Math 241 Midterm 1 Review Problems

These problems are intended to help you prepare for the test. Test problems will be similar to, but
not the same as, the problems below. This list of problems is not all inclusive; it does not represent
every possible type of problem. 1t is suggested that you review lectures and homework problems.

Previous Semester’s Exam Problems

(1) Evaluate the following limits. Be as specific as possible (i.e write co or —oco instead of DNE
when applicable):

2
-5x-6
(a) lim 22272
z—>-1 r+1
Solution
2 _ _ _
lim & 52-6 _ lim (x-6)(x+T)
rx—>-1 rx+1 r—-1 T
= lim (z - 6)
r—>—1
=-1-6
-[7]
(]
4
b) lim ——
( ) azgél‘ (:L’—3)2
Solution
. 4 4
im -
r—3~ (.%'—3)2 (0_)2
4
o=
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- [oo]
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3,,.2
% +x° + 2
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(c) s Ted+ax+1
Solution
3+ 22 +2 i—S+§—§+%
m =3 =TS 2 L1
z—=oo Txd +x +1 pooo [ 4 Bt 5
y 1+%+%
= lim
XT—>00 7+ 12 + m%
~1+0+0
74040
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7
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T —25
V-5

) s

Solution
lim x-25 _ o r-25 /T+5
=25/ ~5 1-25./T-5 JT+5H
- lim (z—25)(V/z +5)
z—25 x—25
= lim (v/z +5)
r—25
=V25+5
=
sin4dx
(e) lim
z—-0 bx
Solution
. sindx .. sindz 4
lim = lim -
z—0 D z—0 Hx 4
B sindxr 4
S0 4dx 5
=1-lim -
z—05H
|4
15



(2) The function f(z) is defined for —4 < z < 4 and is graphed below. Use the graph to answer
the following questions:

(a) What is lin_ll f(x)?

Solution

[
(b) What is lim f(x)?
Solution
[
(¢) Give the intervals where f(z) is continuous, be careful to include the endpoints if nec-
essary.
Solution |[-4,-1),(-1,1),[1,4]|
[
(d) Does the function appear to be differentiable at z = —27 Explain why or why not.
Solution |No, there is a corner
[



(3) Consider the function f(z) given below. Find

@) lim /() () lim f(2)
N () 704
(ii) zlg}fﬂ f(=) (v) Is f(x) continuous at k7 (yes or no)

for each of the given values of k. If the given value does not exist, write "DNE”, oo, —co, or

”undefined” as necessary:

(a) k=-1

Solution



Solution

t

undefined

))))\}

1_21_21_2—- B

o=
—

Solution
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(4) On which interval(s) is the following function continuous. Justify your answers using limits:

1-22 x<-1
flx)={1+2z -1<z<1
-3 z>1

Solution FEach piece is continuous so we just have to check x = -1 and = = 1.

hn{, flx)= lirrii(l - z?)

—1-(-1)?
=0
lim f(x)= Tim (1+2)
=1-1
=0
f(-1)=1-1
=0

lim f(x) = lim (1+x)

r—>1" 1"

1+1

1l
[\

Ji f(2) = Jim (-9
=-3
f)=1+1
=2

So the function is continuous at = -1 and not at x = 1 (continuous from the left). Accepted

answers are either ‘ (—o0,1)u(1,00) ‘ or ‘ (—o00,1],(1,00) ‘

[]



()

Evaluate lin’(l) (x?sin(4z) + 1)
xr—
Solution

-1 <sin(4z) <1 = —2? < 2?sin(4z) < 22

= -z?+1<a’sin(dz) +1<a? +1
lim(-z®+1) =1 and lim(z? +1) = 1
z—0 z—0
Thus by the squeeze theorem liH(l) (z?sin(4z) +1) =
xr—
Note: You could also just plug in =0

[

Show that the equation z3 — 2% + 2z — 7 = 0 has a solution in the interval [1,2]. State any

theorems you use to support your answer.
Solution Let f(z)=a2%-22+22-7
f()y=1-1+2-7
=-5
f(2)=8-4+4-7
=1

f is continuous with f(1) < 0 and f(2) > 0 so by the Intermediate Value Theorem, there
exists at least one solution in [1,2]

[

Let f(z) =5+2 - Use the intermediate value theorem to show that there is at least one
point where f(x) =0.

Solution

F(0)=5+0-0
=5

f(2)=5+2-16
=-9

f is continuous with f(0) >0 and f(2) < 0 so by the Intermediate Value Theorem there is at
least one point where f(z) = 0.

[]



(8) (a) Using the limit definition of a derivative, differentiate the following:
f(z)=2®-3z-1

(b) Find the equation of the line tangent to f(x) at x =1

Solution

(a)

F@h) - f(@)

/ ERT
f(x)_ilzl—»() h
 im [(x+h)?-3(x+h)-1]-(2®-3z-1)
b0 h
_1im%+2xh+h2—%—3h—l—,®z+%+l
_h—>0 h
o 22 B2 = 3R
_h—>0 h
:hmw
h—0 )4

=lim(2z + h -
hl_I}(l)( x+h-3)

=2z -3

(b)
F(1)=-1and f(1)=-3

Using point-slope form we have

ly+3=-(z-1)]

(9) Differentiate the following functions. You do not need to simplify your answers.

(a) y=3xsinz

Solution

d d d
& (—(3:6)) sinx + 3z— (sinx)
dx

dx dx

=’3sinx+3xcosa;\




(b) y= tan(m2 + 1)

Solution
d d
ﬁ =sec?(z?+1)- %(xQ +1)
=|sec?(z? +1)(2z)
z+1
(c) y= 2 +2
Solution

dy _ (m2+2)%(az+1)—(x+1)%($2+2)
dx (22 +2)2

(22 +2)(1) - (z+1)(22)
(22 +2)?

(d) f(x)=1222 - —— +78
X

\/_
Solution
d
f'(z) = d—(12x2 ~ 5272 1 78)
X
L 32
=12(2z) -5 —5%
_| g+ 20732
2
sin’ z
(e) y

T 23+ a2+ 7
Solution
(223 + 422 + 7)i(sin2 r) —sin? xi(2x3 +4z+7)
dy _ dx dx
dx (223 + 422 +7)2

d
(223 + 422 + 7) (2 sinxd—(sinfn)) ~sin? 2(2(322) + 4(2x)
x

(223 + 422 +7)2

(223 + 42% + 7)(2sinz cos ) — sin? 2(622 + 8x)
(223 + 422 + 7)2




(10) Calculate the following derivatives:

(a)

Solution

dy _ (2—x)d%(:c3 +1) = (23 + 1)%(2—@
dx (2-12)2

(2 -2)(322) - (23 +1)(-1)
(2 - )2

h(t) = cos?(nt) + 3, h'(t) =

Solution

n'(t) = QCOS(Wt)%(COS(ﬂ't)) +0

=2cos(mt) - — sin(wt)%(wt)

= ‘ 2cos(mt) - —sin(nt) - () ‘

f(z) =sin(z)(z® +3) + 23,  f(z) =

Solution

F(x) = sin(x)%(:ﬁ +3) 4 (22 3)%(@@)) ) §x4/3_1

1/3

=|sin(z)(2x) + (2% + 3) cos(z) + %1:

10



yt-Ve+2y=2, y at (1,1
Solution
d d
@(94 ~Vr+2y) = @(2)
d
dx
1
4y’ - 536_1/2 +2)/ =0
Plugging in z =1 and y = 1, we get

1
4-13y’—»§-1—1”-+2y’:0

1
6y -5 =0
1
6y = —
y=3
, [1
D

(11) Find an equation of the tangent line to 22 + zy + 3 = 3 at (1,1)

Solution Taking the derivative of both sides with respect to x we have

2x + [(%(x))y+x%(y)] + 2y§—z =0« 2x+y+x3—z +2y%

Plugging in z =1 and y = 1 we have

d d d
ﬂ1y+u)+(nag+2gugz=0<:3+3E%:0

Using point-slope form we have

\y—1=—@—1ﬂ

11

dy

0



(12) Let a particle’s motion be given by s(t) = v/t —cost for ¢ > 1.

(a) Find the particle’s velocity and acceleration as functions of ¢.

(b) What is the particle’s speed at ¢ = 37/27?

Solution
(a)
v(t) =5'(t)
— 1 —cost) / . i — COS
_2(t )12 dt(t t)
= %(t—cost)_1/2(1+sint)
a(t) =v'(t)
= (% (%(t - cost)_l/Q)) (1+sint) + (%(t - Cost)_l/Z) %(1 +sint)
_ (_i(t _ cost)_3/2%(t _ Cost)) (1+sint) + (%(t — COS t)—l/Q) (cost)
_ _i(t _ cost)_3/2(1 +sint)? + %(t - cost)_l/Q(cost)
(b)

3
Speed at ;

1}

<
—_—
L)
et

2

1(3n -1/2
(5 -9) (1‘”‘
= 0]

12



(13)

(14)

A spherical snowball is placed in the sun. The sun melts the snowball so that its radius

decreases 1/4 in. per hour. Find the rate of change of the volume with respect to time at

the instant the radius is 4 in. The volume of a sphere is V' = %m“3.

Solution A v o4 p p
V=-mds—=21 (3r2—r) = 42
3 dt 3 dt dt
We are given that % = _Tl and we want to find % when r = 4. Plugging these in we have
dv 1
E = 47T(4)2 (_Z) =|-167 in3/hr
]
A person leaves a given point and travels north at 3 mph. Another person leaves the same

point at the same time and travels east at 4 mph. At what rate is the distance between the
two people changing at the instant when they have traveled 2 hours?
Solution The following is what the problem sketch will look like:

We are given

dy dx
Y ogand £ oy
a =3 ad

d
We want to find d—i when z = 8 and y = 6 (as that is how far the cars with have traveled in 2
hours)
When z =8 and y = 6 we have
22 =(8)%+(6)* =100 = z = 10
Taking the derivative with respect to time and plugging in our given information we have
9 dy dz

d
x +y2 = 22 :>2x—x+2y— =2z2—
dt dt dt

. 9(8)(4) + 2(6)(3) = 2(10)2—;

<= 64+36 = 20@
dt
< 100 = 20@
dt

13



Extra Practice Problems

(1) Calculate the following limits.

2+t -2
lim ————
R L

Solution

t2+t-2 _l,m(t+2)M

=1 (t+ 1) (E—1)
I (t+2)

:tl—{rll(t+1)

_1+2

1+1

3
2



Va?+12-4

(b) }cl—rg T -2
Solution
Va2 +12-4 0
lim —m78M - —
z—2 xr -2 0
Va2 +12-4 0 V22+12-4 Vz2+12+4
lim ——— =1lim .
=2 z-2 w2 12 Va2 + 12+ 4
. (2% +12) — 42
=lim
w2 (1 - 2) (Va2 + 12 +4)
. 22 -4
=lim
w2 (1 - 2) (Va2 + 12 +4)
I (z—2)(x+2)
=lim
©=2 (2 —2Y(V2? + 12+ 4)
xr+2
= lm—
22\/12 +12+4
B 2+2
V22+12+4
B 4
V16 +4
B 1
12
T3
lim ——
(© o0 73 — 322 + 6
Solution
T3 7—:’“”33
. L po
a}Lng3—3x2+6x_a}H§o£_% 6z
z3 3 3
_ 7
_ZL%1_§+%
xT X
_ 7
S 1-0+0

15



1

d) 1 1
()xli%x?)—lJr
Solution
lim 1 +1= 1 +1
-0 3 — 1 0-1
=-1+1
3rx-4

(e) li

m-s
z=lxc+x+1

Solution
. 3x-4 3(1) -4
lim =
a>lx?+x+1 (1)2+1+1
B 1
| 3
22 +r-2

im
z>-1 g3 +1

Solution

?rz-2 (-1)2-1-2
—

o 81 (13 +1
1-1-2
-1+1
2
L2
0

So we have to check the one-sided limits.

22+r-2 -2

- —
0-

lim
a—>-1- x3+1

=—> 0

o2+ r-2 -2
hm _— > —
zo—1+* a3 +1 0+

— —00

Thus the limit

16



. |z+1

1
(g) lim 1
Solution
1 —
O R T € 9]
z—--1- x+1 z--1- x<+T
= lim -1
r—>-1"
[
2
-1
(h) lim =
z—1 -1
Solution

=lim(xz +1)
z—1
=1+1

-[2]

223 — 422 + bx

Bt
W 7
Solution
223 — 42 + 5x . xi;—xiijfﬁ—x
li 5 = lim — 1
z—oo  1Tx%+1 zooo 1722 1
x x
2w -4+3
= lim T
zeo 1T+ -5
2(00)-4+0
17+0

17



2
G§) lim 3z°+4

T—>-c0 T+ 7

Solution

2
(k) lim 2
2 -2

Solution

sinx

1) i
(1) lim i

Solution

3x +

]
. t+2 2+2
lim — —
t—2- 1 —2 0~
4
s
0_
—[—o0]
]
sinx sinz 1
3z _zao T 3
1
=1.=
3
_ 1
13
]

18



(m) lin% Z COS (l)

€T—> x

Solution

1 1
_lgcos(—)slﬁ—xgxcos(_)gx
x T

lil%(—x) =0 and liIT(l)(ﬂ?) =0

1
Thus by squeeze theorem 1iH(l) x cos (—) = @
T—> x€x

(2) Calculate the following limits. State clearly any theorems that you use.

(a)
|z — 3|

.
e (6 - 2x)

Solution
223~ (6 -2x)  @-3 -2x—3]
-1
= lim —
z—3- =92
1
12
(b) »
lim sin(3t)
t>0 ¢
Solution
lim sin(3t)  lim sin(3t) 3
=0 t-0 ¢ 3
~ im sin(3t) 3
t=>0 3t
=1-3

-[3]

19



Vh+8-3

h»1 1-h

Solution

. Vh+8-3 . Vh+8-3 VhA+8+3

lim = lim .

-1  1-h -1  1-h vVh+8+3
im (h+8)-9
h=1(1-h)Vh+8+3

h—=T
= lim

h—1 M(\/h_-i-S-i- 3)

:lim—
h=1—(\/h+8+3)
1
V9+3

1

6

lim 22 cos (ﬁ) -11
x

z—0
Solution
3 3
-1< cos(—) <1= —2°< $2COS(—) < 22
T T

3
:>—x2—11§a:2(:os(—)—11Sx2—11

X

111r(1)(—x2 ~11) = -11 and lim(x2 -11)=-11

Thus by the squeeze theorem hII(l) x COS( ) -11= -

20



(3) Describe on which intervals the following functions are continuous (show your work):

sinx

a =
(2) y="—
Solution

T-2#0=3+2=|(-0,2),(2,00)]

3-x, <2
(b) f(z)=45+1, 2<xz<4
3, z>4

Solution Each piece is continuous. Check the breaks.
lim f(x) = lim (3 -x)
27 =27

=3-2
=1

. . x
Jig 7o) = Jig (51)

T
li = li —+1
Jim 1) = i (5 +1)
=—+1

2
=3

lim f(z)= lim 3

r—>4+ x—4t

=3

f(4)=3

Thus f is not continuous at x = 2 (but is continuous from the right) and is continuous
at  =4. Accepted answers are either ‘ (—00,2) U (2,00) ‘ or ‘ (—00,2),[2,00) ‘

21



1-22 x<-1
(c) f(x)={1+2 -1<x<1

-3 x>1
Solution FEach piece is continuous so we just have to check x = -1 and z = 1.

lir_rii fz) = lir_rii(l - z?)
“1- (1
-0

lirri+ fz) = lirrb(l +1x)

=1-1
=0

f=1)=1-1
=0

lim f(z)= lim (1+x)
1" 1"
=1+1
=2

linil+ flz) = lir§1+(—3)

=-3
F(1)=1+1
=2
So the function is continuous at z = -1 and not at = 1 (continuous from the left).

Accepted answers are either ‘ (=00, 1)u(1,00) ‘ or ‘ (—00,1],(1,00) ‘

[

22



(4) Show that the equation x3 — 152 + 1 = 0 has at least three solutions in the interval [~4, 4]

Solution Let f(z)=2%-15z+1

f(=4) = (-4)° - 15(-4) + 1
=-64+60+1
=-3

f(0)=0-0+1
=1

f(1)=1-15+1
=15

f(4)=(4)%-15(4)+1
=64-60+1
=5

Since f is continuous and changes sign at least three times in [-4,4] there is at least three
solutions by the Intermediate Value Theorem.

[

23



(5) (a) Use the definition of derivative to show that the derivative of f(z) = 2°~z at x = -2
is -5, i.e. f'(-2) =-5.

(b) Find an equation for the tangent line to f(z) = 2% -z at 2 = -2.

Solution

(a)

f/(_2) _ }lll_r)r(l) f(_2 + h})L - f(_2)

[(=2+h)? - (-2+1)]-[(-2)* - (-2)]

:1.

hl—I}(l) h

_ 2 _hl—

:lim[(4 dh+h*)+2-h]-[4+2]
h—0 h

. A—4h+hP+2-h-4-2
= lim

h—0 h
:lim}{(—4+h—1)

h—0 )
=lim(-4+h-1

lim (-4 + )
=—4-1
= -5

(b)
F(-2) = (-2~ (-2) =6

Using the slope m = -5 and the point (-2,6) we have

‘y—6=—5(:z+2)‘

24



(6) Use the definition of the derivative (limit definition) to find the derivatives of the following:

(a) f(z)=Vz

Solution
f z+h)- f(x
o) =i LD 110)
- im Va+h-\x
Theo b
. NVNr+h-r Vr+h+z
= lim .
h=0 h Vo +h+\/r
lim &+ h-x
h—>0h(\/x+h+\/_)
i K
= lim
h=0 K(\/z + h +/T)
li !
= lim
h=0\/z + h+\/x
B 1
CVaz+
B 1
= _2\/5
(b) f(z)=a"-2
Solution
/ f(z+h) - f(x)
=1
fi(z) lim .
2 _
- lim [(x+h) = (z+h)]- (2% - 2)
h—0 h
_hm;/j+2:z:h+h2—x’—h—;/7+x
 hs0 h
o 2xh+h%2-h
= lim ——8—
h—0 h
. K2z +h-1)
g R
:Illl_l?é(2x+h—l)
=12x -1

25



(c) f(z) =3

Solution

() = lim

f(z+h) - f(x)
h

= lim z-(z+h)

h—0 hz(z +h)
x-x-h

=lim —F———
h—0 hx(x + h)

= lim _—%
h=0 fa(z + h)
1 -1

=1m ———--—c
h—0 z(x + h)

1

x2

26



(7) Consider the function f(z) =5 - 2.

(a) Find the equation for the secant line to the graph of f(x) that passes through the points
(1,4) and (2,1).

Solution

1
»—t‘»b
[
N |

1

|

w

Using point-slope form we have

ly-4=-3(x-1)]

(b) Find f’(x) using the definition of a derivative.

Solution

o B @)= (6-a?)
h—0 h

:hm5—(aﬁ2+2xh+h2)—5+x2
h—0 h

= lim (=22 — h
tm(-22 - h)

=| -2z

(c¢) Find the equation for the tangent line to the graph of f(z) at the point (1,4).

Solution
m=f'(1)=-2

Using point-slope form we have

ly-4=-2(x-1)]

27



(d) Find the equation for the tangent line to the graph of f(z) at the point (2,1).

Solution
m=f'(2)=-4

Using point-slope form we have

ly-1=-4(x-2)]

[

(8) A particle is moving along the x-axis. Its position at time t is given by the function s(t) =
~2t2 + 5t - 2.

(a) Find the particle’s average velocity vg, between ¢t = 1 and ¢ = 4.

Solution
Average Velocity = S =3(1)
4-1
C[-2(4)% +5(4) - 2] - [-2(1)? +5(1) - 2]
_ 3
— _2(16)+20—2+2_5+2
. 3
15
B

-5

[
(b) Find the particle’s instantaneous velocity at ¢ = 1.
Solution
v(t)=s'(t) =-4t+5
v'(1) = -4+5=|1]
[

(9) If a particle’s motion is given by the equation s(t) = 4t — 10t% + 5, find its velocity and accel-
eration as functions of t. What is its speed at t =1

Solution
v(t) = s'(t) = 12t% - 20t

a(t) =v'(t) = 24t - 20
speed|;—1 = [v(1)|=[12-20| = |-8| =8

28



(10) Find the first derivatives of the following:

(a) y =622 -10z - 5x~2

Solution

d
d—y = 6(2)2z% ! —10(1)z" ™ - 5(~2)z 2!
i

=122 - 10+ 10273

(b) y=2%sinz + 2z cosz — 2sinx

Solution
Z—z = (%(ﬁ)sinm) + 1 (%(sinx)) + (%(23:)) cosST + 2w (%(cosm)) —2cosx

= QXS + 22 COST + 2€05T — 28T — 2e05T

= 1'2 COS™

(c) h(x) =ztan(2y/x)+7
Solution
h'(z) = (%(m)) tan(2y/z) + z (%(tan(Z\/E)))
= tan(2\/5) + xsec2(2\/5)%(2\/§)

= tan(?ﬁ) + xsecz(2\/5)($_l/2)
=| tan(2v/7) + vV sec?(2v/x)

29



B cotx
1+ cot (22 +x)

(d) y
Solution

dy _ (1 + cot(=? +x))%(cot:1:) - (cota:)%@ +cot(a? +2))

dx (1+ cot(a? +x))?

(1+cot(2?+))(~csc?z) — (cot ) (—csc?(a? + QC)%(QU2 +1x))

B (1 + cot(z? + x))?

(1+cot(z?+))(-csc?z) — (cot z)(—csc?(z? + ) (22 + 1))

(1 + cot(x? +x))?

@0-i-3)”

Solution

30



(11) Find equations for the tangent and normal lines to 622 + 3zy + 2y* + 17y — 6 = 0 at (~1,0).
Solution

d d d
6$2+3xy+2y2+17y—620=>12x+3xd—y+3y+4y—y+17—y:
T

0
dx dx

Plugging in = = -1 and y = 0 gives:

—12—3@+17@=0=>14ﬁ=12:>@:§
dx dx dx de 7
Thus the slope is 6/7 for the tangent line and the point is (-1,0). Using point-slope form we

get:

6 6 6
y=?($+1)©y:?x+?

The slope for the normal line is —7/6 so using point-slope form we get:

7
y:—g(erl) S|\y=—gr ¢

31



(12) The length of a rectangle is decreasing at the rate of 2 cm/sec while the width is increasing
at the rate of 2 cm/sec. When the length is 12cm and the width is 5cm, find the rates of
change of a) the area, b) the perimeter, and c¢) the lengths of the diagonals of the rectangle.
Which of these quantities are decreasing, and which are increasing?

Solution
@ dA dl d
w
A=l —=—w+l—
U T a T
dl d
Plugging in [ = 12, w = 5, 7 -2, and d—ltv =2 we have
dA 2 . .
o -2(5) + (12)(2) =|14 cm*/sec, which is increasing.
) dpP _dl _d
w
P=2+2w= " =25 4227
TR T
di d
Plugging in 7 -2 and d—f =2 we have
dpP R : - :
o 2(-2)+2(2) = ’ 0 cm/sec, which is neither decreasing nor increasing

(¢) The diagonal is related to the sides by the pythagorean theorem:

dD dl dw
D? =12 +w? = 2d— = 21— + 2uw—
W T T

When [ =12 and w = 5 we have

D?=144+25=169 = D =13

dl d
Plugging in 1 =12, w=5, D =13, P -2, and d—Z: =2 we have

dD dD 14
26% =24(-2) +10(2) < - 13 cm/sec, which is decreasing
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(13) A child flies a kite at a height of 300 ft, the wind carrying the kite horizontally away from
them at a rate of 25 ft/sec. How fast must they let out the string when the kite is 500 ft
away from them?

Solution The picture is the following:

300++

Using the pythagorean theorem we have

dx

2 2_ .2

300° = 2r— = 22—
T+ z:>xdt Zdt

When z = 500 we have z2 + 3002 = 500? = x = 400. We are also given Z—j =25 and we want to

d
find 2. Plugging in our known information we have

dt
dz dz
2(400)(25) = 2(500) — <~ =[20 fi/sec
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