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Section1.1 Vectors in Euclideanspaces aE m

Thesetofallrealnumbers112isregardedgeometricallyas the Euclideanline or theEuclidean
1spaceThesetofallorderedpairsofrealnumberscab is the EuclideanplanetEuclidean2space
or112Thesetofallorderedtriplesofrealnumberscab c is theEuclidean 3space1123
Generallyspeaking thesetRn ofallordered htuples ix Xz Xn of realnumbers isthe
Euclidean nspace

IR thesetofrealnumbers
Examples 1,02,514R2Ti e

Thenaturalnumbers 0,12
Integers 1,0I
Rationalnumberscanbewrittenasfractionofintegers
ExamplesOI2,94

Algebraicnumbersare rootsoffinite non zeropolynomialsinonevariable withrational
coefficients
ExampleR2sinceit is therootofx22 0
DoesnotincludeimaginarynumberslikeFa

I l
2 o 54 t d

Euclidean lspace line c

b Cab cab c
Euclidean2space plane ba

a

Euclidean 3space space

vectors

Themotioninresponse to aforcedependsonthedirection inwhichtheforce isappliedandon
themagnitudeof theforce

DefinitionAnarrowpointedin thedirectioninwhichtheforceisactingwiththelengthof the
arrowrepresentingthemagnitudeoftheforceiscalled a forcevector

vectorsandpointsarebothelementsofLRNbutjustvieweddifferently Mathematically thereis
nodifferenceWeuseparenthesisforpointsand brackets forvectors

Example z a z 2 aa23 8
i i

I z l z

F v vz Vril Vi the ithcomponent

DefinitionTwovectorsJ Evvz vn andW w wz Wn areequal if n mandViWi foreachi



DefinitionAvectorcontainingonlyzeros as components iscalleda zerovectorandisdenoted
0

Example in11228 10,07 In1124 8 10,00,07

Ifwedrawanarrowhavingthesamelengthandparallelto J butstartingat adifferentpoint
P we refertothearrowsas I translatedto P

a n

J translatedv

o p

vectoralgebra

Physicstellsusthatif twoforcevectors1forcesacton abodyat thesametimethenthetwo
canbereplacedbyasingleforcecalledtheresultantforce whichhasthesameeffect
Thevectorfortheresultantforceis thediagonal oftheparallelogramhavingthetwooriginal
vectorsasedges
weconsidertheresultantvectortobethesumof thetwooriginal forces

IF FaFa in

iFT

wecanalsothinkofconnecting atranslatedvectortotheendoftheotherThisisuseful for
addingmultipleforces

translated translated translated

a
translated

v Ew e r a
v www

u

win
Thedifferencebetweenvectorsisrepresented geometricallybythearrowfromthetipof the
secondto the firstorbyaddingareversed arrow in theoppositedirection

wk ar

f in T VI

w

Multiplying avectorbyascalarmakesit thatmuchlongerorshorter
2h yI

2v y
vz

i i
k i
v w



Vectoralgebrain112N
LetJ Evv2 Vrilandw Ewwz Wn bevectorsin IR Thevectorsareaddedandsubtracted as
follows
vectoraddition Jiw cv.tw b wz VntWn
vectorsubtraction TWCvWiVzwz VnWn
if r isanyscalarthevectorit ismultipliedby r as follows
scalarmultiplication rt Lrv Nz run

Example Let F C3,517andD 4,107 in1123Compute 5J 3WSJ3w 513,5 D314,1073 115,2553 12,30 2D C275,16

Propertiesofvectoralgebrain112N
Letit Jandit beanyvectorsinIR'sand let r and s beanyscalarsin112
PropertiesofvectorAddition
A1CuiJi in a Jin AssociativeLaw
A2 Ftw Wtf commutativeLaw
A3 8 8 8 AdditiveIdentity
A4 J il J 0 AdditiveInverse

PropertiesInvolvingScalarMultiplication
S1 r Jin rJtrw DistributiveLaw
S2 rts F rftSJ DistributiveLaw
S3 r SJ Crs J Associative Law
S4 If T PreservationOfScale

Definition TwononzerovectorsJandWinIR'sareparallel andwewrite011hi ifoneis a
scalarmultiple oftheother Thatis forCEIR Jcut orWCJ
if Frutwith r 0 thenJandWhavethesamedirection If rcothentheyhaveopposite
directions 7
j a 2J I i I

ExampleAreF 21,347andD 6,39 127parallel
set Frutandtrytosolvefor r
2 6r 13r 3 9r 4 12r
r 13iscommonforall sotheyareparallel

DefinitionGivenvectors it VI VI inIR'sandscalars r rz RK inIR thevectorrivtrzrit rich
isalinearcombinationofvectorsv vz Vicwithscalarcoefficients r rz RK

Everyrectorin1122canbeexpresseduniquelyas a linearcombinationofthevectors 1,07and
oD Thatis J Ev Vi rElOTtra0,17 s r b and rz bz
Definition wecallthesethestandardbasisvectors
For1123thesevectors are I Lt0,07 I CO1,07 I CoOD gtherthcomponent
wedenotethe rthstandardbasisvectoras Er CoO O l O O
ThusF vVz Vn vEtv Et then



Spanofvectors

DefinitionThespanof avectoris thesetofalllinearcombinationsdenotedspunk Vic
Thespanofasinglevectorareallthescalarmultiplesof it if Jt0thenthis isaline If F 0
thenthespanis 8
For2vectorsJandW
IfJAWthenspct.wsisaline
if it isnotparallelto it SpCTWJisaplane
if J inthespanis8

Example Let F 1,37and it C2,53inIR Findscalars randssuchthat rvisw EI.la
rt sin r 1,33isC2D Cr2s3m55sso
r 2s I 3r 65 3 o us 22 s 2 r 3
3rt 5519 3r155 19

wecanalsousecolumnvectorsand rowvectors
FL's w L3 rl's is13144 yr it asbefore

Thetransposeofarowvectoris the correspondingcolumnvector similarlythetransposeof a
columnvectoris the corresponding rowvector denotedJT
ftp.j

Example h4 isDT Ig fOg 2 30457

Example IsG2,37alinearcombinationofco1,27and 2,227
12,37 r Lo1,27 rz 22,27
12h r 2rz 2r 12rz

2rel r 2h 2 2r12rz 3 rz 12 r L soyes

Section1.2 The Norm and Dot Product

TheMagnitudeofavector

DefinitionThemagnitudeofT Evviddenoted11TH isthelengthofthevector
Bythepythagoreantheorem Hull Vv t ri v vz

v
Let F v vz vn beavectorinRhThenormCormagnitude of J is11THVvfvz4tVnT

Example Represent 3 4 geometricallyand find itsmagnitude

L bi i
1h11V32t4T I27 5z f 3473

4 u
v



ExampleRepresentL23,4geometricallyandfinditsmagnitude
4v

p 11TH I2232427 iza

jilin1 I b
a

ExampleFindthemagnitudeofJ L21,3 I4,2D
11THVCzt 1232cD24422T V36co

Propertiesofthenorm inIR's
ForallvectorsJandWinRnandforallscalars r
1181120and11TH 0 ifandonlyif 8 8 Positivity
Hrill Irl11TH Homogeneity
11FtwHE11TH11TH Triangleinequality

Unitvectors

DefinitionAvectorin IR isaunitvector if ithasmagnitude 1
GivenanynonzerovectorJin1122Na unitvectorhavingthesamedirection as it isgivenby J

11TH

Thesetofallunitvectorsin IR isaline 1122is acircle1123is a sphere

ExampleFinda unitvectorhavingthesamedirectionas J 2 I 37andfind avectorof
magnitude3havingdirectionoppositeto J
HTHV221237 514

it 12,1 3 isaunitvectorwiththesamedirection

3I jpy 2,137is theotherrequiredvector

Allstandardbasisvectors are unitvectorssotheyarealsocalledunit coordinatevectors

TheDotProduct

DefinitionThedotproductofvectorsJ Evvz vn and it Ewwz Wn inRnisthescalargiven
by JWvw vzwzt vnWn
Thedotproductissometimescalledthelinearproductor thescalarproduct Geometrically
thedotproduct oftwovectorsisequalto theproductoftheirmagnitudeswiththecosineof
theanglebetweenthem 1e J w 11THthrillcos0
NoteJJ v4h4 un2 110112

DefinitionTheanglebetweennonzerovectorsTandW's arccos jYw

TheSchwarzInequality IJWTE11TH11TH



Example Findtheangle 0between 1,20,27andC3,11,5
1,20,23C3,11,57SO VRizzo2ir vczgz z zgz

czyc9g L 0 60

Example 11.2.37Ll0,47 1 0 1211

ExampleFindtheanglebetweenCBl o andCOR2O
cosD zffz L 0 51

PropertiesoftheDotProductin112N
Letit Jandit bevectorsinIR'sandlet r beanyscalarinIRThefollowingpropertieshold
D1 t.w w.it commutativeLaw
02 it Ttu iiTtuin DistributiveLaw
D3 rct.ws rt in J riv Homogeneity
134 JJZoandJJ 0 ifandonlyif F8 Positivity

DefinitionTwovectors JandWinMnareperpendicular or orthogonal andwewriteJ W if
J if o
Note If8 8 JW o If J18 into 0 72

ExampleDetermineif J 4,12DandW 34,247areperpendicular
t.ws 4 3 CDC4 c2 2 CDC47 0 soyes

ProofofSchwarzinequality if 8 8or it 8thenbothsidesare 0 if J10 in18 let
E T tifton noteE w osince J twin in w JW Ewewent o
11TH2 112112 wtf211hill2 112112 0WTHwya

3 Ent z
Hwy2

Hv11211w1122 JWT HTwHEHull11Wh

TheTriangleInequality 11ftTHE11TH111Wh
ProofHJiw112CJws.lvtw JJ121Jw i lw.ir E JJ121181111wHicw.in
11h12121181111WTI111wtf 11THHWY12 HittinItEllTHHut11

Section1.3Matrices and theirAlgebraE

Asseeninsection1 I wecanwrite thelinearsystem X12 2 1
3X15 2 19

intheunknownsX Xzasacolumnvectorequation j yzf2g 1g

wecanabbreviatethis as j 3 I L14
A X B

Axisequalto a linearcombinationofthecolumnvectors of A j H x f 1213



TheNotionof aMatrix

Definition Amatrixis anorderedrectangulararrayofnumbersusuallyenclosed inparenthesis
orsquarebracketsAnMxnmatrixhasmrowsand h columns

III I 2 2 e It 9 123

DefinitionAnnxnmatrixiscalled asquarematrix

An 1xnmatrixis a rowvectorwithncomponentsandan mx1matrixis acolumnvectorwith
McomponentsTherowsofamatrixareits rowvectorsand thecolumnsare itscolumnvectors

aij thematrixentryin row i andcolumn j
ai a z ai3 9in
Az AzzAzz Azn

A ai 19 A 2 9.33 A n

Am Amza'm3 Amn

MatrixMultiplication

Theproductof thematrixA andcolumnvector x is thelinearcombinationofthecolumnvectors
of Ahavingthecomponents of ascoefficients

azk t anxn
For x f and A Lai Ax

Amixam2 21 Amn
Xml

Examples

I 3.3111 21.7 is is 1.341

I Mitt its I
Notes
1 components ofAxaredotproductsofrowsofAwithx A L

strow
mtnrows x

2 Ax linearcombinationofcolumnsofA withcoefficientsXi
Ax X 1stcolumn 1 1Xmlnthcolumn

3Systemsoflinearequationscanbewrittenas AX B

LetA air bean mxn matrixand let B big be an nxs matrixThematrixproductAB
isthe Mxs matrix c CcijWhereCij isthe dotproductof the ith rowvectorof Aandjth
columnrectorof B Cij airbig



ExampleLetAbe a 2 3matrixand13be a 3 5matrixWhatare thesizes of ABandBA
ABisa 2 5matrix BAisnotdefined

exampleL g311.9 8,1 19 934

example E 41.4 11 153

NoteMatrixmultiplicationis notcommutative

Example A g B E g AB1,40Log BAL zsa

Example A oof BLtoE A1318 f BA18 f
BUT it is associative ACBC AB C

Definition Adiagonalmatrixis asquarematrixwhereall offdiagonalentries arezeroThatis
allentriesarezeroexceptpossiblyon thediagonal airAzz Ann

Example

g
The nxn IdentityMatrix

DefinitionTheidentitymatrixis anMxnmatrix ai suchthataii L for it n andaij o for
ii thatis

f.jo
o o
gI fo

Note AI Aand I1313

exampleL 3116911.23116,91737
OtherMatrixOperations

MatrixProperties
Formatrices A aij B bij C Ci
AtB C if AandB are thesamesizeand cij aij bij
ra B if bij raij
A B if aij bji andAji bij



Definition If AATthenthematrixit is symmetric

ExampleL 41 1 531 19.3 I
Example L 341135Y f isundefined
Note A B AtC1713

Examples

4 1.41 ti s.tt it is
h's 35 1

fIg issymmetric

Properties ofTransposeoperation
AT A transposeofatranspose
AtB ATBT transposeof a sum
AB BTAT transpose of aproduct

propertiesofMatrixAlgebra
A113131A commutativelawofaddition
AtB C At Btc Associativelawofaddition
A10 01A A Identityforaddition
rcatB ratrB Leftdistributivelaw
RtsA rats A Rightdistributive law
CrsA r SA Associativelawofscalarmultiplication
RAB AcrB KAB Scalarspullthrough
ACBC CABC Associativelawofmatrixmultiplication
IA AandB1 13 Identityformatrixmultiplication
ACB c ABtAC Leftdistributivelaw
A BC Act13C Rightdistributivelaw

Section1.4SolvingSystems of Linear EquationsE www

Themostgeneraltypeoflinearsystemhasmequationsin n unknownsandcanbewrittenas
anX anXz1 a nxn b
AzXz102221 Aznxn bz

amX am2 21 AmnXn bm
intwovariableswhere ai 10 or aiz 10 ai X taizXz bi determinesa lineandthesolutionto
thesystemis theintersectionofthesem lines



m linesolution singlesolution nosolution
not1 notpossible possible

2 lines in
coincide3 n or

wecanrewritethissystemas asinglematrixequationAI bwith ACai coefficientmatrix

DefinitionTheaugmentedor partitionedmatrixis ashorthandofthesystemabovewritten

l t.ca

example I so 12,9411T I'd I E i ol
ElementaryRowOperations

wedeterminethesolutionstoAx bbymanipulatingtheaugmentedmatrixusingelementary
rowoperationsTherowoperationschangethematrixbutdo not affect thesolution set

ElementaryRowOperations
CROWInterchangeInterchangetheithandjthrowvectorsinthematrix Ric Rj
CROWscalingMultiplythe ith rowvectorin amatrixby anonzeroscalar Ri isRi
RowAdditionAddtothe ithrowvectorofamatrixstimesthejthrow Ri RitsRj

Definition If a matrix B canbeobtainedfrom amatrixAthrough elementary row
operationsthen it is rowequivalentto13

Example f g I f R2L Zo i f 16,9 I 19 I I ol
2,7 k 7

Theorem If Ab and H c are rowequivalentaugmentedmatricesthenthelinearsystemsAxb
and Hx Chavethesamesolutionsets

Example solve

1 1HEHE it Ii L I I L
I 2 4

2422

423 41221231 I II
123 2121123fo z

Z o 4

x 2 2 4 3 3 X I
Xz2 3 0 I I I z123 6



RowEchelonForm

DefinitionAmatrixis inRowEchelonformif
DAllrowscontainingonlyzerosappearbelowrowswithnonzeroentries
2Thefirstnonzeroentryinanyrowappearsin acolumntotherightof the firstnonzero
entryinanyprecedingrow
Thefirstnonzeroentryin a row of a rowechelonformmatrix is thepivotforthat row

II is I L I
O

e I on
circlesarepivots

if Ab is inrowechelonformthenAx b iseasilysolvedbybacksubstitution

ExampleFindallsolutionsto

H c f
5
512753783 x 42 2 3 2 51278 X2 6 SX 613C2 3
23 4 x 3

Examplefg o z 3 ESE3 I Yz x isfree

AMPe

f Fo sincethelastrowmeansox10 2 0 3 I therearenosolutions

DefinitionAlinearsystemhavingnosolutionsis inconsistent If Alinearsystemhasoneor
moresolutionsthesystemisconsistent

Example
X 3r Ss14

aof x fi si
senseoiaition

Xu S forscalarsr s
Xs I

XzandXyarecalledfreevariables

Theoremwecanalwaysreduceamatrixto row echelonformusingelementaryrowoperations
Thealgorithmtodothis isGaussianelimination1reduction



GaussianElimination

Steps
1 IfthefirstcolumnofAcontainsonlyzeroscrossit offmentallyandcontinueuntil the left
columnoftheremainingmatrix isnonzerooruntilcolumns aregone
2 Userow interchange ifnecessarytoobtainapivotp in thetoprow Foreach row below
with anonzeroentry r in the firstcolumn add Mptimesthetoprow to it tocreate
zeros

3 Gobacktostep1andrepeatwiththenextcolumns
NoteYoucanmultiplythepivotsrowbyYptomakecalculationssimpler

Example

I I I p
Example
Solve Xz3 3 5

Is o I il I Y I 1

µ
3 I

23423122

FEl4,37 1 I IgO 0

ExampleDeterminewhether b L 7 4 is inthespanof8 12,1DandW L1,327
b is splitF ifandonly if b XJ XaviforsomescalarsxandXzThusthismeans

Ii it Hi i I iiiin sinsc

TheoremLetAbean Mxnmatrix AX b isconsistentifandonlyif thevectorb inRmis in the
spanof thecolumnvectorsof A

Definition Amatrixin rowechelonformwithallpivotsequalto1andwithzerosabovean
beloweach is in reducedrowechelonform
weusetheGaussJordanmethodtoreduce amatrixintoreducedrowechelonform
TheoremThereducedrowechelonformof amatrix A isunique

TheoremLetAX bbe alinearsystemandlet A b Hc whereH isinrowechelonform
1 ThesystemAxbis inconsistent ifandonlyif theaugmentedmatrix Hc hasa rowwithall
entries0 totheleftofthepartitionandanonzeroentrytotherightofthepartitionThatis
a row 10,0 OCT Cto

2 If Ax b isconsistentandeverycolumnofHcontainsapivotthesystemhasauniquesolution
3 IfAxb isconsistentandsomecolumnofHhasnopivot thesystemhasinfinitelymany
solutionswithasmanyfreevariablesastherearepivotfreecolumnsinH

l I



Example
fog 1Ric Rsfog g r ER 37122 31214231

RzaRs

inconsistent Ig123
3122123 too

Example ggnffgt.estz.anf soyms.nsieithnopivots
XiXsandXsarefreevariables

IIIt.si
DefinitionAnymatrixthatcanbeobtainedfromanidentitymatrixbymeansof oneelementary
rowoperationis anelementarymatrix

TheoremLetitbean mxnmatrixand let Ebeanmin elementarymatrix Multiplicationof A
ontheleftbyCeffectsthesameelementary rowoperation onA that wasperformedon
theidentitymatrixtoobtainE

example

fo Ooff off od

ESection1.5 Inverses of squareMatrices qi.am

Asystemof nunknowns x Xz Xn canbeexpressedin matrixformas AX bwhereA is
the nxh coefficientmatrixXisthenx1 columnvectorwith ithentryXiandb is an nx 1
columnvectorwithconstantentriesTheanalogousequationwithscalars is ax b
Ifa 10 wesolveitbymultiplyingbyYa 1e

a ax a b a a x a b Ix d b x a b
multiplication associativityof propertyof property
byYa multiplication Ya of 1

similarlywemustfind a nxnmatrixCsuchthatCA I sothatwehave
c Ax Cb CAX Cb Ix Cb x Cb

UsingbacksubstitutionwehaveX Cbso Ax ACCb AC b AC I

TheoremLetit beanMxnmatrix IfCand Darematricessuchthat ACDA I thenC D In
particularif ACCA I thenCisunique
ProofLetCandDbematricessuchthatACDA I WehaveDCAC CDA c DCAC DI Dand
DAC I CCsoC DNow let ACCA I andsupposeADDA I ThenAC I DA D C r



DefinitionAnnxnmatrixA isinvertible ifthereexistsan hXhmatrixCsuchthatCAAC I
whereI isthe nxn identitymatrixThematrixCis theinverseofA denotedA
If A isnotinvertiblethen it issingular

TheoremEveryelementarymatrixisinvertible

TheoremLetAandB beinvertiblenxnmatricesThenABis invertibleand AB B A

LemmaLetit be anMxnmatrixThelinearsystemAx bhasasolutionforeverychoice of
columnvectorbEIR ifandonlyif A is rowequivalent tothe nxnidentity

TheoremLetAandCbe nxnmatricesThenCA I ifandonlyif AC I

computation of A
TofindA1 if itexistsproceedasfollows
1 Formaugmentedmatrix A IT
2 ApplyGaussJordanmethodtoattempttoreduce A I toEICTIfthereductioncanbe
carriedoutthenA C Otherwise A doesnotexist

TheoremThefollowingconditionsfor an nxnmatrixA are equivalent
i A isinvertible
ii A is rowequivalenttotheidentitymatrix I
iiiThesystemAx bhasasolutionforeachncomponentcolumnvectorb
iv Acanbeexpressedas aproductofelementarymatrices
v ThespanofthecolumnvectorsofA is112N

ExampleSolve 2 9y 5 andcomputetheinverseofthecoefficientmatrix
X14y 7

I il I H H i i II a Ii L
a b fY1 171 1 1

ExampleExpress1294 as aproductofelementarymatrices
weapplythestepsaboveto theidentitymatrix
Eto if E f z 9 told 4,1 acities19olkill 4,1
Toexpressaninvertiblematrixas aproductofelementarymatriceswritein left torightthe
inversesoftheelementarymatricescorrespondingtothe row operationsthatreduceAto I

Section 1.6 Homogeneous systems subspaces and Basesfr www

Definition AlinearsystemAx b ishomogeneousif b o
AhomogeneouslinearsystemAx o isalwaysconsistentbecausex 8 is asolution
ThezerovectoriscalledthetrivialsolutionAllothersolutionsarenontrivial



TheoremLetA 0be ahomogeneouslinearsystem If h andhzaresolutionsof AX o then so
isthe linearcombination rn shoefor anyscalars rands
ProofLeth andhzbesolutionsofAX O soAh OandAh2 0
ACrh shz ACrh Ashoe r Ahi sLahz rots0 0 asneeded

Infacteverylinearcombinationofsolutionsof ahomogeneoussystemAx isagainasolution
of thesystem

Definition Asubsetw of112Nisclosedundervectoradditionif for a11 it Jewthesum it is in w

Definition If rtcw for a11Jewandscalars r thenW isclosedunderscalarmultiplication

Definition AnonemptysubsetWE112 that isclosedunderbothvectoradditionandscalar
multiplication is asubspaceofIRN
Thesolutionsetofeveryhomogeneoussystemwith n unknownsis a subspace of112N

Example Showthatw Cx27 xc1123isasubspaceof1122
Ofcoursew isnonemptyof1122LetitJewso I a2a and J Cb2b then
a J a 2a b2b Eatb2catbDwhichis in wAlsocut Ca2a Cca2 ca isalsoinw so wis a
subspaceof112N

TheoremLetw spChiWI WI bethespanofK 0vectorsinIR Thenw is a subspaceofIRn
Proof Leta rwit theWTandJ swit 1Skirttheirsum a J Cris wit ChaseWIwhich is
in walsocutCcr htt CreWtcsincek o w isnonemptyasneeded

Definition wesaythevectorswiWT WIspanorgeneratethesubspacesportWI WI
of112N

Example Expressthesolutionsetof
X 2 21 3 X4 0

is i t H H L

rf is sothesolutionsetis spff

Definition GivenanMxnmatrixtherearethreenaturalsubspacesof112MorIRN
1 ThespanoftherowvectorsofA istherowspaceofAand a subspaceofRn
2 Thespanofcolumnvectorsof A isthecolumnspaceof A and is asubspaceofRm
3 ThesolutionsetofAx o isthenullspaceofAandis asubspaceof112N alsocalledthekernel

ExampleFor a floO 3 therowspaceis Spca0,37 0,117 in1123
thecolumnspace sp f Y L inIR Thenullspaceis SpEf in1123

Theorem AlinearspaceAx bhasasolution ifandonlyif b is inthecolumnspaceofA



Letw be asubspaceof112 Asubset WTWI WI ofW is a basisforW ifeveryrectorinW
canbeexpresseduniquelyasalinearcombinationofWiWT WIThatisXEW X dw t dunk
If WTWT WI is abasisforw then wehave w spentWI WI
e ez en isthestandardbasisfor112N

RecallEveryvectorinMncanbewrittenas auniquecombination of e en3
vEv vn Ve1 Vnen

TheoremTheset hiWI WI is abasisforWEIRNif andonly if
1 w spew Wic and
2 If rhtt rich 0 then r rz re 0

TheoremLetAbe an nmmatrixThefollowingare equivalent
1 Thelinearsystemax bhasauniquesolution foreachbEIRn
2 ThematrixA isrowequivalenttotheidentitymatrix
3ThematrixA isinvertible
4ThecolumnvectorsofA formabasisforRn

ExampleDeterminewhetherthevectorsv 1,137vz 3,047andV34,417formabasisfor 1123
WemustshowthatthematrixofLvNzVs is rowequivalentto I

A f 73g I thus ViKV33isabasisfor1123

DefinitionAlinearsystemhavingthesamenumber n ofequationsasunknownsiscalled a
squaresystem

Definition Asquarematrixwithzeroentriesbelowthemaindiagonal iscalleduppertriangular

Example
too 4 isuppertriangular

Theorem LetAbeanMxnmatrixThefollowingareequivalent
i EachconsistentsystemAx bhasauniquesolution
ii ThereducedrowechelonformofAconsistsofthenxnidentitymatrixfollowedbym n row of
zeros
Example m 4 in 3 m n 1

IiiThecolumnvectorsofAformabasisforthecolumnspaceofA

ExampleDeterminewhetherthevectors w Cl2,3DwzC2 3 5Dandwz El 34,2 forma
basisforthesubspacespWiWzWz in1124

at It I son



Definition Alinearsystemhavinganinfinitenumberofsolutionsiscalledunderdetermined

Corollary If alinearsystemAXb is consistentandhasfewerequationsthanunknownsthen
ithasaninfinitenumberofsolutions
Proof If men then thereducedrowechelonformof A cannotcontainthe nxn identity
matrixso it cannotbe theuniquecaseSinceweassumethesystem is consistent
theremustbe aninfinitenumber ofsolutions

corollary
A homogeneous linearsystemAX havingfewerequationsthanunknownshas a
nontrivialsolution that is asolutionthatis not8
AsquarehomogeneoussystemAx 0hasa nontrivialsolution if andonly if A isnotrow
equivalenttotheidentitymatrix of the samesize

Theorem Let AX bbea linearsystem If p isanyparticularsolution ofAx b and h is a
solutionof the correspondingsystemAx O then pthis asolutionof Ax b Moreoverevery
solution ofAX bhastheformpth sothatthegeneralsolution is pthwhereAh 0

Examplesofsubspaces
1 InIR 03straightlinesthroughorigin1122
2 In1123 03linesthroughtheoriginplanesthroughtheorigin 1123



Class

Notes



coveringchapters 1 5,7
maybe68,9 if timepermits

Euclideanspaces

D setofallrealnumbers
Example I O 2 54R2 T e
Natural 1,0
Integers 1,0
Rational I O 22,514
Transcendental The
Algebraic 1,0 2,514T2
Fdisalgebraicbecausetherootof X 2 0 isT2

NOTIMAGINARYNUMBERS
Example VT

Euclidean 1space line

b b ithta e it
Euclidean 2space plane
1123orderedpairsCab of realnumbers

b Cab

la

Euclidean 3space
1123 setofLXyZ

EuclideanNspace
112N setof Ntuplesofrealnumbers
X Xz Xn

Vectors

Fromphysics forces
Havemagnitudeanddirection
Yn

ecab
F

x

vectorsandpointsarebothelementsof112 butvieweddifferently
1,52 1 point ElT2 D vector
FCv vz VN Vi ithcomponent



If FEv VN andw w WWIthen F it if N Mand Vi_Wi forall i
8 0,0 OT
J a 2 translationof Jo p

VectorAlgebra

Fromphysics resultantforce

Addition
F ez
Fitz Parallelogramrule
Fz s

IntermsofNtuples F v VN W Wi WN vwt cv.tw VztWz Viv1WN

subtraction
J T GyW VnWw
v v w

w

scalarmultiplication j 7 accIR TeIRN CJcIRN or
C vivz Vn Ccu CVN
Jand hi areparallel if FChior D CJ

Properties
J T wCIRN VSEIR
Itv iw UtCvw Associative
a J Ttu commutative
8 8 8 additiveidentity
TtCJ 8 additiveinverse
r Ftw rv irwcrtssvrv.su distributive

r CSJ r s J
1 J J

Linearcombinations

Ji TKEIR A AKEIR
dFt ActEIR iscalledthelinearcombinationofVT Vicwithcoefficients di dic

Thespanof T VI SPVT VI _setofall linear combinations AT1 14kt di AKER
ExampleThespanof onevector
j 7 SPIT all scalarmultiplesof J XJ DEIR

If I 18 SpT is a line If 8 8 Sp T is 8



ExampleThespanof twovectors
If thw thensp Jin line
If J hiarenotparallel thensplitD plane

systemofLinearEquations

Example Is 12,3 alinearcombination ofCO1,2 and 2,227
I2,3 D 0 I 2 Az2,22 2 2 X 12 2 2X121127 11,23
2 2 1 11242
di12 2 2 dz

2X 12 2 3

Thus 12,37 o I 2 t z 212,2

Definition A rowvector is of theform x Xz XD Acolumnvector is of theform

Thestandardbasis of IR is E Enwhere Ei Coo o I th
Parent

Example1123hasabasisof e 1,0OJez 01,0 e3 10,0 I

Everyvectorcanbewrittenuniquelyas a linear combinationof e en
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NormandDotProduct

Pythagoras c
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Properties
118112011T11 0 78 8 positivity
HrJlt Irl11TH
118011111811 11511 triangleinequality

Definition Aunitvectoris avectorJ suchthat11TH L

Definition Asphereis a set of all unitvectors

In 112 In1122 circle In1123 sphere1 i
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DotProduct inner1scalarproduct
Ietf wCIRN f in vw VzWzt VNWN Viwi

Example Cl2,3 El0,47 1 0 12 11EIR

NoteJ J V2 Vn2 118112

Geometric Interpretation
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0 2tow120501181111WTI
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nanny ifJinareunitvectors cosD tow

ExampleFindtheanglebetween 53,1OTandcoE O
37 2 COSD 2nF L 0 51

JandWareorthogonal if tow O

Propertiesof dotproduct
t.w w.it
J Itu tou tow
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SchwartzInequality iv wtEHVH.HUI
Proof If J or D 8thenbothsidesequal0
IfT10,018 then let z j twoWE we note IoT O

J IIWE.it w v.w Inww.w o

110112 112112 VIWE2Hw11211211249,724YjYI
11011211w1122 tow IJ.it EHTIlHw11

ProvingtheTriangleInequality HttWTIE11TH111Wh
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MatrixAlgebra

DefinitionAnNxMmatrix is anarrayofrealnumberswithNrowsandMcolumns

Example A LL f Ff 2 3matrix aij entryin row icolumnj
a I a2 0 923 3



Multiplication
LetAbeanNxMMatriX andXCIRN

m
then Axe112

A
X A12 21 AimXm

AniX t AnnXiu

exampleke r L o.itsIH4T7
Note
componentsof Ax are dotproductsof rows of Awith X
AX 1strow

wthrow x
Ax linearcombination of columnsofA with coefficientsXi
AX X 1stcolumn 1 Xm14thcolumn 0 L I 9 4 Ff
systemsoflinearequationscanbewritten as Ax 13

Kita'sS It 75ksH
LetAbean NXMmatrixand13be an MXLmatrixGABisan NxLmatrix
Thejthcolumn is A jthColumnof B
Cij ith rowof A jth columnofB 4Aikbkj

Example
Lygrzff.IE ffg3t2zr2 LL f F If isnotdefined

warningNOTcommutative

exampleL Hlfof1831 to91184 18 o
It isassociative ABC ACBC

DefinitionAnNXNmatrix is asquarematrix

Asquarematrixhasmaindiagonal AliAzz Ann

Definition Adiagonalmatrix is a squarematrixwhere all offdiagonalentries
are zero

Example
too ooo

identityMatrix
L I
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Additionand Multiplicationbyscalar
A B C Cij aij bij
RA C Cij Raij

Transpose
LetAbean NxMmatrix ATis an MXNmatrix switch rowsandcolumns
If CATCij Aji

Example
z 9 111 1

Definition Asymmetricmatrix A is an NxNmatrix whereAT A 1e aij aji
Example

Ig Fg

Properties
AT A
AtB AttBT
ABT BTAT

SystemofLinearEquations

A
n
b
A X At Xd 19inXn b

AinX an2 21 tannin bn
tfAi 1 0 or aiz10 ai X ta izXz bi determines a line

Thesolutionfor thesystem is theintersection ofalltheseN lines

Example N linesolution singlesolution no solution
not not1 possible possible
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Algorithm

Ax b
Augmented matrixCAb

Example
so
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Elementary rowoperations
121 interchange two rows
122multiply one row by Ct 0123add amultipleofa row to a different row

Example f E f o
RI L20 f 9 R2 6 20 I 30 123 l2 x 2ndrow first row o 42 f
Note
eachoftheseare invertible
thesedo not changethesolutionset

Theorem IfCalb H C equivalent or cangetfrom one to the otherusing
elementary row operations then Ax band Hx Chavethe samesolutionset

Example i fog

Riera 7,4 BR 444 kR2f I
2121123

4Ff 4122123 2
equivalentto X12 2 4 3 3 Xi l

Xz2 3 0 Xz I
12 3 6 Xz 42

RowEchelonForm

DefinitionMatrixis in rowechelonform if ineachrow the firstnon zeroentry
appearstotherightofthepreviousrow'sfirst non zeroentryThenon zeroentry is
calledthepivot

ExampleCoolosoE 8
note If A b is in rowechelonform then AX b iseasilysolvedbyback
substitution

Example f f I 3 Xz E3 x3 12 Xz X isfree

TheoremYoucanalwaysreducea matrix to rowechelon formusingelementary
rowoperation



GaussianElimination


