.
Le(<an) = Le(0)- Koo (a)=Kel0) N (l—g‘-)P  PeER

Typelp,q) »’)Lw(a)=lalcq<m%)'>, qem"”z

Given a Hecke character mod M, define the Hecke L-function aHached to X by:
For 0¥Aa0¢, LLAY=0 If (AM)FI
O«
7a

Then | (s )y =°§AA KCAIN (AF® | where N (A)=

e

we have On Euler product L(s,%) 2(;1-;)49\4 O-XPNpYS)™
P prime

Proposition: L(s,X) converges absolutely and uniformly for Re(s)z1+8 ¥8§>0

Example: Hasse-Wei) L-functions as Hecke L-functions
Must defire an mgebraic Hecke chawcter First

Last time: K- T* — S, X(aN)="L#(a) Xwla) where Yeola) =)a)*t (L‘)P
lal

More generally, define ’X'“(u)=mls(|%|)P: where S&C

(note: lal=(a-3)")
Let = @), 021, &=0a) (/@) 2 Zhag = K(<ad)=YKewla)=]a]S ( a ) P. aa) o aa )2 - oty )
lal

Le+ 9-_(5_*{1)@ + (‘S—;_P-)J eclal

we Say that L is algebraic f O€ZLG). For such a O, we have that for aefe, G=1(mod M), X () =a°

Recall: Given an elliptic curve E:y*=x3Ax-B

- ~9e\"!
~ LED = 1 U-0pP+P7)  where 0p=pri-Ne, Np= H#EFR)



Example: E:y*=x*-X, End(€)=ZL(], 8(E)=2°, so consider p+2
Theorem: p= 3(mod 4) => Np=ptl. p=l(mod 4) = p=T-T, TeZLi], W=1(mMod (2+20)) => Np=p+l-T-T

Gioal: construct algebraic Hecke character L on ZL of modulus (8) such that L(g,s)=L(S, XD
If pl(2) then X(P):=0

If N(p)=p prime, then p=|(mod 4) and p=T = |(mod (2+20))= L(p)=|

If N(P)=p?, then p=3(mod4) and P=(p)=> L(P)=-P

Proposition: X (defined above) is an algebraic Hecke character for modulus (8) and L(E,$)= L(s,X)
Proof : ASSume p#2. If p= 2(mod 4), then Np=p+1=20p=0.
Let P=(p)=>N(P)=p* and K(P)=-P. |-Qpp S+ p2S=1+p"2S=|-(-p)(p™) = 1-L(PIN (PYS
¥ p=itmod 1), then write pZLil=pp, p= (M, T=1(mod (2+2i)), N(P)=p ancl Qp=T+T
Then 1-app S +pr2S=l-pS-TpS+ T p25= (-1 3)(I- Tp*)=U-XPINCPY - LPINIPYS)
= L(E)DH=LS, L)

Analytc Continuation and the Functional Equation

Let ¥ be (without loss of generality assume unitary) a Hecke character mod M of type (P, 9)
1.e. - g/ a \P . L P -y Sl dy

Lawlad= N (lald (ZY)  Define Las(xis)=nGi) [ wietyH) 4L cay
Define Hhe Completed Hecke L-series: A.(%,8)= (1ated] NOMYYP Leo (A, SILLY,S)

Theorem: If M#1, then /L(X,S) has analyHic continvation fo all of €. Moreover, A(S,X)=W ) NALI-8,%)
where w(X) =1



December 12 (Rob)

Dirichlet Characters: L: (Z/nzY— C*

Kronecker Symbol : (%)

', m#*0,a square mod p
p Odd : (ﬂ): - >
prime ) 1 m|=ro, non-square mod P

O,plm

La=@QUd) quadratic field

dez squarefree Gackd, Md:{“%'gi(x(:oz)q) :y‘d(a)zz(b_;d E;rciir;ijﬁ;:araac’rer
,d=2, uctor Oed

If d=-1, a=-Y Y. (a)= ('%): (—_‘Iq) O.=2((]

peZ,p=2 in2l, _ ;;‘“;‘* | tmadis T, T2 hot associative
e, p=2
- I, pEitmod Y)
and (I—) = {" 1 PE3(mod Y)
P/ Lo ,ps>

. I, p=TT, — SPlit+
Theorem: let pEZ, (A_‘\;d>= La (p) ={-| P ieducible > inert

0, p=m2- ramified
Kronecker-weler Theorem: It ¥/ @ is Galois with Gal (%/a) (finite) abelian, then I NeZz Such +hat
ke QMN), umn={tec= =
Q(Ly) e2™/N
Definition: The least such N is called +he conductor of k, fx

Example: Fawy=4, QUOH=Q(Ly) i=ty

Example: fouE) 2.6 os (l_g) +LSin (l—g‘) ts;ts JS“Z‘LS— ! e eos (ZT“) = H-1+[B)

In fact, QU )= Q(Ls+ts') and Faue)=5

Now: Gral (R(mp)/ @)= (Lha)*
(tn— ) e——a

$0 any Dirichlet Characker Lmod N can be thooght of as L& : Gal (BWR)/ @)y (T2 €
Ker (L9°)2 Gal (BLUNY/ @)

By Cwalois correspondence QLun)
Ker(x%a) |

K= QL) (x&ar)

| @al(@4)/@)/ or(15aly (abelian)
o)



50 to every X, ge+ K%/@ akelian extension. Conversely, every abelian extension ¥/@ has attached to it
QLUED

| He¢Gal (863 /@)  and then a Dirichlet character  Kx  1K/@ finite cyclic) K
K L Such that Ker (X&)=He L l l
|eyctic Get a bijection % 1% primitive Dirichle+ty %k
o

Ovd
Theorem: kd=®@(Id) (cyclic) and ')Cd=( : ),‘rhen fkffxd,%nd:'](,d, Kxq=kd

A5l & q— Gal (Qw”)/(n)ﬂ ¢ )
C'\t:l ( @/ ®) I "
QM p)
| (&) aQ/H
Q

s0 any X (YnY'— ¢ gives X Ga— ¢*
Vi
ker(x9a)e— Ly

Q@

PeZ, p=--in Orx if n=[kx: @]
Say p splits completely if p=T, T, -Ta, T¢ irreducible and T not asseciative fo T (For 0#)

Theorem: p splits completely in Kx it and only it X(p)=1 it and only it pe kerx < (Z/Fe)*

Replace & with F/@ Finite
Class field theory

key part: recy: (Z/n)'—~— Gal (R Q)

Artin reciprocity map
et every abelian extension of F from one or more of G, quivalent Dirichlet characters
Non-abelian Extensions
L C*=aL0)
A finite dimensional linear representation of ¢ is a homomorphism p:G—GLd (€)
Definition- An Artin representation of ® is p: Ga— GLa (C)

For characters i the L-functions depended on X(p), L(S,’)C)'—'lg(l-'x.(p)p's)-'



key part: recw : (Z/n)"—— tral (BUN)/ @)
P ———Frobp:=recn(p) "iniﬁia at p"
In fact, given p prime, have Frobp€ Gm(vp to Conjugacy and some grovp Te2Gam)
Lip)= & (Frobp)
= — ey Cal <\~
S0 LCS, %) 'lg(l xX (FrobP)P s)

Given p:Ga— GLd (€), Say p is unramified at p if p(Ip)=1 if p is unramified at p, let+
2p (X, p)=det (I- p(Frobp) X)

i L-function of p is L(s,p)= T 2e(¢, oY T-...
Arh function of P! ( 'P?)unmmi?’ied P) pramiﬁed
Example: If ¥/@ degree § and (halois with grovp Oy and p:D4 — GL2(C) Say

_ . T -X | g5yl
p(Frobp)=( O é) rotation by = zp(x,p)=‘(g?)- < o) :|-x xl‘:l+x"~(|+p“)

Conjectore (Langlands): Approx: ¥p 2 dimensional, 3 a moedular form £ of weight 1 Such +hat
L(s,p)= L(s, £ in particular, ¥Yp uniform for P +r(P(FrobP))=Op(¥)



