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E.ec ta.nIb 3tDedekindZetaFunction

Letkbeanumberfield le afiniteextensionover
let0kbetheringofalgebraicintegersinK
whenK QUnt Ok fifty i m 2or3mod4ME1mod4

Example m I Ok 2CVT I i
m 5Ok I VI 62.3 Itis l VI

0kIsalwaysaDedekinddomain everyidea1 ISfactoreduniquelyintoaproductofprimeideals

Letti rz rnbeembeddingsof kin1Cwheren Ck D
ForAEKdefineNak a ri d iz x rn a

Facts
1Noica isrational If aCOkthenNaka Isaninteger
2Nakismultiplicative
3 If acOkNakd I I Iffdisaunit
4 IfNofLdIsaprimenumber soat0kthenaisirreducible

ForanyhtupleofelementsAyaz anEKdefinethediscriminantofAyaz dntobe
discAyaz an ricaj12

IOkisafreeabeliangroupoffiniterankn Okhasabasisover1andwecallthisbasisan
integralbasis

discK discanintegralbasisof0k

LetIbeanidealof0kDefinethenormof IbyNCI5I014I l NII Isfinite

ClaimNII iswelldefined
ProofLetaCI a10andlet01mNiaa wtsMEI
M ap pmyek Bisanalgebraicinteger BEOK meI m E I

Lookat1014114014cmI
1014cmit isfinitesinceOicisafreeabeliangroupoffiniterankand4mg 74mLnot2 I 74M2
SOMI ISwelldefined

Facts
1NLIJ NCINJ
2NCx Notcall

AfractionalIdealQofKIsasetoftheformd I forsometrekandsomeidea1 I of0k

Definetheproductoftwofractionalidealsby AI43043IT sotheproductoftwofractionalideals
isafractionalideal c I










































































































Definea aekageOETalsoafractionalideal
aa Ok
sothefractionalIdealsformagroup

DefinetheidealclassgroupCICKasCICk 411WhereGisthegroupoffractionalidealsandHis a
subgroupconsistingofalltheprincipalfractionalidealsTlookslikeaOic

Forafractionalideal9 let betheidealclasscontaininga Lethe4th idealclassesheISthe
idealclassnumber

TheoremForall k hkLosChic4 IffOicIsaPlD

KeyTheoremForallnonzerofractionalidealsaofOkFaEa atOSt INoiCalEMkN a where
Mie n V1disI noteIf a pI thenN a NpN I
rzIsthenumberofpairsofcomplexembeddingsof k

Letri or realembeddingsand I I TraEr complexembeddings ri12remanddefine
k IRn
a t.cmrun trlatRel4k Imucm RetardxDImCerda
Themapisanadditivehomomorphismwith atrivialkernelthusit isanembedding
Okmapsontoanndimensionallattice rok
Vol role Tick

ForasublatticeMofalatticeh VOILM Vol 1 HIM1

image t of I givesVol RI _VolChoc1014I fVol tok N I
DefineaspecialnormonIRndependingonr andrzinthefollowingXCxXz XnCIrnSet
NCNXXz XrUlrik1Xr22 xnftXn2
If aCOk a XeroxthenMXNakd

TheoremEveryndimensionallattice11hRncontainsanonzeropoint with
INKYEffn Vol r apply1 1 I

Lemma1LetabeafractionalidealofkThenFIEOkSt
it a I
ii NLIKMK
ProofConsidera of a 713Ek st JBa IsanIdeal1hOk
7aEJ a10St INakKYEMicNLT
Alsod EJ HIEJI forsome I eOk
I CJD CDNCINLT NCx INKlinikMkNLT

Lemma2Thereexistsonlyfinitelymanyintegralidealsofboundednorms
NII NCPKNtpaeanPryerem










































































































October 17 Dan

DirichletcharactersandNumberfieldse

TheoremQuadraticReciprocity Letpqbeoddprimesthenp is asquaremodq ifandonly
if 9isasquaremodpunlessp q 3mod4 inwhichtheoppositeistrue Further 2 is asquare
Modp ifandonly if p Illmod8 and l is asquare ifandonly if 151mod4

Eulerisformulation

DefinitionLetpbeanoddprimeAquadraticresiduemodpisjusta squaremodp

DefinitionTheLegendresymbol f for aC7Lisgivenby g Fifaasaquadraticresiduemodp1 if aisnotaquadraticresiduemodp

soQuadraticReciprocitysays Pq unlessp q 3mod4 then Iq FT

Euler'sversion if p Iqmod4lat then f ay
Note af f F
SomepeopleexpressQuadraticReciprocityas Py ope c.pl K
wewanttoextendthistoget f f L1 at HI notquiterightRobbydoesntlike it

DefinitionTheKroneckersymbol ane for ahe2 let n up
e peek u It piprimeand let

cent iiCoffinto whereHH fait I I E o Etherwise

IfPisodd ap Legendres symbol Az I Icmod8
a 13Cmod8

Then and ne F int i men Fm F at 1

Euler'sQuadraticReciprocity If159mod41al thenapfaq if menmod41al then

dm f E isaDirichletcharactermod41at










































































































QuadraticFieldse

Letde7Lbesquarefreed10,1andletKd Td thenOkoOo IWd
2 Itry

d 2,3mod4
id I Imod4

SOOCKd 4yd d2,3mod4dI lCmod4

ExampleD l Q i 01 2 IT O KD 4 Gaussianintegers
D 3QLF31

ggfffgF3Iiw
t fI.l w HVzI w3 1 Ks w and 03 2Cw Eisenfesgteerish

DefinitionAfundamentaldiscriminantisanintegerthatisthediscriminantof aquadraticfield
1e Oisfundamental if 0 1mod4 andsquarefreeor 0 4d d 2,3mod4 anddsquarefree

Let0be a fundamentaldiscriminantandlet Xo E Xo I sinceeither Ed or 0 4d

EH EH y e
Theorem XoisaDirichletcharacterofconductor101and E isodd i.e I 1 ifandonly if 0 0

Letpbeprimein 2QuestionHowdoesitfactorinOk Bytheuniquefactorizationintoprimeideals
lookatpoxpe peek piprimeidealsin0k

ForquadraticfieldspodpPzCpissplit pitpz
orpodpCpis inert
orpodpCpis ramified

setupadictionary
ExampleD I I IT 5 12i l 2i splitc It

3 3 inert s l
20 Iti 20i ramified 0

Generally if151mod4 itsplits Ifp 3mod4 itsinert p 2ramified

p mod41ThenthewaypOifactorsisgivenby ft j X since f to p cmod4p 2

Theorem dsquarefreeand 0 0 Kd thenpisramifiedsplitorinertaccordingtoXop Ol or I

Npod p2 pOd pPz N pi p
p N p p2 sincen ismultiplicative
p N p p

so ticals ftp.emoaltncpYEIjoltptsIIIill ptsIoIsCtFs t pts togs
L s L SXo










































































































October24 SarahE t
EllipticcurvesandtheirHasseweill Functions

DefinitionLetkbeafieldAnellipticcurveoverKisasmooth nonsingular projectiveplanecurve
givenbyanaffinemodel
EYtaXylazyX3192494 96 aiek longweirstrassform want
IfcharK 12,3 achangeofvariablegivesEy2x3tAx B ABEK O E 16149327132 0

shortweirstrassform

Examples

1 y2 3 0 0 2 y2 1131 2 0 0 3 y21133 3 02160
slicity multiplicity

multi
Cuspat10,0 nodeatcoo smoothnonsingular

singular
fix x3Ax B Oi02,03areroots
off OOzOzOz O 03772 141327132
ofnonzeroaslongasOi02,03aredistinct

DefinitionAprojectiveplaneoverK isIPUK A3CkXco0,0334whereXoYoZo n XXoAyodzo7
XoYo20AEK d10

Projectiveplaneshavethepropertythateachclassofparallellinesintersect 1e allverticallines
intersectat 0 apointat a

K QGivenanellipticcurveHQweareparticularlyinterestedinECONrationalsolutionsof E

Homogenize Ey2X3AxtB ABEQ olE to
dfw flax X o y A B Yo2ZoXPtAxozf113203

let2o I backtoshortweirstrassform
if XoyoD NoXyoX xy Xoyo

Asia p4Q undefined

let 20 0thenXo IfCOL o is asolution Xy
t
sinceX 4zocallit Opointat cs

soforanyEV I OEEl

Fact If PQCEl REECQ

P p

tQFQ










































































































Usingthisfactwedefineadditionalpoints PQcElQ
IfP QsecantlinehitsatpointRReflectthisabouttheXaxisandthatisPtQ
ifP Qusethetangentlineanddothesamething

NotethatforPEELQ P10 010pOsketch

Example Ey2 1131 HQ Cl o coDCODC2,37 2 3 03Oi

p pephitsat4p p12,3 P14pSp 2 3
I P4Phitsat P P110213011 P1510610 0
sp up p1213 3p Cl oi p1313410 10 1spv

Question IsEl agroupYes with 0astheidentity Cp El 1 7462

MordellWeilTheoremECONisafinitelygeneratedabeliangroupInfactCQ El tors RREwhere
El tors PEEQ1 Iplcos PEELQ n130forsomenew

TheoremMazur E org
74ha knew or n 12
74max7422 m2,46,8

Thereareonly15possibletorsionsubgroups
HQtors is finite

1El Kcsisentirelydependentontherank rank E O IEC Itisfinite rankE to IEC 1 6

ComputingtherankofEisdifficult

Examples
Ci y2 3 1 E Q E7467L rankLED
Ezy2 1136Ezio 037412 rankEz O
E3y21132 Ed 43,577 2
FunFact CQtor5 03 everyaffinerationalpointonEshasinfiniteorder

C4 y2 11371052 1327104x E4Q E7442 23 rank Eu 3

NoamElkies
2006 Ey4xyy x3x aXtb rankE228 someonediscovereditsequalto28recently

ahas56digits bhas83digits
2009 largestknownrank C719

ConjectureThereisnoboundonthelargestrankforanellipticcurve probablywrong










































































































November7 Sarah
i

Lasttime geasyfinite
MordelWeilTheoremEcon Ec ors are rankofE notsoeasy
EC cos Re o
ECONis Re21
Motivationfor HowdowefindlestimateRe

AnalyticApproach smooth
Ela Ey2X3taXtb abe7Lseetable31SilvermanAEC be 1614032762 to

jreductionmodppprime
Epy2x3taXtb a bc74Pa IFp Oep10
EllFp

eduction

Ep
E
ptoe cusp

creduction additivereductionmodP Tbraedduction

Plot node yslfipnesgfret.hneffongent split
multiplicativereduction

slopesofthetangentlinesarenotin p nonsplit

ThereareonlyfinitelymanypsuchthatploE

Fixp DefineNpm ELIFpm MZl pprime NpmME RiemannRochTheorem

lookat 2Epu expmNpmumino.nlmINpmUmm
n tApUtPU2Cl

uIClpu

Thisapdependsonp
0 additivereduction
1 splitmultiplicativereduction Ploe
Kume

go fiction fiver
eduction

TCEC p

TheglobalZetafunctionLCE TpLEp5 ftp.sgcy.p pTfoeClappstpt2s

L s L sD ellappStp25 LcsE5

DefinitionTheHasseWeilLfunctionofEl isLcsE lappStIdpp25
twhere

p
0 ploe
ptoe

FactTheresoverwhelmingevidencethatHEpcanbeanalyticallycontinuedtoallofCl

LCSEconvergesforRecs 312

QuestionCanusE beanalyticallycontinuedtoallof1C conjecturemaybe










































































































LlsE hasananalyticcontinuationtotheentirecomplexplaneasananalyticfunction LCSE that
satisfiesthefunctionalequation L SE w E L 2 s E

Troot wees I

CsE Ne9221TSMsLlsE
IondoctorofECroughlytheproductofprimeswithbadreduction

AssumingtheconjectureRobbysaysit'sproven itnowmakessensetotalkabout usE ats 1

BirchSwinnertonDyer BSDconjectureTherankof EoverQisequaltotheorderofthezerosof
LcsE at51 CordsLcsE RE

FunFacts
1 Milleniumproblem 1million
2Apmeasurestheerror inyourestimateoftherankapE2rp HasseBound
3 ElsE w E 2s E
considerweE 1ats I Eli E LClE Eli E 0sousE hasazeroat S I byBSDRE21 ICcall as

4ReflectsaroundRecs L comparedtoRecs742RiemannZetafunction

NewQuestionHowdowefindcords LCSE

RecallAnalyticclassnumberequation
F afield Re Ordsoheis
onLgep hiRegi he ClcF We UCFrootsofunits

WE RegecovolCERF

TheBSDmakesthisanalogousforanellipticcurve

BSDConjecture
ii lim L reHeiReges I CsDre Ec tors5 FCP

re
2
zd regeellipticregulatorof ElHec tors

Fi El IR
sinceE is aprojectivecurve ECQp Ecap

Tamagawanumbers EoQp EpEEC p preducestoa nonsingularpointinECp
Cp CEC p Eocp Cpis 1 ifptoe

He iscalledthe shafarevichtategroup

o ECON ONE sellE we 0
Q12Re Selmergroupof E ConsiderEover pover112andover1C

Letk be anumberfieldWelk Ker HCKE TtpHCKpE whereHCkE H laalCEk E E
inducedbyGalKilkis GalCI k

ShafarevichTateConjectureHe is finite

2009verifiedtrueforall El withReelandconductor5000










































































































November14 Erik
i

Modulart functions

LetH theupperhalfplane ZEE Im z o withmetric ddYy2
Definethemodulargrouptobe 5hCIR wedefineanactionofslackonH
Hz aZb_ 8 f tf CSlackCz d

Thisactionisisometrictransitiveandalmostfaithful
8 8actidentically
PSLzCIR

DefinitionThefundamentaldomainforTCD Shca isthesetof2EHsuchthatZXnaZzfor
2iZzCFCNl andgivenany2EH78ETC1 suchthat8 z cFCP Il

ExampleFCP i ZEH1Re z Ic k 12113Thereis amapCH D
Z ZYz

FCNl
1
Yz 42

Extend now Ebd f E tf modN T.CN5 actg Ibd f FmodN
aNo lo D

cuspof Parethepoints Torbits of U co
LetH Hu cusps

Definition f isamodularformofweightkforP if f isholomorphiconH andhasthepropertythat
fYETI Czd f z for Ibd cT

DefinitionGivenaDirichletcharactermodNMUNX isthespaceoffunctionsholomorphiconH with
theproperty fLEIF Xt Cz d f z

DenoteMicCP thespaceofmodularformsforTweightK
Sidi isthespaceofmodularformsfor17ofweightKwhichvanishatthecusps
1 f f f z fez11 fczj nfoanqn nf.oane2

inZNotesaboutthese.gs
Theyformavectorspaceovera
MND isagradedring fcMKCPCID.geMeMl fgcMiceMD
fisanautomorphicfunctionifmeromorphic
f f I f z for f bd EP

f gcMkCPCDthenHgisanautomorphism










































































































ExamplesEisensteinsseries
letK 2m4andcmhe2 Definet.dz I 8minicoo CMZth

k

itcanbeshownthatEkCz isaweightkmodularformforPCD
EkCz L k C2TYH Eric n q where run IndkCkh
Gk z L K EkCz
Define 0Cz GyCz I1240803CnqnGolz l5048rainqn
Take G4ttP Z ocz q2492252931728

Thisisacuspformofweight12forPCDSk Ml hasdimension 1

Mellintransform f coco MCsf ofyys

Example Mcset oe
t t II PCs

Lfunctionofmodformgivenfczjn.IOang Defineus f n ann
s

Trivialestimate ancCn42

Proposition Lfunctionhasmeromorphiccontinuationtoall Sandsatisfiesafunctionalequation
if res f C1421ks f Theres f extendstoafunctiononS
res f 21TsPCsLcsf

FirstconjecturedEulerproductwasbyRamanujan
us D Etch ns Cl Icpp i p25 t Etchqn qITClqn24

Thisis ingeneralnottrue o isaHeckeeigenform ModularityTheorem

Generalization Lcsfix EXCn ann s

conversetheoremGivenanLfunctionsatisfyingsomefunctionalequationswhencanwesayusf
comesfromamodularform
InthecaseofTCI thingsarentsobad

GivenfCz SanghLcs f Sanns res f 2TSNSLcsf C1 2h Ks f andsometimesonEuler
product

TheoremGivenasequencetan1 0 nk forsomeKsufficientlylargeLcsf Eann s
res f hasacontinuationthenfcz Sanginisamodularform SkCPCI

TheoremForKaneveninteger fholomorphiconHwithFourierexpansionsane inZ fCzcMkPci
ifandonlyif res f 21TSPGLcsf C171421Ks f rcs f age tD 2ao andao_O f is aKs
cuspform










































































































November21 Erik
i

RecallweintroducedmodularformsforTcl andalsoforcongruencesubgroups

fcz fCz1 f z Sangh qe2TiZ
Lcsf Eann s
res f 2T sTCsLcsf

AlsowementionedtheMellinTransform µ f ifofcats
Questionwhatis theconnection
lls f M flit
inDiamond1Shermantheresaniceexample
M Lcsf f

GivenconditionsontheLfunctioncanwesayitcomesfromamodularform

ConverseTheorem forTcl feMuchD ifandonlyif us f 21TSPS LSf hasananalytic
continuation isboundedinverticalstripsandlids f L1 Krk Ks f

ExampleRecalltheEisensteinseriesEazyL k t NEre iCnqk LCSEzek Erkich ns

canweshowthatthishasthedesiredproperties
conditionstosatisfy
resEHS 21TsNs LsEkCZ
L s Ks IT42TE L s rls f tf
2us res resCK11

tfE P s METff E its
2Kcshastherequiredpropertiestoapplytheconversetheoremexerciseforthereader

PCD Ls17hasminimalgeneratorsMNhasmoregenerators
QuestionCanwesaysomethingsimilartotheHeckeconversetheorem

Weilconversetheorem If NEI o 4 isaDirichletcharactermodN anandbnaresequencesofcomplex
numbersandtantIbn1 0hk forksufficientlylarge
CDN4,21aDirichletcharactermodD
L six EXCnanns six Exertbnn s
r six C21TSnsLCSX racs I 2T SMs six toolongtowrite
imposingextraconditions
r six rds E haveanalyticcontinuationboundedinstripsandsatisfya functiona equation
Thenf z Sanghis amodformintheCN4
gz IbnEn

wehopethatanLfunctionhasanEulerproduct
0127aweight12cuspform LcsoczsjnIcmns.EC cpps p 25










































































































QuestionWhichmodularformshaveanEulerproduct
AnswerwhenfCMicT is aHeckeeigenforminMkP

Digress wecanthinkofSLIM as thespaceof 2dimensionallattices
definealatticeoverClCwiwz toformthelatticercw wz 2w IwzsoB CwwzcCED ImWhir o
B L spafaffices
w wz t rcw wz

Proposition rcw wD rcwiwz ifandonlyif78ENDsuchthat81Wwz Cw wz

c www.HEYT.IE
corollaryLESLIE

B H
wwa z wYwz
Bex It

SheaY sLzcaXH

DefineoperatoronL Tin r E rn'erring n

scar r nr

Proposition
1 Sens m Scnm
2ScnTcm TcmScn
3TcmTcn Tcmn mn I
4 TCphT p 1pm PTCph1Scp

If fisaHeckeeigenformnormalized LCSf Tip lTippStp 25 Tcp ap










































































































November28 Jamal
i

HeckecharactersandtheirlFunctions

RecallGivenme7Lo aDirichletcharactermodM isafunctionX 74M2 S Thecorresponding
DirichletLfunctionis Lcs Xn lXcpps

ApplicationPrimesinarithmeticprogressions
GivenadEE Cad I thereexistsinfinitelymanyprimespsuchthatp amodd

WorkovernumberfieldI

LetKnumberfieldOkringofintegers
ProblemOkVFDingeneralbutit isaDedekinddomain uniquefactorizationofideals

Analogous Studydistributionofprimesalongafieldidealclass Definecharactersonideals

Motivationworkover2

LetXmodmbeaDirichletcharacter
GoalExtendtoacharacter I onidealsofarelativelyprimetom7L

NaiveapproachDefineIcca Xla whenevercam L
ProblemCa Ca butXCa tXCa ingeneralso I isnotwelldefined

Note aand adifferby Ica

NowXLD C1 P pc0,13Cpexponentof X
DefineEllaD yea JP for 01 aE2 cam I

Letk numberfieldsuchthat 0kisa PlD Let0114a0k
LetJM fractionalidealsofkcoprimeto143
wewanttodefineXJM Sanddecomposeintotwoparts
i finitecomponentXp 014M S
ii infinitecomponentXcsO S Xca Xfca Xu a taek caM I

such acharacterXJM s iscalleda GrossencharaktermodMorHeckeCharacter

DeterminingXmodMadetermingXfand21as

TheinfinitecomponentAmoreconvenientspacethanOk is Minkowskispace
K IR RxRix exr2wherer 2rz n CKQ
Rx 13112o
insixIRo










































































































characterson
113 x tXPPE0,13
IRo xi XIEGEIR
si x XPpc7L
soforXECK IRYx CX XmXrti Xr rz
xi s.FI ixlionwhere9EIR Pie er r

Xt N PIXIEpearqERM

p.iqistheexponentofX
wesaythatX isoftypeCpq

ExampleK i OkEci r ri LOD
takeµ I Xf4 XXcs
Oli 1124 ex
Define i x

x i
X J si

Takeca EJ whereacQuitthen at talia P
geIR PE7L

EnsurethatX iswelldefined
QE Ici II Ii
check XLII a Hialia f i

P 1ali9T
P
Xua ti P

ThosCIi P4 p 4nhe7LThereforeHeckecharactersonJ looklikexccayj.laiqaa4nTheFiniteComponent
Letk ack caM I KM aek a IcmodM 0km acOEa modM
ThenXf a I tae0km X ca Xcsa Vaeo.cm

ButaeOE is aunitsoXuan Xu a L SoXu isacharacteronCk 112140km
DefineXf 014M Sbyxp a X

XoCa

Proposition LetXmodMbeaHeckecharacterLetMlM thefollowingareequivalent
i X restrictionofHeckecharacterX Jn SmodM
ii Xffactorsthrough 014mi

XCmodM isprimitiveif itisnottherestrictionofa XmodM VM lM

Theconductorof X isthesmallest flMsuchthat Xrestrictionofacharactermodf










































































































ArbitraryNumberFi

Amodulusforkis afunctionM primesof k 7Lsuchthat
i M p20Vprimep Mp 0 foralmostall p le allbutfinitelymanyp
ii preal McpCEo13
iii pcomplex 1440 0

writeM Pmp

DecomposeMMoMcswhereMoproductofpositivepowers ofprimeidealsMcsproductofreal
primes

DefinitionGivenamodulusMtherayclassgroupmodMisgivenbycm JYpmwhere
JM fractionalidealsofkcoprimeto143
PM principalfractionalideals a ofKsuchthata ImodMo andatotallypositiveVplMas










































































































December5 Jamal
i

HeckelFunctions

LasttimeFormallydefinedamodulus M PNP MoMas

RayclassgroupmodMcmJYP whereJM fractionalidealsofKcoprimeto143
PM principalfractionalidealsca ofKsuchthat a LmodM Tla Of IlMcs

DefineHeckecharactersoverarbitrarynumberfields

Definition Ageneralized DirichletcharactermodMisacharacterXcm s i.e acharacterXJM S
SuchthatXpm

PropositionThesecharactersmodMarepreciselytheHeckecharactersmodMoftypeCpO ie
Xf ca Xf a X a Xf a N P pezntrz

TypeCpg X a alia F Pgerritr2

GivenaHeckecharactermodMdefinetheHecke LfunctionattachedtoXby
For01A40kXCA 0 ifCAM 11

Then usX fadoXCA N A s whereN A OYA

wehavean EulerproductLcsD paok
pprime

1 UPN p s 1

Proposition L sixconvergesabsolutelyanduniformly forRecs I18VS0

ExampleHasseWeil LfunctionsasHeckeLfunctions
MustdefineanalgebraicHeckecharacterfirst

Lasttime X J S XCat Xfca Xo a where x a alia P

Moregenerallydefine x a laIsG PwhereSEE
note latcaa 2

Letk i Ok Ici GGal1401,1 7422 Xka 5Xbla tats P aashapeaagPlzas
1142
a
SPlz

LetO id jENG
wesaythatX isalgebraicif 0C7LCGI Forsucha OwehavethatforacOk a LmodM XKa 5a0

RecallGivenanellipticcurveEy2x3Ax B
LCEs p lappStp25 whereap p11NpNp ECIFp














Example E y2113x EndE Eli O E 26 soconsiderp12

Theoremp 3mod4 Npp11 p mod4 pt.TT tea i 11 1modC2 2i Npp11 t TT

GoalconstructalgebraicHeckecharacterXon Ici ofmodulus 8suchthatLCEs LCSX
ifpl2 thenXcp _0
IfNcp pprimethenp ICmod4 andp 11 1modC2 2is Xcp L
IfNcpp2thenp 3mod4 and F p Xcp p

proposition Xdefinedabove isanalgebraicHeckecharacterformodulus 8 andLCEs L six
ProofAssumep12 Ifp 3mod4 thenNpp11 ap o
Letp p NCP p2andXCP p lappsipl25 1 p25 1Cp p2s l XcpN p s
Ifp mod4 thenwritep2 i pp p Ti 11 1mod2 2it NCP pandap ItTT
ThenlappStp25 1Tips I ps ITTTp25ClTipS lTTps CIXcpN p s lXCFN F s
LCEs L six

AnalyticcontinuationandtheFunctionalEquat

LetXbe withoutlossofgeneralityassumeunitary aHeckecharactermodMoftype Pq
te X a N laliE g P Define X s Nitish one y

DefinethecompletedHeckeLseries rex s lock1NCM LosLXS L XS

Theorem IfM11thenhex S hasanalyticcontinuationtoallofClMoreover res X WLXrel s I
where1WX 1 1



December12 Rob
i

Dirichletcharacters X 74N2 ex

Kroneckersymbol F
Bridmde F I mmt.to haons.YaauraeremomdoIp

p1mKdQCrd quadraticfield
deasauarefree OdeKd Oka add Ifzmfmdo XDa 40 Dirichletcharacter

ofconductorOkd

IfD I 0 4 x a Ia 01 1Lil

peap in Ici Emm84,44 ITTiznotassociative

and PIKmod4
P

p 3mod4
10 2

pit.IT splitTheorem letPEI Aicpa Xd p topirreducible inertp 2 ramified

KroneckerWeberTheorem If1401isGaloiswithGatKla finiteabelianthen7Netzsuchthat
KE lien un LeeLN In

Ln e ilN

DefinitionTheleastsuchNiscalledtheconductorofk fk

Example fair 4 i Lu i L4

Examplefairs escos isin h5z hstzh cos254441 8

Infact Fs Estes andfours 5

NowGailQuin Q E 74ha
Ennen9 c a

soanyDirichletcharacterXmodNcanbethoughtof asXGalGalCONUNY K 74N IC
KerXGal GalQuenya
ByGaloiscorrespondence UN

KerXGal
kx unKercx

Gal

fGallLUNYNicerXGal abelian



sotoeveryXgetKHQabelianextensionConverselyeveryabelianextension1401hasattachedto it
Ufa
HKEGall MfaHQ andthenaDirichletcharacter Kx 140finitecyclic k

n n
XksuchthatKerLXEal Hic L t t

cyclic Getabijection X XprimitiveDirichlet Xk

TheoremKd Rd cyclicandXD then fKd fxd XKdXdKxdKd
XGalC Gal Cuny a E

lHGal
MN
G H
Q

soanyX 74N givesXGalG ex
v

KerXaalc Ky
Q

peap inOk if n KxQ
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