
 Elementsofprobability

1 Experimentwithmeasurableoutcomethatinvolveschance
Examples
1watchaNotreDamevSNavygameandcounthowmanyyardsAndrewHendrixthrows
for
2Everyonerollsadieandwerecordthenumbersrolled
3Tossacoinrepeatedlyuntilyougetaheadandcounthowmanytimesthecoinwastossed

2Samplespaceorsetofallpossibleoutcomes
DForAndrewHendrix
5 Ol2,3 3220Or infinite
5 OYzl l12,2 Or
5 0,12 500 5003or finite
5 xeIRzo infinite

2 S XiXzXs Xss LEXIE6 foreach i
3SEHTHTTH U TT nevergetH
3Events1e setsofoutcomes
1 A 0 I 23,43 AndrewHendrixthrowsc5yards
B Ex x 203 foratleast20yards
C E4,56 20,213 foratleast4andatmost21

2 D XiX2,113 Xgz atleastoneof theXi'sis63
3 EETTHTTTH eventuallygetaheadbut ittakesatleast3tries
Therearetwospecialevents
is0 nothinghappens
ii s somethinghappens
IfeventFoccurswhenwe dotheexperimentthen theoutcomeis in F
Example IfAndrewHendrixthrowsfor4yardsbothAandCCandShaveoccurredbutnotB

Manipulatingerents

Gettingneweventsfromold
i union U
ii intersection n
iii complement c

Example CAndrewHendrixexample
S A
O12 AUBisanyoutcome in oneofA B orboth U or3 4

HIEI3If c tense'maineingisinooiftinian
and

2122
ConnectionbetweenthethreeCAUBUCEachBcnCe

DeMorgan'sLaws
1CAUAzu UAnc AChAin AAnc
2 AinAzn AAnc AFUAEU UAre

Anumberassigned toaneventcanmeasurehowlikelyit is



RulesofProbability

DOEPCEE1 foreachE
2PCS I
3 ForanyAiAz mutuallyexclusive thenPioAi PCAi

consequenceoftherules
1 PC070
Proof s su000U PS PS tplO tP O t PC07 0
2PLANAzU UAn MADPCA2 t Plan IftheAiaremutuallyexclusive
calledfiniteadditivity
3 PAC I P A
Proof 5AUAC PCS PCAVAc pA PCAc I

tiptoeB is.si75
oEsBpitEipeieYatnhisninienoae'psiniaBiIihewnenPaYEiIia3IpuaF

IExpirement.pickapersonatrandomandnotetheirgenderand iftheyarewearingglasses
m fData

g
h 2012 totalso

5 fgfnMgMh 16possibleevents 24

ProbabilityExampies

If 5 WiWz Wn andweexpectalloutcomestobeequallylikelythen
PCs I P Wi Wn3 P WBUwz3U UWn3 pEw3 Yn PEWi3

Example roll a 20Sideddie
5 1,2 203allequallylikely
Peachindividualoutcome 420
If E 1516,171819,203PCE P15714161 PC207420

Ingeneral ifall noutcomesareequallylikely then PCEftp Successfu1outcomeS
Outcomes

ExampleHomework Youhave 2Marsbars 1Snickersand I KitKatinabagDrawonebar
eatit drawasecondbareatit andnotethetwothatwereeatenandinwhichorder
5 CMM CMS7CMK CSM CSKICKMICKs
C thefirstbaryoueatis a KitKat CKMICkS
PCE147becauseofthepresenceof 2Marsbars
viewtheMarsbarsas different MiMz
Therearetwelvenewoutcomes ofdifferentprobability
Ez CkMi CkMdCkS PCE27 31244



ExampleDropacoinrandomlyon a 2 3tableandobservethepointatwhichthecenterlands
2

1 s Cxy Ock3 0Cyc23infinite
U upper CXy 04 3 Kye23 Eedge CXy Ock1 or 24k3and0423

3

pcetz fffff.es f I Putz
ingeneralPCanyevent Area

Areas
ccenter 142,1
pic AreaCElY2 Q o6 6
PlusM 43
PCUoM pU PCM pUnm 516
IfAandBaredisjoint PLAUB PA PCBOtherwisePCAUB PCA PCB PLAnB
PCAUBUC PA PCB1PCCPLAnB PCAnc PCBnotPlanBnc

Independenceexample Assume0.5Ofagroupis518 or taller T and0.3ofthegroupprefers
yankeestwhatis PHAT weexpectittobe0.150.5 0.3

30 Of50
o3x

DefinitionEventsAandBareindependenttfPlanB PAP B

Example roll2diceredandblueandobservethetwonumbers
1,17 1,2

s 2,172,27 36outcomesallequallylikely

6,1 6,2
Areddice is 1 or2 B bluediceiseven
PCA 6 b PCB L PLAN135366614 4
Cbothdiceshowthesamenumber
PCC61PCAPCC 1361GfPlanc 3618
SOAandB AandCareindependent
D reddiceshows2or3
PlD 3 PCA I PCAND7611 f x f Sotheyaredependent

MutuallyExclusive

T
areAandBindependent no
PLANB OFPCAPCBunlessPCA OorP B O



Exampletossacoinuntilheads
5 HTHTTH TTT
PCH L PCTH 4 L I PLTTH f PCTF.TTH E ht

Aeventuallygetahead
PCA PLEHTHTTH 3 L 4 f t 1 sinceataxtax4

PCTTT pAc lPCA O
ThisisanexampleofPG 0when 10

Definition 3eventsABandCareindependenttf
i PCAnB PCAPCB
ii pAnc PAPCC
Iii PCBsc PBPcc
IvPlanBnc PCAPCBPcc

ExampleDavidhastoformacommittee Itmusthaveanoddnumberofpeople
5 DABDACDBCABC allchoicesequallylikely
AAhotonthecommittee CCnotonthecommittee1313notonthecommittee
PCA LPCB Pcc PlanB 4 If PAnc PBnc SOABBCACareIndependent
PlanBACK441PCAPCBPlc 18SoABCarenotindependent
knowingAandBoccuredtellsyouthatCdoesnot

supposeAandBareindependentWhataboutAandBeyes
proofPCANBC PLA PLANB PA PLAP B PLA lPCB PCAPCBD
Moregenerally ifAi AnareindependentthenPCA nAinA5h naninAnc PCA PCAz9PlA5ManDPLAnc

ExampleFedeerandMurrayplayabestofthreesetmatchEachisequallylikelytowineachset
andsetsareindependent
5 MMMFMfMMFFFMFMFF
Pln 44 Ys Ys 14 18 18
F FeederwinsPCF 12
EMurraywinsfirstsetPLE 12
AssumeyouknowEoccuredShew MMMFMMFF3 PhewF 114

YyMzYs14Yg14
G thematchgoestothreesets
snew MFMFMNFMFMFF

18 14,48744Ys lyYs 14

NotationPCF1E probabilityofFgivenE conditionalprobability

DefinitionPCAIB PCANB
S

IfPCB O

A B

1 0



Example rolltwodice
A roll 10Orgreater PCA 636 46
B firstis 6
Shew 61,6263,6465,663 PCAlB 12
PCA1B M632 343366 2 3
PCBla PEf 34366 2821

ifAandBareindependentandPCA PCB 0 thenPCAlps PCpYfggB PY pA and

PCBIa MpBf PlpB PCB

otherdirection IfPCBIa PB then PCPB.ca pcB AandB areindependent

MultiplicationruleForAandBPLAnB PCAPBla

ExampleEverymorningchoosebetweenbikeandbusYouchoosebike43Ofthetimeandbus
43ofthetimeWiththebusyou're late415ofthetimeandwiththebikeyou'relate45Of
thetime

q PCbushlate 3 Is Isbusy3
lateYs
notMateyPCbusnnotlate its
atepcbikenlatenotate PCbikesnotlate Fs

PCBuslate 41,54541 I PClatebus

PCAinAzn nAn PCA21A P AiPCA31A nA2
PCANBAC PA PBtaPCClanB PCAPCB PCChanBL

PCA PCAnB

ExampleYouhave4envelopes onewitha prize4peoplepickone afteranotherTheone
withtheprizeisthewinnerWhichisthebestpositiontopickin
Ai person i wins
PCAD 44PCA2 PCAinA2 PAf PAdac 34 1344
PCA3 PCAFnAinA3 PACPCA24Aic
PAslAfnA24 34 2b Yz 44 PCA4 44 1 P Ai pAz PCA3
conclusionallpositionsareequallylikelytowin

PC.la isaprobabilitygivenanyeventAgetanassignmentofprobabilitiestoeachpossibleevent
byconditioning on A
phew pEla
Factphewis avalidassignmentofprobabilities ie
i OEphewCE El
ii phews I
iii phewLuAi Ephew Ai ifAi'sdisjoint
soallofourfactsfor Premaintrueforphew1e PCBcla I PBla



Example 70 OfSouthBendresidents50 ofGrangerresidentsand60 ofMishwaka
residentssupportJoeDonellyTheSouthBendpopulation is120,000 Mishwakapopulation
IS50,000andGranger'spopulationis30,000
PlsB boy 120200,000 SB MPCM0.25
letDsupportsJoeDonelly PcsB 0.6
PCSBID PCSB GPCG

PCD
PCDlsB 0.7PCD1M 06PCDla 0.5
PCD PCDnsB PCDhMHPCDhG pSBPCDIsB PLMPDlm PCGPCDIG
PSBIp 0.610.7 0.650.610.710.250.610.150.5

Bayesformulay

Setup A.az iAn

i
Aw UAn S Ai'spartitionthesamplespace

Datagiven.pl PAz PAnandPBA PlBlAz PlBlan
wantPCAitB PCpBfgf AiPh

PCAPlBla t PlanPBlan
sincePCB pBhai 1PCBAA2 t 1PCBhan PADPBIA 1 PlanPBlanbythe lawof
probabilityAdam'slaw

BayesTheorem If PCB O Ai Anformapartitionof SandPCAi 0 then
PLANB PlAkhB

PCAkPCB
PCB 717AiPCBAi

Example751ofaCompanyscustomershavegoodcreditrating25 have riskyratingPeople
withgoodratingarelate10 ofthetimeandpeoplewithriskyratingarelate50 ofthetime
Pickarandomcustomerwhois lateWhatisthelikelihoodthattheyhaveriskycreditrate
WeknowPCR 0.25PCG 0.75 Plur 0.5 putG 0.1
wewant PRIL
perky Pfj2 PlRP 02570.5 0.125 00.1221 0.625PCRPCLIR PGPLta 0.250.5 0.750.1 0.125 0.75

Example0.005ofthepopulationhasconditionXThereisatestforX98 ofthetime x ispresent
thetestdetectsit 2 ofthetimexisnotpresentthetestdetectsAssumeyoutake thetest
anditspositiveWhatisthechancethatyouhave
PCN0.005 pulp Plpfp PHP 10.005 0982 0,19758

PC PCpix PIXPCP1 4 0.0050.98 0.9950.02

Definition Adiscreterandomvariableis afunction fromtheoutcomestotherealnumbers



Examples
1 rolltwodiceandrecallthenumbersthatcomeupSupposeweareinterestedin thesum
ofthetwonumbers
randomvariable S sIR Xcab atb xcc3,5 X 4,411 8
2 notethetimesatwhichthefirst3peoplearrive inclassThetypicaloutcome is
1.461.481.4845 IfI'minterestedin thedifferencebetween the firstandsecondarrival
SOXlabC b a

Randomvariabies

Examples
1Theexpirement istogotothecinema


