ACMAT161 Summer 2024
Professor Manguba-Glover
Classwork 17 & 18 Name:

Complete as many of the following problems as you can with your table in the allotted time. You
do not have to go in order.

Classwork 17

(1) Graph the function f(x) = 32* - 42 using curve sketching steps. Indicate inflection points
and relative extrema.

(a) Find the open intervals where f is increasing and the intervals where f is decreasing.

(b) Find both coordinates of any local extrema of the graph of f.

(c) Find the intervals where f is concave up, and the intervals where f is concave down.

(d) Find both coordinates of the inflection points of f.

(e) Using the above information, sketch the graph of y = f(z) on the coordinate axes below.
You must label both coordinates of any local extrema and inflection points on your
graph. (The graph does not need to be to scale.)

Solution

(a)
f'(z) = 1223 - 122% = 122% (2 - 1)

Critical numbers: 0,1 Plotting this on a number line we have

—
0 1

Thus f is decreasing on (-o0,0), (0,1) and increasing on (1, c0).

(b) There is a local minimum at = = 1.
F(1)=3-4=-1

So the point is (1,-1)

(c)
f(z) = 3622 - 24z = 122(3x - 2)

So the two points we have to plot are x =0 and x = 2/3

+ - +

olho——

So f is concave up on (-o0,0), (2/3,00) and concave down on (0, 2/3)



(d) There are inflection points at z =0 and x = 2/3

flz)= x3(3x —-4)

F(0)=0-0
=0

/)60

So the two inflection points are (0,0) and (2/3,—16/27)

(e)

E-N

N

(0,0)

(0.67, —0.599)
(1,-1)




(2) Graph the function f(x) = 3138?31 Indicate asymptotes, inflection points, and relative extrema.

Solution

Domain: We cannot divide by 0, we we know x # +1, which gives us a domain of (—oo,-1) U
(-1,1) u (1,00). This also gives us vertical asymptotes of z = -1 and x =1

Symmetry:
_ 10(-x)?
f(-x) = (—2)2-1
I
22—
-~ f()

So the function has origin symmetry.

Slant Asymptote: Since the degree of the top is one more than the bottom, there is a slant
asymptote. Doing long division, we have

10z
z?-1) 1023
-102® + 10z
10x
This gives a slant asymptote of y = 10x.
First Derivative:
1022 (2% - 3)

f@) = ey

Plotting our critical points and testing the intervals, we have that f is increasing on (—oo, —v/3), (v/3, 0)
and decreasing on (-v/3,-1),(~1,0),(0,1), (1,+/3).

This means that there is a local max at « = —/3 and a local min at = = v/3. Plugging into
our original function we have:

f(=V3) = -15v/3 and f(/3) =153

Second Derivative:

n, « 20z(2? +3)
(@) = @2o1p

Plotting our critical points for " and testing the intervals, we have that f is concave down
on (—o0,-1),(0,1) and concave up on (-1,0),(1,00). We also have an inflection point at
x =0, which corresponds to a y-value of f(0) = 0.

[



(3) Sketch the graph of

z-1 . . . . .
. Indicate asymptotes, inflection points, and relative extrema.
+

T
Solution

Domain: x cannot be -2 so the domain is (-0, -2) (-2, c0)

x-intercept:

-1
L i0ez-1=0
T+ 2
<>x=1
Thus the z-intercept is 1
y-intercept:
Plugging in = = 0 we have
0-1 1
0+2 2
Thus the y-intercept is 0.
Horizontal Asymptote:
lim z-1 xlx-1/x
g—too 1 +2  a—xoo xfr+ 2T
1-1/z
= lim
a—koo | +2/x
_1-0
S 1+0
=1

Vertical Asymptote:

isundefined ©® z+2=0< z=-2

T+
Thus the vertical asymptote is x = -2

Symmetry:
-z -1
- +2

f-o) =

so there is no symmetry.



First Derivative Test:

d (ZL'— 1) _ (z+2)d/dz(x-1) - (x-1)d/dx(z +2)

de \z+2 (z+2)2

_;e’+2—,:(+1
T (z+2)2
B 3

- (z+2)2

So our key point is x = —2. Testing the intervals we have

+ |+

I
-2

Thus the function is always increasing and there is no relative extrema.

Second Derivative Test:

d 3 d _
i Gz~ e

=3(-2)(z+2)7

6
 (@+2)?

Thus the important point is « = —=2. Checking the intervals we have

So the function is concave up on (—oo0,-2) and concave down on (-2, 00). However, there is
no inflection point since the function is undefined at = = -2






Classwork 18

(1) A 216 m? rectangular pea patch is to be enclosed by a fence and divided into two equal parts
by another fence parallel to the one of the sides. What dimensions for the outer rectangle
will require the smallest total length of fence? How much fence will be needed?

Solution The picture is as follows

———

Y

16
We are given that 216 = xy < y = — and we want to minimize
x

432
P=3z+2y=3z+—
z

Taking the derivative we have

dp _, 432 327 - 432
de 2 a2

—P is undefined at x = 0 and
dx

dP
— =0 2’=144 =2 =+12
dx

Since x must be positive we have one critical point of x = 12. Testing the intervals we

have that this critical point is a minimum and thus the dimensions needed are z = 12m and

216
20 g
Y=g — oW



(2) Find the volume of the largest right circular cone that can be inscribed in a sphere of radius
3.

Solution We have the volume of the cone is

We also have that

Using this substitution we have
Vo o)) = oy + 27— P - 347
-3 Yy Ny =3 Y Y Y

Thus we have

dVv =
=5 (9-8y" = 6y) = —m(y’ + 2y = 3) = ~m(y + 3) (y - 1)
y 3
Thus there are critical points at y = -3 and y = 1. Since y must be positive we have y =1 is
the only valid critical point. Testing we have that dV/dt switches from positive to negative
at y = 1 so there is a relative and thus absolute max at y = 1. Thus gives
327

Veim(@-1)(13)= 20



(3) A farmer is constructing a rectangular pen with one additional fence across its width. Find
the maximum area that can be enclosed with 2400m of fencing.

Solution The picture looks like:

We have that
2400 = 3x + 2y and A = xy

3
2400 = 3z + 2y = 2y = 2400 - 3z = y = 1200 - Qa:
Plugging this in to the area equation we have
Alz) == (1200 - g:v) = 1200z — g:ﬁ

Taking the derivative we get
A'(x) =1200 - 3z

Solving for the critical point:
A'(z) =0 < 1200 - 3z = 0 < 32 = 1200 < = = 400
Testing this is a max we have
"‘ | e
400

So the max occurs at x = 400.
3
A(400) =400 (120() - 5(400))

= 400(1200 - 600)
= 400(600)

- 240000 7]



(4) A rectangular box has a base that is a square. The perimeter of the base plus the height of
the box is equal to 3 feet. What is the largest possible volume for such a box, and what are
its dimensions?

Solution The picture looks like:

We have
4z +y =3 and V:azzy

dr+y=3=>y=3-4zx
Plugging this into the equation for volume gives
V(z) = 2%(3 - 4x) = 32> - 423
Taking the derivative gives
V'(x) = 6z — 1222 = 62:(1 - 22)

We have two critical numbers of = = 0, 1/2.
Since z is the length of the side we know x > 0 so we just need to check that = = 1/2 is a max.

Therefore the maximum volume occurs when z = 1/2

1
—3-4(=)=3-2=1
Y (2)

So the | dimensions are 1 ft by 1/2 ft by 1/2 ft ‘

V(3)-G) ()

= 13-4)

1
=| - f?
4




5) Find the linearization L(z) of f(z) at z =a: f(z)=2> -2z +3, a=2
(5)

Solution
f(2)=8-4+3=7

f(z) =32 -2= f'(2) =10

Using the linearization formula we have

L(x) 7+ 10(x - 2) = [102 - 13]

(6) Find the linearization L(z) of f(z) at z =a: f(x) =tanz,a=7

Solution
f(r)=tanw =0

f(x) =sectz = f'(n) =sec?w =1

Using the linearization formula we have

L(@)~0+ (z-7) =[a=7]

7) Find dy of y = 2° - 3/x
( y of y

Solution

Thus




(8) Use linear approximation to approximate v/29. Is this an over or underestimate?

Solution We choose a =27 and f(z) = ¥/z

)= Lp23 - L
Fila)=3 23—3(%)2

L(z) = f(a) + f'(a)(z - a)
; 1
= V27 + W(gg—m)
5, L
T3(3)2

(x-27)
=3+ 1( -27)
AT

V29 ~ L(29)
=3+ 1(29 27)
IR

1
—3+—(2
+5,(2)




(9) Use linear approximation to approximate v/65

Solution Let f(z)= ¢z =2" = f'(z)= %:U_Z/g’
Choose xg = 64,
f(zo) = V64
=4
/ 1 -2/3
fi(wo) = §(64)
1

- (607"’

5(3)
()

This gives

£(65) = V65
~ £(64) + f(64)(65 - 64)
1

=4+ —
48

(10) Find the differential dy for the following:

(a) y=av1-22
(b) y = cos(z?)

Solution
(a)
dy = f'(z)dx
= (m+ x (%(1 - x2)_1/2(—2x))) dx

=(V1-22-22(1-22)"?)dx
dy = f'(z)dx

= - sin(:rQ) (2z)dx

=2 sin(mz)dx



