
ACMAT161 Summer 2024
Professor Manguba-Glover
Classwork 17 & 18 Name:

Complete as many of the following problems as you can with your table in the allotted time. You
do not have to go in order.

Classwork 17

(1) Graph the function f(x) = 3x4 − 4x3 using curve sketching steps. Indicate inflection points
and relative extrema.

(a) Find the open intervals where f is increasing and the intervals where f is decreasing.

(b) Find both coordinates of any local extrema of the graph of f .

(c) Find the intervals where f is concave up, and the intervals where f is concave down.

(d) Find both coordinates of the inflection points of f .

(e) Using the above information, sketch the graph of y = f(x) on the coordinate axes below.
You must label both coordinates of any local extrema and inflection points on your
graph. (The graph does not need to be to scale.)

Solution

(a)
f ′(x) = 12x3 − 12x2 = 12x2(x − 1)

Critical numbers: 0,1 Plotting this on a number line we have

0 1

Thus f is decreasing on (−∞,0), (0,1) and increasing on (1,∞).

(b) There is a local minimum at x = 1.

f(1) = 3 − 4 = −1

So the point is (1,−1)

(c)
f ′′(x) = 36x2 − 24x = 12x(3x − 2)

So the two points we have to plot are x = 0 and x = 2/3

0 2
3

+ − +

So f is concave up on (−∞,0), (2/3,∞) and concave down on (0, 2/3)



(d) There are inflection points at x = 0 and x = 2/3

f(x) = x3(3x − 4)

f(0) = 0 − 0

= 0

f (
2

3
) = (

2

3
)
3

(3(
2

3
) − 4)

=
8

27
(−2)

= −
16

27

So the two inflection points are (0,0) and (2/3,−16/27)

(e)



(2) Graph the function f(x) = 10x3

x2−1 . Indicate asymptotes, inflection points, and relative extrema.

Solution

Domain: We cannot divide by 0, we we know x ≠ ±1, which gives us a domain of (−∞,−1) ∪
(−1,1) ∪ (1,∞). This also gives us vertical asymptotes of x = −1 and x = 1

Symmetry:

f(−x) =
10(−x)3

(−x)2 − 1

=
−10x3

x2 − 1
= −f(x)

So the function has origin symmetry.

Slant Asymptote: Since the degree of the top is one more than the bottom, there is a slant
asymptote. Doing long division, we have

10x

x2 − 1) 10x3

− 10x3 + 10x

10x

This gives a slant asymptote of y = 10x.

First Derivative:

f ′(x) =
10x2(x2 − 3)

(x2 − 1)2

Plotting our critical points and testing the intervals, we have that f is increasing on (−∞,−
√
3), (
√
3,∞)

and decreasing on (−
√
3,−1), (−1,0), (0,1), (1,

√
3).

This means that there is a local max at x = −
√
3 and a local min at x =

√
3. Plugging into

our original function we have:

f(−
√
3) = −15

√
3 and f(

√
3) = 15

√
3

Second Derivative:

f ′′(x) =
20x(x2 + 3)

(x2 − 1)3

Plotting our critical points for f ′′ and testing the intervals, we have that f is concave down
on (−∞,−1), (0,1) and concave up on (−1,0), (1,∞). We also have an inflection point at
x = 0, which corresponds to a y-value of f(0) = 0.



(3) Sketch the graph of
x − 1

x + 2
. Indicate asymptotes, inflection points, and relative extrema.

Solution

Domain: x cannot be −2 so the domain is (−∞,−2)⋃(−2,∞)

x-intercept:

x − 1

x + 2
= 0⇔ x − 1 = 0

⇔ x = 1

Thus the x-intercept is 1

y-intercept:

Plugging in x = 0 we have
0 − 1

0 + 2
= −

1

2

Thus the y-intercept is 0.

Horizontal Asymptote:

lim
x→±∞

x − 1

x + 2
= lim

x→±∞
x/x − 1/x

x/x + 2/x

= lim
x→±∞

1 − 1/x

1 + 2/x

=
1 − 0

1 + 0

= 1

Vertical Asymptote:

x − 1

x + 2
is undefined⇔ x + 2 = 0⇔ x = −2

Thus the vertical asymptote is x = −2

Symmetry:

f(−x) =
−x − 1

−x + 2

so there is no symmetry.



First Derivative Test:

d

dx
(
x − 1

x + 2
) =
(x + 2)d/dx(x − 1) − (x − 1)d/dx(x + 2)

(x + 2)2

=
�x + 2 −�x + 1

(x + 2)2

=
3

(x + 2)2

So our key point is x = −2. Testing the intervals we have

-2

Thus the function is always increasing and there is no relative extrema.

Second Derivative Test:

d

dx
(

3

(x + 2)2
) =

d

dx
(3(x + 2)−2)

= 3(−2)(x + 2)−3

= −
6

(x + 2)2

Thus the important point is x = −2. Checking the intervals we have

-2

So the function is concave up on (−∞,−2) and concave down on (−2,∞). However, there is
no inflection point since the function is undefined at x = −2



Graph:



Classwork 18

(1) A 216 m2 rectangular pea patch is to be enclosed by a fence and divided into two equal parts
by another fence parallel to the one of the sides. What dimensions for the outer rectangle
will require the smallest total length of fence? How much fence will be needed?

Solution The picture is as follows

We are given that 216 = xy⇔ y =
216

x
and we want to minimize

P = 3x + 2y = 3x +
432

x

Taking the derivative we have

dP

dx
= 3 −

432

x2
=
3x2 − 432

x2

dP

dx
is undefined at x = 0 and

dP

dx
= 0⇔ x2 = 144⇒ x = ±12

Since x must be positive we have one critical point of x = 12. Testing the intervals we
have that this critical point is a minimum and thus the dimensions needed are x = 12m and

y =
216

12
= 18m



(2) Find the volume of the largest right circular cone that can be inscribed in a sphere of radius
3.

Mathematical Applications
Whenever you are maximizing or minimizing a function of a single vari-
able, we urge you to graph it over the domain that is appropriate to the 
problem you are solving. The graph will provide insight before you cal-
culate and will furnish a visual context for understanding your answer.

 1. Minimizing perimeter What is the smallest perimeter possible 
for a rectangle whose area is 16 in2, and what are its dimensions?

 2. Show that among all rectangles with an 8-m perimeter, the one 
with largest area is a square.

 3. The figure shows a rectangle inscribed in an isosceles right trian-
gle whose hypotenuse is 2 units long.

 a. Express the y-coordinate of P in terms of x. (Hint: Write an 
equation for the line AB.)

 b. Express the area of the rectangle in terms of x.

 c. What is the largest area the rectangle can have, and what are 
its dimensions?

x

y

0 1

B

A
x−1

P(x, ?)

 4. A rectangle has its base on the x-axis and its upper two vertices 
on the parabola y = 12 - x2. What is the largest area the rectan-
gle can have, and what are its dimensions?

 5. You are planning to make an open rectangular box from an 8-in.-by-
15-in. piece of cardboard by cutting congruent squares from the cor-
ners and folding up the sides. What are the dimensions of the box of 
largest volume you can make this way, and what is its volume?

 6. You are planning to close off a corner of the first quadrant with a 
line segment 20 units long running from (a, 0) to (0, b). Show 
that the area of the triangle enclosed by the segment is largest 
when a = b.

 7. The best fencing plan A rectangular plot of farmland will be 
bounded on one side by a river and on the other three sides by a  
single-strand electric fence. With 800 m of wire at your disposal, 
what is the largest area you can enclose, and what are its dimensions?

 8. The shortest fence A 216 m2 rectangular pea patch is to be 
enclosed by a fence and divided into two equal parts by another 
fence parallel to one of the sides. What dimensions for the outer 
rectangle will require the smallest total length of fence? How 
much fence will be needed?

 9. Designing a tank Your iron works has contracted to design and 
build a 500 ft3, square-based, open-top, rectangular steel holding 
tank for a paper company. The tank is to be made by welding thin 
stainless steel plates together along their edges. As the production 

engineer, your job is to find dimensions for the base and height 
that will make the tank weigh as little as possible.

 a. What dimensions do you tell the shop to use?

 b. Briefly describe how you took weight into account.

 10. Catching rainwater A 1125 ft3 open-top rectangular tank with 
a square base x ft on a side and y ft deep is to be built with its top 
flush with the ground to catch runoff water. The costs associated 
with the tank involve not only the material from which the tank is 
made but also an excavation charge proportional to the product xy.

 a. If the total cost is

c = 5(x2 + 4xy) + 10xy,

  what values of x and y will minimize it?

 b. Give a possible scenario for the cost function in part (a).

 11. Designing a poster You are designing a rectangular poster to 
contain 50 in2 of printing with a 4-in. margin at the top and bot-
tom and a 2-in. margin at each side. What overall dimensions will 
minimize the amount of paper used?

 12. Find the volume of the largest right circular cone that can be 
inscribed in a sphere of radius 3.

y

x

3

3

 13. Two sides of a triangle have lengths a and b, and the angle 
between them is u. What value of u will maximize the triangle’s 
area? (Hint: A = (1>2)ab sin u.)

 14. Designing a can What are the dimensions of the lightest open-
top right circular cylindrical can that will hold a volume of 
1000 cm3? Compare the result here with the result in Example 2.

 15. Designing a can You are designing a 1000 cm3 right circular 
cylindrical can whose manufacture will take waste into account. 
There is no waste in cutting the aluminum for the side, but the top 
and bottom of radius r will be cut from squares that measure 2r 
units on a side. The total amount of aluminum used up by the can 
will therefore be

A = 8r2 + 2prh

  rather than the A = 2pr2 + 2prh in Example 2. In Example 2, 
the ratio of h to r for the most economical can was 2 to 1. What is 
the ratio now?

 16. Designing a box with a lid A piece of cardboard measures  
10 in. by 15 in. Two equal squares are removed from the corners 
of a 10-in. side as shown in the figure. Two equal rectangles are 
removed from the other corners so that the tabs can be folded to 
form a rectangular box with lid.

T

Exercises 4.6

 4.6  Applied Optimization 255

Solution We have the volume of the cone is

V =
1

3
πr2h =

1

3
πx2(y + 3)

We also have that
x2 + y2 = 32 ⇒ x2 = 9 − y2

Using this substitution we have

V =
1

3
π(9 − y2)(y + 3) =

π

3
(9y + 27 − y3 − 3y2)

Thus we have

dV

dy
=
π

3
(9 − 3y2 − 6y) = −π(y2 + 2y − 3) = −π(y + 3)(y − 1)

Thus there are critical points at y = −3 and y = 1. Since y must be positive we have y = 1 is
the only valid critical point. Testing we have that dV /dt switches from positive to negative
at y = 1 so there is a relative and thus absolute max at y = 1. Thus gives

V =
1

3
π(9 − 1)(1 + 3) =

32π

3



(3) A farmer is constructing a rectangular pen with one additional fence across its width. Find
the maximum area that can be enclosed with 2400m of fencing.

Solution The picture looks like:

We have that
2400 = 3x + 2y and A = xy

2400 = 3x + 2y⇒ 2y = 2400 − 3x⇒ y = 1200 −
3

2
x

Plugging this in to the area equation we have

A(x) = x(1200 −
3

2
x) = 1200x −

3

2
x2

Taking the derivative we get
A′(x) = 1200 − 3x

Solving for the critical point:

A′(x) = 0⇔ 1200 − 3x = 0⇔ 3x = 1200⇔ x = 400

Testing this is a max we have

400

So the max occurs at x = 400.

A(400) = 400(1200 −
3

2
(400))

= 400(1200 − 600)

= 400(600)

= 240000 ft2



(4) A rectangular box has a base that is a square. The perimeter of the base plus the height of
the box is equal to 3 feet. What is the largest possible volume for such a box, and what are
its dimensions?

Solution The picture looks like:

We have
4x + y = 3 and V = x2y

4x + y = 3⇒ y = 3 − 4x

Plugging this into the equation for volume gives

V (x) = x2(3 − 4x) = 3x2 − 4x3

Taking the derivative gives

V ′(x) = 6x − 12x2 = 6x(1 − 2x)

We have two critical numbers of x = 0, 1/2.
Since x is the length of the side we know x > 0 so we just need to check that x = 1/2 is a max.

1/2

+ −

Therefore the maximum volume occurs when x = 1/2

y = 3 − 4(
1

2
) = 3 − 2 = 1

So the dimensions are 1 ft by 1/2 ft by 1/2 ft .

V (
1

2
) = (

1

2
)
2

(3 − 4(
1

2
))

=
1

4
(3 − 4)

=
1

4
ft3



(5) Find the linearization L(x) of f(x) at x = a: f(x) = x3 − 2x + 3, a = 2

Solution
f(2) = 8 − 4 + 3 = 7

f ′(x) = 3x2 − 2⇒ f ′(2) = 10

Using the linearization formula we have

L(x) ≈ 7 + 10(x − 2) = 10x − 13

(6) Find the linearization L(x) of f(x) at x = a: f(x) = tanx, a = π

Solution
f(π) = tanπ = 0

f ′(x) = sec2 x⇒ f ′(π) = sec2 π = 1

Using the linearization formula we have

L(x) ≈ 0 + (x − π) = x − π

(7) Find dy of y = x3 − 3
√
x

Solution
dy

dx
= 3x2 −

3

2
√
x

Thus

dy = (3x2 −
3

2
√
x
)dx



(8) Use linear approximation to approximate 3
√
29. Is this an over or underestimate?

Solution We choose a = 27 and f(x) = 3
√
x

f ′(x) =
1

3
x−2/3 =

1

3( 3
√
x)2

L(x) = f(a) + f ′(a)(x − a)

=
3
√
27 +

1

3( 3
√
27)2
(x − 27)

= 3 +
1

3(3)2
(x − 27)

= 3 +
1

27
(x − 27)

3
√
29 ≈ L(29)

= 3 +
1

27
(29 − 27)

= 3 +
1

27
(2)

= 3 +
2

27
or

83

27



(9) Use linear approximation to approximate 3
√
65

Solution Let f(x) = 3
√
x = x

1/3 ⇒ f ′(x) =
1

3
x−2/3

Choose x0 = 64,

f(x0) =
3
√
64

= 4

f ′(x0) =
1

3
(64)

−2/3

=
1

3
((64)−1/3)2

=
1

3
(
1

4
)
2

=
1

3
(
1

16
)

=
1

48

This gives

f(65) =
3
√
65

≈ f(64) + f ′(64)(65 − 64)

= 4 +
1

48

(10) Find the differential dy for the following:

(a) y = x
√
1 − x2

(b) y = cos(x2)

Solution

(a)

dy = f ′(x)dx

= (
√
1 − x2 + x(

1

�2
(1 − x2)−1/2(−�2x)))dx

= (
√
1 − x2 − x2(1 − x2)−1/2)dx

(b)

dy = f ′(x)dx

= − sin(x2)(2x)dx

= −2x sin(x2)dx


