
Chapter1 NumbersSets and Functions

QuadraticFormulaOrigin
Trytosolveequationsx y S Xy p
Wewrite y sXandsubstitutetoget us x p XSX110 0 Multiplybyanonzero a toget
ax2asxtap 0 andsubstitute b as andGaptoobtainax4bXtc O
o aAbax c a x'tbax14 Ya to a xYa t C 4
x zba b Lac b Vb24aT

Za
whenb4ac 0therearetwovalues
whenb24ac othereis onevalue twoequalvalues
whenb 4accothereis norealnumbersolution

convertingbacktotheoriginalvariablesweget
SIVs24p2
Twovalueswhen 54p O
Norealsolutionwhen 54ps0

Inthesecalculationsweusedalgebraicproperties

ElementaryInequalities
Assumingpositiverealnumbershavepositivesquarerootsandthesquareofeveryrealnumber
isnonnegative

Proposition I l IfOcacbthen a'cabcb2andOtraCfb
ProofMultiply acbbya toget akabandbyb togetAbcb2 so a2cabcb
AssumingTbera weget beawhichcontradictsourassumption

DefinitionTheabsolutevalueofarealnumber written1 1isdefinedby
X if X 0

if XEO
Thinkof 1 1asthedistancefromXto O
Note XEIxl and Ixy1 1 1lyl

Proposition1.3TriangleInequality If xandy arerealnumbersthen IXtyIEINtlyl
Proof startwith2xye2111yl Addingx7y2tobothsidesandusing22 1212weget

X2t2xyy2E112211lyIty2 112211lyItly12
UsingProposition I I wetakethepositivesquarerootofbothsidestoget

22xyty2 xtype112211lyItly12 1 1 11 lx ylEINtlyl asneeded

Definitions
Thearithmeticmean oraveragesofXandy is Xty
Thegeometricmeanofnonnegativenumbersxandy isVAT
TheAGMinequalitystandsforArithmeticMeanGeometricMeanInequalityandStatesthat
thearithmeticmeanoftwononnegativenumbersis atleasttheirgeometricmean



Proposition1.4AGMInequality IfXandyarerealnumbersthen 2XyEX4y2andXye x242

IfXandy arealsononnegativethen Vxy7X y EqualityholdsforbothwhenX y

ProofBeginwith OE Xy 2 1122Xy y Adding2Xyyields4XyEX2 2Xy y2 City
Dividingby4givesXyE x2112 If X Oandy20 thenXyz0andwetake thepositive

squareroots togetXye Xt4
2 andVATEXtzy byProposition1.1

Corollary1.5 If Xy 0then fly e qi eXty EqualityholdsineachwhenX y
ProofProposition1.4yields are Xyy Wegettheotherinequalitybymultiplyingby

wxT nextEffye z
24,7 t e intXty

DefinitionTheharmonicmeanof Xandy is 2xy
Xty

Thisisfromthestudyofaveragerates If wetraveldistancedat rate r in time t we
haveD rt If wetraveldistance dat rate r and time t andreturn with rate r and
time tz then r t rata d Togettheaveragerate r of thetrip wesolve 2D rCt tz
r 2d 2d harmonic
t.ttz d r ftr mean

Example Iftherateonewayonaplaneis380mphandthereturnrate is420mphthenthe
averagerate is 2380420 80019121

3801420 goo 399mph

sets

DefinitionThenotionofa setis sofundamentalthatwedontgiveaprecisedefinitionThink
ofasetas acollectionofdistinctobjectswithaprecisedescriptionallowingustodetermine
whetheragivenobjectis in it

Definition Theobjectsinasetare itselementsormembersWhenX isanelementofA we
writeXEAandsayXbelongstoAWhennotinA wewriteXEA

Definition IfeveryelementofAbelongsto BthenA is asubsetof BandBcontainsAWewrite
AEB or B A

Tolistelementsexplicitly usebrackets1e A I I isasetofelements I and IOrderof
elementsdoesntchangetheset xyesmeansbothxandyare inS

DefinitionsNotation
INnaturalnumbers 12,3
I integers 2 1,0I 2
Qrationalnumbers1e numbersthatcanbewritten a bwith abe a bto
IR realnumbers
NoteINEEEQEIR



Definition SetsAandB areequal 1e A B iftheyhavethesameelements

DefinitionTheemptysetwritten0 istheuniquesetwith noelements

Definition Apropersubsetofa set A is asubsetofA that isnotAitself

DefinitionThepowersetof asetA is thesetofall subsetsof A

NoteTheemptysetis asubsetofeveryset

Example Letsbetheset KansasKentucky andletTbethesetofStatesintheU.Sthatbegin
with K 5TandShas4subsets0 Kansas Kentucky KansasKentucky These4elements
aretheelementsofthepowerset

Inordertospecifyasetconsistingofelementsin asetAsatisfyingagivencondition wewrite
xEAconditionX andread thesetofX in Asuchthat satisfiescondition

Toprovethat asetT isthesetofsolutionstoaproblemwemustprovethateverysolution
belongstoTandthateverymemberofT isasolution

Example Let 5 XEIR x4 3andT xEIROcXc13andprove5TLetXCTthenX 0MultiplyXc1byx
togetXk soXES LetXESsincexxx weget07 2X X XDwhichmeansXandX1arenonzero
withoppositesignssoXETasneeded

ThePennyProblem

WearegivenacollectionofpenniesgroupedintopilesWecreateanewpilebytakingone
pennyfromeachexistingpileWeconsiderdifferentorderings ofthesamelistofsizesto
beequivalent 1e I3,5 3 I 5Welet Sbethesetofliststhatdonotchange

Example

Letabea listwith npilesandbbetheresultingnewlist If acSthena bandbhasnpiles
sinceweintroduceonenewpiletob onepileofamustdisappearmeaningahasexactly
onepileofsize1Sincea b bhasexactlyonepileofsize 1tooThismeans a musthave
exactlyonepileofsizetwoLetting i bethesizeof apilewecontinuethisreasoningfor i
from1 to n l
If ahasonepileof size ithen bdoestoo Soahasapileofsize it1givingusonepileof
eachsizefrom 1 to n
LetTbethesetoflistsconsistingofonepileofeachsizefrom1through a naturalnumbern
WehavealreadyshownthatSET sonow weneedtoshowthatallelementsofTremain
unchanged 1e TES
Consider anelementofTwithpilesofsize 1,2 n Foreach i from2to n thepileofsize
ibecomes i lThepileofsize I disappearsandthe npilescontributeonecointomakeapileofsizen ThustheresultingpilesarethesameastheoriginalandTEsSo s T



g
DefinitionsNotation
WhenaBE2andaEb then a b denotes ie2 aeieb
whenheIN then n means l n
2KKEE isthesetofevennumbers
2K11 KEI isthesetofoddnumbers
0 isanevennumberEveryintegeriseitherevenorodd

Definition Theparityof anintegerStateswhetherit isevenorodd
Erenandodd isonlyfordiscussingintegers If wesayanumberispositivewithout

specifyingthesystemwemeanapositiverealnumber

DefinitionWhena bCIRwith aEbtheclosedinterval a b istheset XEIR aexeb

DefinitionWhena bEIRwithaeb theopenintervalcab isthe set xEIR aexcb

Definition ConsiderSEIR Ifanelement belongingtoSisatleastaslarge aseveryelementof
Sthen x isthemaximumofS

Minimumisdefinedanalogously
TheopenintervalCab hasnoMaxnormin

Definition Alistwithentriesin AconsistsofelementsofA in aspecifiedorderwithrepetition
allowed

Definition Aktupleis a listwithKentries
wewriteAkforthesetofKtupleswithentriesin A

Definition Anorderedpairis alistwithtwoentries

DefinitionTheCartesianproductofsetsSandTwrittenSXT istheset Xy XESyet

AKAXAandAKEX Xx xicA
Xi isread Xsubi
sincecab isusedfororderedpairs oftenit iswritten theintervalcab foropenintervals

DefinitionWhen5T IR SxTor1122isthesetofallpointsintheplanedesignatedbyhorizontal
andverticalcoordinatescalledtheCartesiancoordinatesofthepoint

TheconceptofCartesianproductsisnamedafterReneDescartes 15961650

Definition LetAandBbesetsTheirunionwrittenAUBConsistsofallelementsinAorB

Definition LetAandBbesetsTheirintersectionwritten AnB consistsof allelements in
bothAand B

Definition LetAand B besetsTheirdifference A B consistsofelementsof Athat are
not in 13

DefinitionTwosetsaredisjoint if theirintersection is 0



Definition If a setA iscontained insomeuniverse Vthenthecomplement Ac ofA is
thesetofelementsof V notinA

ExampleLetEandOdenotethesetsofevennumbersandoddnumbers Eh0 0 and
EU0 2Within7LEc O

VennDiagram
InaVenndiagram anouterboxrepresentstheuniverseunderconsiderationandtheregions
withintheboxcorrespondtosetsNonoverlappingregionscorrespond todisjointsets

A B
V

A B anB A113

TheVenndiagramwasnamed forJohnVenn18341923 thoughhedidntinventthem

Functions

Definition Afunction f from a setAto a set13assignstoeachacA asingleelement fla
inB

DefinitionFora function f from AtoB written fA B the setA isthedomain

Definition Theelementflat inset13iscalledtheimageof aunder f Theimageof fwith
domaina is f a atA3

Definition For f A B theset B is thetarget

Afunction F A B isdefinedon AandmapsA intoB Theimageof a function is
contained in itstarget B

A
fs 7

domain 7 image target2
7

waystodescribeafunction
listpairsCafla
provideaformulafor f a from a
describetheruleinwords

Definition Afunction fA B is welldefined if therulesdefining f assigntoeach
elementofAexactly oneelementof B

Definition Afunction f isrealvalued if itsimageis asubsetof IR
Forrealvaluedfunctions fandg ftg x f x 1gx and fg X f xgx



Definition A real polynomial inonevariableis afunction f IR IRdefinedby
f X CotCX't CkXKwhereK isanonnegativeintegerandco Ck arerealnumbers

Definition Forrealpolynomial fix CoteX't CkXkCo Ckarecalledthecoefficients of f

Definition Forrealpolynomial f X CotCX't 1Ckx thedegreeof f isthelargestdsuch
thatCdto
Thepolynomial with allcoefficients 0 has nodegree

PolynomialNames1Definitions
DegreeO constant
DegreeI linear
Degree2 quadratic
Degree3 cubic

Definition Amonomial invariables x Xn isanexpressionCXai Xnanwherec is areal
numberandeachaj isa nonnegativeinteger
Apolynomial in hvariableisa finitesumofmonomials in n variables

ExampleThefunction flXyZ X'ty2 22 2Xy12 2 2yz is a polynomial inthreevariables

Definition Thegraphof afunction fA B isthesubsetof Ax13consistingof the ordered
pairs X flx xcA

Examplewedefinef 47 147byf h 5 n Thegraphof f is 1,472,37 3,2C4,1

Definition AsetSEIRisbounded ifthereexistsME112suchthat 1 1EMforallXES

Definition AsetSEIRisunbounded if nosuchMEIRexistssuchthat1 1EMfor all XES

Definition Aboundedfunctionis arealvaluedfunctionwhoseimage isbounded Thatis
for a realvaluedfunctionf forwhichthereissomeMEIRsuchthat fix EM for a11X
inthedomain

Definition Let f IR IRandAbe a set ofrealnumbers Wesay f isincreasingon A if
f x Cf Xi wheneverXCXandX XEA
Alsocalledstrictlyincreasing

Definition Letf IR IRandAbea setofrealnumbers f isnondecreasingon A if fuk f x
wheneverXcx andXXEA
Alsocalledweakly increasing

changingc to andE toZyieldsdefinitionsfor decreasingand nonincreasing



Definition Afunction is monotoneonA if it is nondecreasingon A or non increasing
on A

n
unboundedincreasing boundednotmonotone boundedincreasing

Definition Theidentityfunctionona set S is thefunctionF S Sdefined f x x for all
XE S

Definition Afixedpointof afunctionf S sS is anelementXESsuchthat f X X
Everyelementin theidentityfunctionis afixedpoint
AfunctionfromIRtoIRhasafixedpointifandonlyif the line XX intersectsits
graph

DefinitionGivenf A BandyEB theinverseimageofyunderf written If y isthe
set XEA f x _y

DefinitionForh112112 IR thelevelsetof h withvalue c is In c

ExampleLetAXy Xly ForeachC Ia c is a line in IR Thelevelsetsareparallellines
whoseunion is112

TheRealNumberSystem

Definition Axiomsare ashortlistofpropertiesthatrealnumberssatisfyandfromwhich
allotherpropertiesarederived

Definition Asetswithoperations ando anddistinguishedelements0and Iwith 011 isa
field if thefollowingfieldaxiomshold

FieldAxioms
A0 XYES L Closure MO x yes
A1 City Z XCy127 a associativity Mt xy Z XCyZ
A2 x y y 2 commutativity s M2 Xy yZA3 x10 X L identity M3 X l X
A4 givenXthereis aWESsuchthatXtwo M4 for to there is a WESsuchthatxw 1

distributive inverse9DLXly z Xy XZL law

isaddition ismultiplication O istheadditiveidentityelement 1 isthemultiplicative
identityelement



DefinitionTheadditiveinverseof isthenegativeof written x

DefinitionSubtractionofy from x isdefinedby Xy Xtcy
DefinitionThemultiplicativeinverseof isthereciprocalof writtenX i
0hasnoreciprocal

Definition DivisionofXbyywheny1 0 isdefined Xy y y
wewrite xyasxyandx xas x2

DefinitionApositiveset in afieldF is a setPEFsuchthat for Xyetwehave
Pt XyEPimpliesXyep closureunderaddition
P2 XyepimpliesXyep closureundermultiplication
P3XEFimpliesexactlyoneof X OXEP XEP trichotomy

Definition Anorderedfield is afieldwith apositiveset P
Inanorderedfield Ky meansyXEP
E and Ihaveanalogousdefinitions

Definition ifSEFthenBEF is anupperboundforS if XEB forallXES

Definition Anorderedfield F is complete ifeverynonemptysubsetof F thathasanupper
bound in Fhasaleastupperbound in F

Proposition1.42Eachof1N2 isclosedunderadditionandmultiplication 2andIQare
closedundersubtractionThesetofnonzeronumbers in Q isclosedunderdivision

Proposition1.43LetF beanorderedfieldandXyZUVEF
a X 2 YtZimpliesX y e CxCy Xy
b x 0 0 f xz yzand210impliesXyc Cx y Xy gXyOimpliesXO or y O
d X C1 x

Proposition1.44Let Fbeanorderedfieldand XyZUVE F
01 XE Reflexiveproperty
02 XEyandyeximplyX y AntisymmetricProperty
03 Xeyandye2implyxez TransitiveProperty
04 atleastoneofXEyandyexholds TotalOrderingProperty

Proposition1.45LetFbeanorderedfieldandXyZUVEF
Fl KyimpliesXtzeytz AdditiveOrderLaw
12 XeyandOEz implyXZEyz MultiplicativeOrderLaw
13 XEyandUEvimplyXtueytv AdditionofInequalities
14OExeyandOEUEVimplyXueyv MultiplicationofInequalities

Proposition1.46LetFbeanorderedfieldandXyZUVEF
a xEyimplies yE X d 01 2 gOcxcyimpliesocy ex i
b XEyandZEOimpliesy2Exz eOct
COExandOEyimplyOExy f OsximpliesOcx i



Example Multiply598by602
5986027 6002 6002 6002223600004 359996

ExampleFindallab forset Cab c22 a2b2a
a2b2A acab 2 70

Bothfactorsmusthavethesamesignsoeither
1 a Oandab 2 OR 2ACOandAbc2

t t
allintegerpairsin firstquadrantexcept allintegerpairsinsecondquadrant
1,2and 2,1 andCl 1

Thustheansweristheunionofthese



Chapter2 Language and Proofs

Definition Alinearequationintwovariables xandy is anequationaxby rwherethe
coefficient a bandtheconstantr arerealnumbers

Definition Alinein1122isthesetofpairsCxy satisfyinga linearequationwhose
coefficienta and b are notbothZero

X124 2 2,2

2x y 2

Therearethreepossibilitiesfortwolines
1Theyintersectatonepoint onecommonsolution
2Theyareparallel nocommonsolutions
3Theyareidentical infinitelymanysolutions

Theorem2.2 Letaxtby r andCXtdy s belinearequationsintwovariables xandy If
ad bot 0thenthereis auniquecommonsolution If ad be 0thenthere is nocommon
solutionorthereareinfinitelymanydependingon RandS
Proof If all fourcoefficientsarezero thenthere is nosolutionunless r s 0 in
whichall CXy aresolutionsOtherwise atleastonecoefficientisnon zero Wemay
assumed10byinterchangingtheequations
Solvingfor y inthesecondequation weget

y SCXd
wesubstitutethistoget
a bcf x1 bds r since ax b sIX axtbsd.be ax bds bfX a bdc x bdS r

multiplyingbyd weget ad bc Xtbs rd
whenadbe10 wedividetoget

rd bs
ad bc

whichwesubstitutebackin to get
a radabbg by r y readbe aCrdbs as re

blad bc ad bc Uniquesolution

whenadbe O itbecomesbs rd If bstrd then nosolution Ifbs rd thenthereare
infinitelymanysolutionsof y X SEX



Theorem2.3 If a b c areoddintegersthenaRtbXtc 0hasnosolution inthesetof
rationalnumbers
Proofbycontradiction suppose is arational P9 forintegerspandqwhereXis in
lowesttermssopandghaveno commonintegerfactorlargerthan I
From aX4bx GO weget apibpgCq2 0
Nowweproveap4bpqtcq2cannotbe 0
Sincex is arationalnumberinlowesttermspandqcannotbothbeeven Iftheyreboth
oddthenallthreetermsareoddso 1 0
If pisoddandqiseven orviceversa thentherearetwoeventermsandoneoddso
10Thus cannotberational

Quantifiers Logic Statements

Tounderstand astatementsubject itmustbewrittenaboutclearly

ExampleThenegationof Allstudentsaremale isnot allstudentsarenotmale but atleast
onestudentisnotmale

Mathmustavoidambiguities

ExampleThesentenceThereis arealnumberysuchthat x y3 foreveryrealnumber
saysthatsomenumbery isthecuberootofallnumberswhichisfalseTosaythatevery
numberhasa cuberoot wesay foreveryrealnumberX thereis arealnumbery
suchthat Xy3
Definition Amathematicalstatementisanunambiguousgrammaticallycorrect
sentencewhichcanbesaidtobe true or false

ExampleConsiderthestatement Thisstatementis false andcall itP Ifthewords
thisstatement refertoanothersentenceQthenPiseithertrue orfalseHowever if
thisstatementreferstoPitself Pmustbefalse if it istrueandtrue if it is false
Pcannotbeamathematicalstatement

DefinitionsNotations
1 weuseuppercaseletterstodenotemathematicalstatements
2Thetruthorfalsityofastatementis itstruthvalue

Negatingastatementreversesitstruthvalue
3Weuse 7 toindicatenegation
Example 7Pmeans notP If Pisfalse Pistrue

4 Inthestatement Forall in S PCx istrue thevariablex isuniversallyquantifiedWe
writethisasCVxesPCx
5 t is auniversalquantifier
meaning forall or every

6 InthestatementThereexistsan in SsuchthatPcx istrue thevariablex is
existentiallyquantifiedWewritethisas Gxc5Pix
7 F isanexistentialquantifier
8Thesetofallowedvaluesforavariableis itsuniverse



Universal t helpers Existential F helpers
forall forevery forsome
if then thereexists suchthat
whenever forgivenevery satisfies atleastone forwhich
anya arbitrary must is some satisfies
let be has a suchthat

ExampleConsiderthestatement if n iseven then isthesumoftwooddnumbersLetting
Cbethesetofevenintegersand 0bethesetofoddandlettingPchXy be h Xly
Thestatementbecomes theE FxyCO Pn Xy

ExampleConsidertheexercise Letaand bberealnumbersProvethatax7bx a has a real
solution ThisbecomesCtabEIR FXEIR aX4bX a When a XOworksfor all bWhen
a10 then thequadraticformula X b17492 works

2A

Example Compare LUXEA FyeBPlay and FyCB VXEAPlay
ThesecondstatementalwaysimpliesthefirstThefirst istrue if foreachx wecanpick
a y that worksThesecondistrue ifthereis a ythatwillalwayswork regardlessof
thechoiceofX

VxPcxDisthesameas FxGPCN
LaxPcxDisthesameasCtxGPCx

Example wecanusenotation forunboundedandbounded
bounded TMEIRXVXE.IR If IEM
unbounded VMEIR FXEIR If I M

Compoundstatements

wecanuseconnectives and or ifandonlyif and implies tobuildcompoundstatements

Name Symbol Meaning conditionfortruth
Negation 7P notP Pfalse
conjunction PnQ PandQ bothtrue
Disjunction PvQ PorQ atleastone true
Biconditional Pc Q PifandonlyifQ sametruthvalue
conditional P Q PimpliesQ Qtruewheneverptrue

Definition IntheconditionalstatementP Q P is thehypothesis

Definition IntheconditionalstatementP Q Qistheconclusion

DefinitionThestatementQ P istheconverse of P Q

DefinitionAlistingofthetruthvaluecomputation foreachchoiceof truthvaluesis a
truthtable



P Q P Q nP GP vQ P Q tip vQ
T T T F T T
T F F F F T
F T T T T T
F F T T T T

DefinitionAnexpression iscalledatautology if itsalwaystrue

Astatementdependingon twovariablesxyneedsbothvariablestobequantifiedorder
matters

DefinitionTwologicalexpressionsXY are logicallyequivalentiftheyhavethesame
truthvalveforeachassignmentoftruthvaluesof thevariables

Twologicallyequivalentstatements are interchangeable in aproof

ExampleForstatements PQ thefollowingareequivalent
a 7CprQ 7P vGQ
b 7 PvQ np GQ
c 7 p Q pnGQ
d Pc Q P Q n Q p
e PvQ Gp Q
f p Q GQ Gp

IfPcxandQX arestatementsaboutelementxEU weoftenwriteCtxc KPK QLD
asPcx Q x or p Q

IfA XEV pix istrue thenPCN Qu is theA Q X
if B xeUQu istrue thenPCN QX isAEBand Q PG is BEAandPc Qis AB

XEAC notHEA 7 XCA
XCAuB XEA or XEB XCA v xCB
xcAnB XCA and XEB XEA n xEB
AEB VXCACXEB XEA XEB

DefinitionTheintersectionof a collectionofsetsconsistsofallelementsthatbelongto
all ofthesets

Definition TheUnionof acollectionofsetsconsistsofallelementsthatbelongtoat least
oneofthesets

When xandyarenumbers then X y isthesameasxeyandyellWhenAandBare
sets AB isthesameasAEBandBEA Forlogicalstatements PandQ Pe Qmeans
P QandQ p

1 AnB c AcuBc
2 AUB AcnBc



ElementaryProofs

Methodsofproving P Q
DirectMethodAssumePistrueandusemathematicalreasoningtoproveQtrue
contrapositiveMethodProveaQ np
Methodofcontradiction AssumePandaQandobtainacontradiction

Example IfXandyarebothoddintegersthenxtyiseven
ProofsupposeXandyareoddthenthereexistsintegers k l suchthat X2K11and
y 2e11Bypropertiesofadditionandthedistributive law

X y 2ktI 12l t l 2K121 2 2 ktl.tl
Thisistwiceanintegerso itiseven

ExampleAnintegeriseven ifandonlyif itssquareiseven
If n iseventhen n 2Kfor a KE2
n2 2K2 4K2 22K2 sotheforwarddirectionistrue
Toprovethereverse weprovethat ifn2iseven so is n Wecanprovethisviathe
contrapositivemethod
Letm beanoddintegerwith m 2ktl for a KC7L
m2 2K1132 4K212k 1 22K K 11

ExampleThereis nolargestrealnumber
Assumethat for allXEIR I2EIRsuchthat2ZX If11 2 1then 222 1 021Whichis a
contradiction



Chapter3 Induction

Definition Theset1Nofnaturalnumbers istheintersectionofallsetsSEIRthathavethe
followingtwoproperties
a 1ES
b ifXESthenX11ES

Theorem3.6 PrincipleofInduction Foreachnaturalnumbern letPcn be amathematical
statement Ifproperties a and bholdthenforeach heIN thestatementPln istrue
a PCDistrue
bForKEIN ifP K istruethenPLK11 istrue

proposition3.7ForMEIN 1 21 n ntht
proof since 1 142 Pcl istrueAssumePCK then

PCKtD Plk 1kt I KKIL t K D K 1 Kz 1 KH K12
2

ThusPln holds

Definition AsequenceisafunctionwhosedomainisIN

8indicatessummation
af i sum of fci overintegers i whereas iEb

Proposition3.12supposeca andCb aresequencesofrealnumbersandthat new
a If CEIRthen ftCai CEEAi
b If aiEbi forall iCIN then inaieEbi
c if Oeai Ebi forall iCINthen ai eIIbi
whereITindicatesmultiplicationproducts

Lemma3.13 If XyEIRandhCIN then xnyn Xy xnl xn2yt xyn2 yn
corollary3.14TheGeometricSum If gEIR q11and n is a nonnegativeintegerthen

aiaan
ProofweuseLemma3.13withXgandy 1 toget

gn l g 1 gn gn21 1
anddividebyq1

ExampleTheNCAAbasketball tournamentstartswith64teamsHowmanygamesare
playedtogetachampion
GameNumbers 32 716 78 74 2 1
Totalgames 1 2 4 8 16 32 1 2 26 I 63



Proposition3.16 tf nCINand922thenncqn
ProofUseinduction
Forn L 1cgbydefinitionofq
Assumeclaimholdsforn thennigh NtlEntn 2hEqKCqq gk11

Proposition3.19 ifXi Xn arenumbersintheintervalco I

IICi Xi 21 EXi
ProofByinduction

Corollary3.20tfOEae l andnew then I a n I l na
ProofThis isproposition3.19withX Xn a

Proposition3.21 Forall nCIN EEiz n htt 2h46
ProofByinduction

Lemma3.23 If f is apolynomialofdegreedthena is a zeroof f ifandonly if f x x a ha
forsomepolynomial h ofdegreed 1
ProofBydefinitionofapolynomial fix CiXi witha a nonnegativeinteger
andCdto If f X Xa h X holdsthenflat O
Assumingfla 0 thensince f x co IeCixi wehave
f X f x fca CoCo i Ci Xiai IICiCXi ai

andbyLemma3.13for iz I Xi ai X a hi X where hi EXij aj 1
Usingproposition3.12A factoring Xa gives fix X a h X where he EEhi x
Sinceeachhihasdegree i l h isofdegreed 1

Theorem3.24Everypolynomial ofdegreed hasatmostdzeros
ProofUseinductionwithbasisstepd andinductivestepd21

Corollary3.25Tworealpolynomialsareequal ifandonlyif theircorrespondingcoefficients
areequal
ProofLetfix g X andh f g thenhX 0andbyTheorem3.24 itmustbethezero
polynomialsinceithas 0zeroes

StrongInduction

Theorem3.28 StrongInductionPrinciple Let Pcn hCIN beasequenceofmathematical
statements If properties a and b belowholdthenforeverynCINPcn istrue
a Pll istrue
b ForK22 ifPci istrue for all lick thenPlk istrue

Proposition3.30 wellorderingproperty Everynonemptysubsetof1Nhasaleastelement



Theorem3,31FLisirrational
Proof IfFeisrationalthen F Mn for some MhCIN
Since kite 2 ncmc2h SO 0cm rich
Using2h2_m2

2h m nn2m77 2h2mn m2Mn Mcmh M
m n n m h n m h n m h n

which issmallerthanmn butMn wasassumedtobesimplified

DefinitionTheMethodofDescentprovesPln for all nCINbyprovingthatthereis no
least nwherePln fails

Proposition3.32Everynaturalnumberncanbeexpressed inexactlyonewayas the
productof anoddnumberand apowerof 2
Proof Iftheclaimfailsthensomeleast n doesnothaveauniquesuchexpression If n
isoddthen 1 n is auniquesuchexpression If n iseventhenwelookath2 Weadda
powerof 2ton2expressiontoproduce an n Soif n is acounterexamplethen42 is
alsoacounterexample



Chapter 6 Divisibility
Definition If a bC2with b10 and a Mb for someintegerm then a isdivisibleby b
and bdividesa written b a

DefinitionWhenb a we call b adivisoror factorofa

Definition Anaturalnumberotherthan1 isprime if itsonlypositivefactorsare itselfand 1
oand I arenotprime

FactorsFactorization

Definition Integersaandbarerelativelyprimewhentheyhavenocommonfactorgreater
thanI

DefinitionWhenmandh areintegersthenumber mathb isanintegercombinationof
aandb

Lemma6.5 if a andb arerelativelyprimethenthereexistsintegers m and n such
that mathb L
ProofWhenlat Ibl or b O thenumbersarenotrelativelyprimeunless la1 1 inwhich
M h caO Wemaythen assumelat Ibl
Multiplyingby Idoesnotchangecommonfactors so wemayassume a and b are
nonnegativeWenow usestronginduction weprovedthebasecaseof a b I
For the inductionstepsuppose atb22Bysymmetry wemayassumea b
Whenb 0 weapplytheinductionhypothesis tobanda bTheyarerelativelyprimeand
positivewithsum lessthanatb
weobtainintegersm andnwherembt ncab I whichis natCrnn b l
settingm h andn M n yieldsthedesiredcombination

Proposition6.6 Ifaandbare relativelyprimeandadividesqbthenadividesg
Proofsincea barerelativelyprimeLemma6.5providesintegers m nsuchthat
I mathbThus qmaqthbqmg.atMgb
Sinceqdivideseachtermontheright itdividesq

Proposition 6.7 If aprimepdividesaproductofKintegersthenpdividesatleastoneof
thefactors
Proof Inductionon K
WhenK L trivial ForK22 let bi bk beKintegerswhoseproductisdivisiblebypand
n bi Thospdividesnbk
Ifpdividesbkthentheclaimholdsotherwisesincep isprime pandbicarerelatively
primesobyProposition6.6 pdividesn

Definition Aprimefactorizationof hexpressesn as aproductofpowersofdistinctprimes
writtenas n itpiei



Definition Inaprimefactorization theexponentofeachprimeis itsmultiplicity

ExampleTheprimefactorization of12002435

Theorem6.9FundamentalTheoremofArithmetic Everypositiveintegernhasaprime
factorizationwhichisuniqueexceptforreorderings ofthefactors

CorollaryG10 If a b arerelativelyprimeandbothdivide n then ab n

Definition Givenintegers ab notboth0 thegreatestcommondivisorgcdla b is the
largestnaturalnumberthatdividesbotha andb
Byconventiongcd0,03 0
If DgcdCab to then a d and bd arerelativelyprime

Theorem6.12Thesetofintegercombinationsof aandb isthe setofmultiplesofgcda b
ProofLetDgodcab and 5 ratSb r SEI bethesetofintegercombinationsof a
andb LetTdenotethesetofmultiplesof d
SET
sinceddividesbotha andbthereareintegerskand l suchthat a Kdandb ed
Then mathb mKd nld MKthe d
SOddividesmathb
TES
weexpresseachd as anintegercombinationof aandb
sinceadandbd arerelativelyprimethenbyLemma6.5thereexistsintegersm n
suchthat m ad n bd LThusmathb DandforKEE MK atChKb Kd

EuclideanAlgorithm

Definition Analgorithm is aprocedure forperforming acomputationor construction

Proposition6.13 If a b k areintegersthengcdCab gcdca kb b
ProofBythedistributivelaweveryintegerdividing a and bmustalsodividea Kb
Similarly everyintegerdividing a kb and bmustalsodivideaThusd is acommon
divisorof a kbandbHencegcdCab gcdCaKbb

Proposition6.14 if aand bare integerswithbto thenthere is a uniqueintegerpair k r
suchthat a kbtr andOErElbI I
Theprocessofobtainingkand r istheDivisionAlgorithm
Theresulting r istheremainderof a underdivisionby b
r is0 ifandonlyif a isdivisiblebyb

TheEuclideanAlgorithm
InputApairofnonnegativeintegersbothnot0
OutputThegreatestcommondivisoroftheinputpair
initialization setthecurrentpairastheinputpair
Iteration Ifoneelementofthecurrentpairis0 thenreporttheotherelementasthe
outputandstopOtherwisereplacethemaximumelementofthecurrentpairwith its
remainderupondivisionbytheotherelementandrepeatusingthispairas thecurrent
pair



Example Findgcd 154,35
154,35 1544135714
35,14 352447 7
14,7 1421770
7,0
Thus7 isthegodand 7 352447 35 215441357 245419135
whichistheintegercombinationoftheoriginalinputs

Theorem6.17Appliedtointegerscab witha2b20anda10 theEuclideanAlgorithmreports
gcdCab astheoutputFurthermorereversingthesubstitutionstepsofthealgorithm
yieldsanexpressionofgcdCab as mathb forsome Mhe2

ExampleTheequation 6 1511 79 hasnosolution in integers assuchasolutionwould
express79as an integercombinationof 6and15 butallsuchcombinationsaremultiples
ofgod6,15 3which79isnot

ExampleWhataretheintegersolutionsof6 15499
99is amultipleofgod 6 I5 3SOTheorem6.12guaranteesasolution
Firstreducetheequationto 2 54 33
SettingX 2andy weget2C2 547 1 whichwemultiplytoget
Xy 33L2 1 L66,33
since2,5arerelativelyprime 5 C6615K332K KC I

Definition Anequationforwhichweseekintegersolutions iscalleda diphantineequation

DartboardProblem

Theorem DartboardProblem Fora brelativelyprime a b22
Dab a bcannotbewrittenas an integercombination axby
2 If N ab a b then N ax by for some Xy withXyz0

Theorem6.21whena b are relativelyprimeandXC7Lthenumbers XXtb XtCa1 b
havedistinctremaindersupondivisionbya
ProofSuppose xtib andXtjbhavethesameremainder whichmeans
Xtib katr andXijb la tr for some integers ke r with OEr ea 1
Subtractingtheequationsgives Ci j b K e a
Sinceadivides Ke a itmustdivideCi j b Sincea andb arerelativelyprime a
mustdivide i j andsince i and jare nonnegativeintegerslessthan a i j



Chapter7 Modular Arithmetic

Relations

DefinitionWhenSandT aresets arelationbetweenSandT is asubsetof theproduct
SXT Arelationon S isa subsetofSxS

Example Letsbethesetofstudentsand1bethe set ofteachersWedefinearelation
12betweenS and Tbyletting12betheset oforderedpairs Xy inSxTsuchthat
hastaken aclassfrom y

Example If fIR IR thenthegraphof f is arelationonIR It isthesetoforderedpairs
Xy C1122 y f x

Definition Anequivalencerelationon a sets isarelation12on Ssuchthat for all
choicesofdistinct xyZES
a XX CR ReflexiveProperty
b Xy ER yx CR SymmetricProperty
c Xy ERandly z ER XZ CR TransitiveProperty

ExampleThedivisibilityrelation R M n cIN m n is reflexivetransitive butnot
symmetricThus it isnotanequivalencerelation

DefinitionGivenanequivalencerelationon s thesetofelementsequivalentto xes is
the equivalenceclass

Congruence

DefinitionGivenanaturalnumberh theintegers xandy arecongruentmodulo n if
Xy isdivisiblebyn Wewrite thisas X yLmodn

DefinitionForX y modn thenumbern iscalledthemodulus

Theorem7.16 Forevery nCIN congruencemodulo n is anequivalencerelationon 2
ProofReflexive XX isdivisiblebyn
Symmetric If X y modn then n x y Sincey X x y and hCnm ifandonly if
n m theny Xmodn
Transitive If n xy and h y Z then Xy anand y Z bn for someintegers a b
AddingtheseequationsgivesXZ antbh atb n so n x Z

DefinitionTheequivalenceclassesoftherelation congruencemodulo n on 2 arethe
remainderclasses orcongruenceclassesmodulon Thesetofcongruenceclassesiswritten
as7Ln or k n2

Lemma7.19 If a Ircmodn andb modn thenAtb rts modn and a b r s modn
ProofSincea r modn andb Smodn then a kntr and b Lnts for som
integers k l Addingtheseequationsyields atb Kil ht rts andthusAtb rts modn
Multiplyingthesegives a b Ken'tLkstern tr s andthusa b rosModn



ExampleSince79 4mods and23 3mods 79.23 12mods Since12 2mods we can
reducethisto79.23 2mods

DefinitionAbinaryoperationon a setS is afunctionfromSxStoS
On2nadditionisthebinaryoperationdefinedbylettingthesumof the congruence
classesaandb betheclasscontainingtheintegeratb
on2n multiplication is thebinaryoperationdefinedbylettingtheproductof a and
bbetheclasscontainingtheinner a b
Innotation at b atb and a b ab

Example ForIz t 0 I O l
O O I 0 O O
I 1 O l O 1

Example79.23 4a3 12 2mod5

Lemma7.27 If aandh arerelativelyprimeintegersthenmultiplicationbya definesa
bijectionfromEn 03toitself Equivalently multiplicationbya permutes the nonzero
congruenceclasses
ProofSinceaandh arerelativelyprime 0 a 2A ChDa allhavedifferentremainders
modulon Since0hasremainder0 theothersare nonzeroSincetheyare distinct the
listdefinesaninjectionfroman 03toitselfSincethe set is finite theinjection
is abijection

Definition Afunction f A B isabijection if forevery beB thereisexactlyoneXEAsuch
that f X b

Definition Afunction f A B is injective if foreachbEB thereisatmostoneXEAsuch
that f x b

Corollary7.28 If aandn arerelativelyprimeintegers thensolutions to ax ILmodn
existsand lie in asinglecongruenceclass
inthelanguageof2n theclass I isthemultiplicativeinverseof a

Applications

Theorem7.30 ChineseRemainderTheorem If hi isa setof rnaturalnumbersthat are
pairwiserelativelyprimeand ai areany rintegersthenthesystemofcongruences
X aiLmodni hasa uniquesolutionN Tini

Example Supposeweseek suchthat11 2mods X 4mod7 andX 3mod9 Thisyields
N315andNiNzN3 63,4535

i ai ni Ni Nimodni Yi
I 2 5 63 3 2
2 4 7 45 3 5
3 3 9 35 l 1

BytheChineseRemainderTheorem weget2.63024045.53.35C171047Allnumbers
congruentto1047mod315 aresolutionsthesmallestbeing 10210473315



Whenp isprimeanda is notamultipleof pthen aP1 1modp

FunctionalDigraph

Weformloopsfor a bycalculatingax

Example Fora 5and1013
For11 0

o
ForX I
1 1mod13 12 8
1 5 5 mod13
55 25 12mod13 n v
12.5 60 8 mod13 c85 40 1mod13 5 1

For112 For11 4
2 2mod13 4 4 mod13 7 9
2.5 10mod13 4.5 20 7mod13

v n v10.550 11mod13 7.5 35 9mod13
11.5 55 3mod13 c 9.5 45 6mod13 c
3 5 15 2mod13 2 3 6.5 30 4mod13 4 6

DefinitionWhensomepowerofa is congruentto 1modp theorderof a Cinxp is
theleastKsuchthat ak l modp

Lemma7.34Letpbeprimeandsuppose a 0cmOdp Forxe2pletSx XXaXa There
is apositiveintegerk suchthat forall Xto thesetSxconsistsofexactly Kelements

Lemma7.35 if R istherelationon Ipdefinedby Xy eR ifandonlyif y Xamodp for
somenonnegativeintegerj thenR is anequivalencerelation
ProofSinceX Xaocmodp Risreflexive
LetKbetheorderof a in IpWheny xaJCmodp wemayassume 0EjeK l If y Xailmodp
thenXYakdmodp sosymmetric If y Xarcmodp and EXascmodp then2 artsmodp
sotransitive

Theorem7.36Fermat'sLittleTheorem Ifpisprimeanda isnotamultipleofpthen
AP1 1modp

Example11902113030 2 1130730112 130.121 3 28mod31

corollary7.39 If p isprimeandac7LthenAP a modp

Definition Agroupis asetGtogetherwithabinaryoperation onGsatisfyingthe
followingproperties
1Thereis anelementEEGsuchthat foreveryXEG X e X e XThiselementisthe
identityelement
2 ForeveryKEGthereisanelementyeasuchthat X y e y X YistheinverseofX
3ForeveryXy2EG HoyoZ xoyoz



Corollary7.42whenpisprime Ip 03is agroupundermultiplication

Lemma7.43 If pisprimeandAEINthen a2 1modp ifandonlyif a Lmodp or a ICmodp
Proof If a I thenpdivides a I att a l
Whenaprimedividesaproduct itmustdivideoneofthefactorssopdividesat1 or
a 1

Theorem7.44Wilson'sTheorem pD I ICmodp forpprime



Chapter8 The Rational Numbers

RecallWhenpandqareintegersandget0 thequotientPa is arealnumberSuchreal
numbers are calledrationalTheothersareirrational

RationalNumbersGeometry

DefinitionAfractionisanexpressionconsistingofaninteger adivisionsymbol and a
nonzero integerForintegers a b wewritethefraction

a or a a numerator
b b b denominator

Fractionsaband cdrepresentthesamerationalnumberif ad be

Definition Afraction a b is inlowestterms if a and bhavenocommonfactorsand
b o
Whenthedenominator is thesmallestpositivenumberamongthedenominators of
all representativesofthesamerationalnumber

Proposition8.11Everyline L in1122thatcontainstheoriginandhasrationalslopeis
specifiedbyan integerpaircab witha10 such thatCXy CL ifandonly if
Xy Catbt forsomerealnumbert
Proof IfCXy Catbt then bXay Owhichis a linethroughtheorigin withslope
Ba Let LbethelineAXBy 0 forrealnumbersA Bnotboth0
If130 theline isverticalwithoutarationalslope
If1310 thentheslopeis ABandwe canwrite AB a b for integers abNowCXy
lieson L ifandonlyif DXay 0 whichis Xy Catbt

DefinitionTheunitcircleistheset Cxy eIR Xiy2 1

Theorem8.12CParametrizationoftheUnitCircle If Xt l then x4y2 1 ifandonly ifthere
is arealnumber t suchthat exy II 17
FurthersuchapointCXy hasrationalcoordinates ifandonly if t isarationalnumber

IrrationalNumbers

Theorem8.14Thepositiveintegerkhasnorationalsquareroot if k isnotthesquareofan
integer
ProofWeusecontradiction
Suppose it isrationalandthatMn is afractionrepresenting it where h ispositive
andminimal IfMn is notaninteger thenthere's anintegerqsuchthatMn l cgcmn so 0cmnotch
Since mngto

m Mlmhq m2Mn9 n'KMng nk mq
n n m ng n mng n m ng m ng

since0cmnotch wefound a representationwith a smallerpositivedenominator
soifthesquarerootofK isrational itmustbe aninteger



Theorem8.16RationalZerosTheorem LetCo CnbeintegerswithnetandCoCn10 and
let fC oCiXi for XEIR
If r is arationalsolutiontotheequationHx 0 writtenasPq inlowesttermsthen p
mustdividecoandqmustdivideCn
ProofWhen f r 0 thenwecanget

ocipiqn i o s cnpn.inocipiqn1 q ocipiqn
i i

sinceqdividesoneside itmustdividetheotherSinceqandparerelativelyprime as
Pq is lowestterms thenqmustdivideCnSimilarly for

Coqn ECipigni p Cipi gn i
sopdividesco

Example IftheequationX36 0 has a rationalsolutionr writtenPg thenqmustdivide1
andpmustdivide6Sotheonlypossibilitiesare r 11 12 I316andnonework

PythagoreanTriples

Theorem8.20PythagoreanTheorem If ab carethelengthsofthesidesofarighttriangle
with c thelengthofthesideoppositetherightanglethena2 5 02

a catb 2 5 4 abz a2 5 02
c

b
a b

Definition Theintegersolutionstoa'tb C2arecalledPythagoreantriples

Examples 3,45 15,1213 8,1517 7,2425 2021,29 9,4041

Theorem8.22ThePythagoreantriplesare theintegermultiplesoftriplesofthe form
2rs r S r'tS2 or R2S22rs r'tS2where r s are integers


