Midterm 1 Practice Questions

Note: This document is split up based on major mathematical themes covered so far. A topic
that is not on this practice exam may still show up on the actual exam if it was covered in class.

General Limits
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(3) Evaluate lim rtrt-e
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Solution
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(5) Evaluate lim +1
-0 23 — 1
Solution
. 1 1
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Solution
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(9) Evaluate lim z cos (—)

x—0 €T

Solution

1 1
—1£COS(_)51=>—CL’S:Ecos(—)g$
z x

lim(-2) = 0 and lim(z) =0
z—0 250
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Thus by squeeze theorem lil’Ill) x cos (—) =[0]
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(10) Evaluate lim ]
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Solution
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(12) Evaluate lim z* cos (—) -11
x—0 €T
Solution
-1< cos(§) <1l= —z? < wQCos(ﬁ) < x?
T T

3
:>—x2—11§x2008(—)—11Sx2—11
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1ir%(—x2 -11) = -11 and 1im(:c2 -11)=-11
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Thus by the squeeze theorem hH(l) x COS( ) -11= -
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Solution
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(15) lim Vz -5

r—>-3

Solution
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(16) lim z cos (1)

z—0 T

Solution

1 1
—1£cos(—)£1:>—x£:rcos(—)£x
T x

lim -z =-0
z—0

=0

limxz =0
z—0

1
Thus by the Squeeze Theorem, lirr(l)xcos (—) = @
x— X

8z — 16
(17) lim -
-2+ |x —2|

Solution Coming from the right of 2 means that 2 —2 > 0, thus |z — 2| = 2 — 2. This give
us:
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= lim 8
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(18) Find the following limits for

y =/

(a) lim f(x)
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-1~

(c) lim f(x)

Solution



(19) Evaluate the following limits for f(x)
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Infinite Limits & Limits at Infinity
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Solution
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sin x

(11) lim
r—oo
Solution

-1<sinz <

Thus by the Squeeze Theorem, lim
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Continuity

(1) Describe on which interval(s) the following function is continuous: y = %

Solution

x—2¢0:>a:¢2:>‘(—oo,2),(2,oo)‘

(2) Describe on which interval(s) the following function is continuous:

3-x, x<2
f(@)=45+1, 2<z<4
3, r2>4

Solution Each piece is continuous. Check the breaks.

lim f(x) = lim (3 -x)
27 =27
=3-2
=1

. . xz
Jig 7)< Jim (5 +1)
4

=—+1
2

=3
M@= s
=3
f4)=3

Thus f is not continuous at x = 2 (but is continuous from the right) and is continuous at
x =4. Accepted answers are either ‘ (—00,2) U (2,00) ‘ or ‘ (=00,2),[2,00) ‘

[



(3) Describe on which interval(s) the following function is continuous (show your work):

1-22 x<-1
flx)={1+2z -1<z<1
-3 r>1

Solution Each piece is continuous so we just have to check x = -1 and = = 1.

lir_rii f(z) = lir_rii(l - z?)
-1 (1
=0

lirri+ fz) = linb(l +1x)

=1-1
=0
f(=1)=1-1
=0
lim f(z)= lim (1+x)
1" 1"
=1+1
=2

linil+ f(z) = lin£1+(—3)

=-3
F(1)=1+1
=2
So the function is continuous at x = -1 and not at x = 1 (continuous from the left).

Accepted answers are either ‘ (=00, 1)u (1, 00) ‘ or ‘ (—00,1],(1,00) ‘

[



(4) Is the following function continuous:

r+3 r<2
f(z)=45 x=2
211 z>2

Solution FEach piece is a polynomial so each piece is continuous. We must check z = 2
lim f(z)= lim (x +3)
27 r—>2"
=5

lim f(z) = gcli_gh(afl -11)

r—>2%

=5

f(2)=5

Since they are all equal, f is continuous everywhere.



(5) What values of m and b make the following function continuous:

22-7 r<-2

fx)=<mx+b -2<x<2
5 z>2

Solution
We need 1i£15 f(x)=f(2) and lir{le(x) = f(-2)

}:i_lg f(x):

lirgi f(x) lirgli(mac +b)

2m +b

lim f(z)=lim 5

-2 2%
=5
So we want f(2)=5=2m+b
lime(:c):
lim_f(z) = 1111%_(1‘2 -7)
=-3

lin; f(x) lin;(mx +b)

=-2m+b

So we want f(-2)=-2=-2m+b

Putting these both together we have b =1 and m =2



(6)

Show that the equation 2% — 22 + 22 — 7 = 0 has a solution in the interval [1,2]. State any
theorems you use to support your answer.

Solution Let f(z)=a%-2?+22-7
f()y=1-1+2-7
=-5
F(2)=8-4+4-7
=1

f is continuous with f(1) <0 and f(2) > 0 so by the Intermediate Value Theorem, there
exists at least one solution in [1, 2]

[

Let f(x) =5+x —2* Use the intermediate value theorem to show that there is at least
one point where f(z) = 0.

Solution

F(0)=5+0-0
=5

f(2)=5+2-16
=-9

f is continuous with f(0) >0 and f(2) <0 so by the Intermediate Value Theorem there is
at least one point where f(z) = 0.

[



(8) Describe on which intervals the following functions are continuous (show your work):

sinx
(a) y="——
3-x, <2
(b) f(z)=45+1, 2<z<4
3, x>4
1-22 z<-1
(c) f(x)={1+2 -1<x<1
-3 z>1

Solution

(a) The function is undefined for  —2 = 0 = z = 2. That gives us an answer of
[(-00,2) U (2,00)|

(b) Each piece is continuous, so we have to check the breaks x =2 and x =4

lim f(x) = lim (3 -x)
27 =27
=3-2
=1

. . xz
Jig 7o) = i (1)

:2+1
2
=2
2
2)==-+1
f@)=2+
=2
Jiy 7o)< Jig (1)
:é+1
2
-3

A S) = 3
=3
1(4)=3

This shows us that the function is discontinuous at x = 2, but continuous from the
right there. It also shows us that the function is continuous at x = 4. Putting this
together we get ‘ (=00,2),[2,00) ‘




Reading/Using Graphs

(1) From the picture, decide whether the following limits exist. If they exist, find their value:

FGO

¢ Y

Y
K:r;

(a) lim f(2)
(b) lim f(x)

Solution

a) -2

b) 1

c) DNE since lir_Iiif(x) + linri+ f(x)
d) 2

(2) Identify the z-values where f(x) is discontinuous.

v e

‘

/

,/O\

(;(; :{>

‘

'

'

\Y

Solution

Discontinuous at x = —2 because there is an asymptote so the function is
not defined (also the limit DNE). Discontinuous at = —1 because lim1 flx) = f(-1).
T—>—

Discontinuous at x = 2 because f(2) is undefined.

[



(3) Sketch the graph of the derivative of the function shown.

£64)

LN
D \7

Solution

O\f‘tx)
\) e

0 o—

The graph is not exact; we only care that you know where the derivative is positive,
negative, constant, and where it doesn’t exist.

[



(4) Consider the function f(z) given below. Find

(1) lim f(z)

(i) lim /(2)

(1) lim f(z)
(iv) f(k)

(v) Is f(x) continuous at k? (yes or no)

for each of the given values of k. If the given value does not exist, write "DNE”, oo, —oo0,

or "undefined” as necessary:

(a) k=-1

(b) k=0

Solution

(a) (i)
(if)
(iii)
(iv)
)

(b) (1)
(if)
(iif)
(iv)
(v)

() k=
() k=
© 0|3
@ |3
(i) %
(iv)
v)
@ G
(i)
(iii)
(iv)
v)



(5) The function f(x) is defined for -4 < = < 4 and is graphed below. Use the graph to answer
the following questions:

(a) What is lir£11 f(x)?
(b) What is lin% f(x)?

(c) Give the intervals where f(z) is continuous, be careful to include the endpoints if
necessary.

(d) Does the function appear to be differentiable at z = —27 Explain why or why not.
(e) Sketch the graph of f’ given that the graph of f looks like the following:

Solution

(a) (o) |[-4,-1), (-1,1),[1,4]|
(b) (d) ‘No, there is a corner‘




Limit Definition of a Derivative
(1) (a) Using the limit definition of a derivative, differentiate the following:

f(z)=2®-3z-1

(b) Find the equation of the line tangent to f(z) at x =1

Solution

(a)

f(z+h) - f(x)
h

() = lim

[(z+h)2=3(x+h)-1]-(22-32-1)

= 1'

hl—rf(l) h
i A 2wh e W36 - 3h -] 3+
B h—0 h

. 2zh+h?-3h

= hm —_—

h—0 h
_ hm]’[(Qaz +h-3)

h—0 )3

= }Lirr(l)(Qa:+ h-3)
=[22-3]

(b)
f'(1)=-1and f(1)=-3

Using point-slope form we have

ly+3=-(z-1)]




(2) (a) Use the definition of derivative to show that the derivative of f(z) = 2* - x at
x=-2is-5,1e. f/(-2)=-5.

(b) Find an equation for the tangent line to f(z) = z? -2 at = = -2.

Solution

(a)

02y = g LTI

[(=2+7)? — (=2+ )] - [(-2)* - (-2)]

= lim

h—0 h
_ 2 I

:lim[(4 dh+h7)+2-h]-[4+2]

h—0 h

_ A-ah+h*+F-h-4-}
= lim

h—0 h
- hmw

h—0 )
= lim (-4 -1

hl_r)r(l]( +h-1)
=—4-1
=-5v

(b)
f(=2)=(-2)*-(-2) =6

Using the slope m = -5 and the point (-2,6) we have

‘y—6:—5(x+2)‘




(3) Use the definition of the derivative (limit definition) to find the derivative of f(z) = /z

Solution

i L&+ ) - f (=)
0

h—> h

lim va+h
_h1—>0 h
. NVr+h-x Vr+h+z
= lim .
h—0 h VI +h+\r
. Z+h-x
h—>0h(\/:v+h+\/_)
p X
= lim
h=0 K(\/x + h+/T)

f'(z) =

[

(4) Use the definition of the derivative (limit definition) to find the derivative of f(z) = z?-x

Solution
T+h T

oy - iy K50
_lm[(ac+h)2—(x+h)]—(x2—x)
h—0 h
A 2h+ R h- v x
= lim
h—0 h
. 2xh+h%-h
= lim
h—0 h
. Kz +h-1)
g

=lim(2z+h-1
hl_I)%( x+ )

=2x -1



(5) Use the definition of the derivative (limit definition) to find the derivative of f(z) =1

xT

Solution

fx+h) - f(x)
h

() = lim

x—(x+h)

=lim ——=
h—0 hxz(z +h)
i A h
h—0 hx(x + h)

= lim —_%
h=0 Ha(z + h)

= lim ————
ho0 z(z + h)

1

22




(6) Consider the function f(z) =5 -z
(a) Find the equation for the secant line to the graph of f(z) that passes through the
points (1,4) and (2,1).
(b) Find f'(x) using the definition of a derivative.
(c¢) Find the equation for the tangent line to the graph of f(z) at the point (1,4).
(d) Find the equation for the tangent line to the graph of f(z) at the point (2,1).

Solution

(a)

I
—
Ll
DN | —
I
|
w

Using point-slope form we have

‘y—4=—3(m—1)‘

[5-(z+1)*]-(5-2?)

f'(w) = lim

h
. 5—(2%+2zh+h?) -5+ 2>
= lim
h—0 h
B -2ah-R2-F+
= lim
h—0 h
= lim %—(_2$ —h)
h—0 )
=lim(-2z - h
)
=| -2z
()
m=f'(1)=-2

Using point-slope form we have

ly-4=-2(x-1)]

(d)
m=f(2) = -4

Using point-slope form we have

‘y—1=—4($—2)‘




(7) Use the definition of the derivative (limit definition) to find the derivatives of the following:

(a) f(z)=Vx
(b) f(z)=a®~a
(¢) f(z)=3
Solution

(a)
rin o Nr+h=yx Vr+h+\x
Slw) =l —— Vrth+ T
i r+h-x
b0 h(Va+h+ )

o K
) }Ll—r’r(l’]’f(\/M+ V)

2z

i (x+h)2=(x+h)-(22-1x)

4
=1
f(:l:) h1—>0 h
_hmx2+2xh+h2—x—h—m2+x
_h—>0 h
o 2oh B
50 h
:hmw
h=0 )8

=lim(2x+h-1
hlf(l)( x+ )

=2z -1



Vo mR s (e h)(x)
f(x)_ilzl—rfl hh (z+h)(2)

x—(x+h)
=lim ————~
h—0 h(z +h)(z)
r—x—h
= lim
h—0 zh(z + h)
H

- hlgcl] x}’f(w +h)

-lim -
hl—rfé x(x+h)




(8) Consider the function f(z) =5 -z

(a) Find the equation for the secant line to the graph of f(z) that passes through the
points (1,4) and (2,1).

(b) Find f’(x) using the definition of a derivative.

(c¢) Find the equation for the tangent line to the graph of f(z) at the point (1,4).

(d) Find the equation for the tangent line to the graph of f(x) at the point (2,1).

Solution

(a)

Using point-slope form we have

‘y—4=—3(:1:—1) or y—1:—3(:r:—2)‘

5-(x+h)2-(5-2?%)

f'(w) = lim

h
. 5= (2®+2zh+h?) -5+
= lim
h—0 h
o b—x2-2zh-h%2-5+22
= lim
h—0 h
. —2zxh-h?
= lim
h—0 h
. H(=2x-h)
50 K

= }111_1)1(1](—236 - h)
=|-2x

(©
7(1) = =2(1) = -2

Using point-slope form we have

‘y—4=—2(3}—1)‘

(@)
1'(2)=-2(2) =4

Using point-slope form we have

ly-1=-4(z-2)]




Basic Differentiation

(1) Differentiate. You do not need to simplify your answer: y = 3z sinx

Solution

d d d
ﬁ = (E(i’m)) sinx + 3x£(sinx)

=’3sinx+3xcosx\

xr+1
242

(2) Differentiate. You do not need to simplify your answer: y =
Solution

dy (22 +2)%(x+ 1) - (x+ 1)%(:62 +2)
dr (22 +2)2

[ (@ +2)(1) - (2 +1)(22)
(22 +2)2

(3) Differentiate. You do not need to simplify your answer: f(z) = 1222 - % +78

Solution

f(z) = di(llT2 ~ 52712 4+ 78)
x

=12(2z) -5 (—%w_3/2)

=24z + §x_3/2
2

z3+1

2-x

(4) Differentiate. You do not need to simplify your answer: y =

Solution

dy _ (Q—x)d%(:c?’ +1) = (23 + 1)%(2—@
dx (2-12)2

(2 -2)(322) - (23 +1)(-1)
(2 - )2




(5) Differentiate. You do not need to simplify your answer: y = 62 — 10z - 5272

Solution

d
d—y = 6(2)2% —10(1)z"! - 5(-2)z 2
X

~[122 - 10+ 10273

2

(6) Differentiate. You do not need to simplify your answer: y = x*sinx + 2z cosx — 2sinx

Solution

dy _ (i(xQ)sinx) + 2 (i(sinx)) + (i(2x)) CosS T + 2z (i(cosx)) —2cosx
dx dzx dxr dzx dzr
= 2ZSIT + 22 COST + 2e6ST — 2587 — 26657

= 1'2 COS T

cotx
l+cotx

(7) Differentiate. You do not need to simplify your answer: y =

Solution

dy _ (1+cotzx)(d/dx(cot z)) — (cotz)(d/dx(1 + cot x))
dx (1+ cotz)?

_ (1 +cotz)(-csc®z) - (cotx)(—csc? )
(1+cotx)?

_ (1+cotz)(-csc?x) + cotzesc?

(1+cotx)?
B — s & — coba TS T + cobTSee
(1+cotx)?
csc? x

" (1+cotz)?



(8) Differentiate. You do not need to simplify your answer: f(z) = sinz(z? + 3) + z%/3
Solution

() = sin(m)%(azz £3) 4 (22 3)%(%@)) . §x4/3_1

1/3

=|sin(z)(2x) + (2% + 3) cos(z) + %x

(9) Differentiate. You do not need to simplify your answer: f(z) = 2z3e® + 1
Solution
d d
f'(x) = —(22%)e® + 223 — (&%)
dz dz

= 62%e” + 223¢” « acceptable

= 222" (3 + x)

(10) Differentiate. You do not need to simplify your answer: f(z) = zsin"!z

Solution

£ = (@) s sin )

. 1
= (1)sin 1x+x(m)

log,

(11) Differentiate. You do not need to simplify your answer: h(x) = _—4—

Solution

sha (d%(logQ z)) -logy x (d%(cos_1 z))

W(x) = - (cos™1 )2

cos tx (ﬁ) —logy x (—ﬁ)

(cos™1 )2




3
(12) Find an equation for the tangent line to the graph of y = 1
x

Solution
peloy= 3
Y1417 2

3
so the point we have is (1, 5)

y' = %3(56 + 1)_1

=-3(zx+1)7?
-3
(r+1)2

-3
(1+1)2
-3
22
-3
4

3 3
Using point-slope form we have the line is |y — 5= —Z(l’ -1)

forz=1

(13) Find an equation of the tangent line to the curve y =2 - 2% at (1,1)

Solution
m=f'(1)=-3(1)*=-3

Using point-slope form we have

‘y—1:—3(a;—1) ory:4—3x‘




Chain Rule

cotx

(1) Differentiate. You do not need to simplify your answer: y = Trcot (2277)

Solution

dy (1+cot(z?+ x))%(cotm) - (cotm)%(l +cot(z? +z))

dx (1+ cot(a? +x))?

. (1+cot(2?+))(~csc?z) — (cot ) (—csc?(a? + az)i(az:2 +1x))

dx
(1 + cot(z? + x))?

(1+cot(z?+))(-csc?z) — (cot z)(—csc?(z? + ) (22 + 1))

(1 + cot(x? +x))?

(2) Differentiate. You do not need to simplify your answer: h(z) = ztan(2/z) +7

Solution
W (z) = (%(x)) tan(2v/7) + (%(m@ﬁ)))
= tan(2y/7) + sec2(2\/5)%(2\/§)

- tan(2\/5) + zsec? (2v/7) (7 1?)
= tan(2\/5) + \/ES@CQQ\/E)

(3) Differentiate. You do not need to simplify your answer: h(t) = cos?(nt) +3
Solution

W) = 2cos(7rt)%(cos(7rt)) +0

=2cos(7t) - —sin(7t) % (t)

= ‘ 2cos(mt) - —sin(mt) - () ‘




sin?

(4) Differentiate. You do not need to simplify your answer: y = 5—3"-7—

Solution

dy (223 + 42% + 7)%(sin2 x) —sin? x%@x?’ +4z2 +7)

dx (223 + 422 + 7)2

(223 + 422 + 7) (2 sinxdi(sinx)) —sin? 2(2(322) + 4(2x)
X

(223 + 422 + 7)2

(223 + 42% + 7)(2sinz cos ) — sin? 2(622 + 8x)
(223 + 422 + 7)2

(5) Differentiate. You do not need to simplify your answer: y = tan(:v2 + 1)

Solution

Z—Z =sec?(z?+1)- %(ﬁ +1)

=|sec?(z +1)(2z)

(6) Differentiate. You do not need to simplify your answer: y = (1 - E)_7

Solution



(7) Differentiate. You do not need to simplify your answer: y = 422(3x - 2)°
Solution By the product rule we have y' = (42%)’(3z - 2)° + 42%((3z - 2)°)’

Using chain rule we have that (32 —2)° = u(v(z)) where
v(z)=3z-2=1v'(z)=3

u(z) = 2° = u/(x) = 5z*

so ((3z-2)%) =4/ (v(x))v'(x) =/ (3 -2) -3 =5(3z-2)*-3=15(3z - 2)*

Putting this all together we have |y’ = (82)(3z - 2)° + 42%(15(3z - 2)*)

(8) Differentiate. You do not need to simplify your answer: 111(964 + 1)

Solution

zd+1

(9) Differentiate. You do not need to simplify your answer: 23+sine

Solution

P . d
_(23+sm:1:) — 23+smx In2- _(3 + sinx)
dx dzx

= ’ 234510 1 9 cos ‘




(10) Differentiate. You do not need to simplify your answer: log, \/%

Solution

I SR Y
dz g2\/23/:+1 \/2§chn2 dz \\/2z + 1

\/2(B+1 d -1
= 2 (8(22 +1)71?
Sz g ST

_vzr+l -(8-—1(2:“ 1)73/2. i(2as+ 1))
81n2 2 da

_ V;ﬁ; ! (422 + 1)2(2))

(11) Differentiate. You do not need to simplify your answer: tan™!(e%?)

Solution
% tan~t(e?) = 1+(17)2 . %(e“)
T +1€8m ()
4ot

1+ed




Implicit Differentiation
dy d?y
(1) Find d_ and —— if2/y=

Solution

_1/2dy dy
20/F =T — 1289 _ %Y
Vy=z-y=y - -
:>(y_1/2+1)d—y=1
dzx

:>dy 1 VY

%_y*1/2+1 o L+/y

s

dr 1+/y dx 1+/y
Py (L+ ) ((1/2)y (dy/dx)) = Sy (1/2) (y™"*) (dy/dz)
da? (1+/Y)?

Ly _dy AV -
dz?  dx 2\/_(1+\/_)2

Py A 1
dz?  1+y 2,/(1+\/y)>
d%y 1

T2 2(1+ )P



(2) Find an equation of the tangent line to 2? + zy +y* =3 at (1,1)

Solution Taking the derivative of both sides with respect to x we have

d d
2m+[(%(aj))y+x%(y)]+2y%:O©2x+y+x£+2y£:0

Plugging in z =1 and y = 1 we have

d d
2(1)+ (1) + () o) P g w3439 -
dx dx dx
dy
3-2 =-3
dx
dy_
dx

Using point-slope form we have

‘y—1=—(;1:—1)‘

coody oo (1]
(3) Find — 1fysm(—) =1-uay.
d y

x
Solution
1
ysin(—):l—xy:>@sin(l)+ycos(l)i(l)——y—x@
Y dx Y y/) dx \y dx
:>@sin(l)+ cos(l)(—i)d—y - —xdy
dz Y Y Yy y2) dx Y 0
d
:—ysin(l)—cos(l)lﬂ -y - dy
dx Y y/) ydx dx
d
:—ysin(l)—cos(l)l@+ dy -y
dx Y y/) ydx dx
i ()5 () )
= —|sin[—]-—cos|(—|+x)=-y
dx y/ oy y
dy y
dr  sin(1/y) - (1/y)cos(1/y) + =
dy y?

T dr ysin(1/y) - cos(1/y) + 2y



(4) Find an equation for the tangent line to 622 + 3zy + 2y? + 17y — 6 = 0 at (-1,0).

Solution

d d d
622+ 30y + 27 + 1Ty - 6=0= 122+ 322 + 3y + 4y + 178 — ¢
dx dx dx

Plugging in = = -1 and y = 0 gives:

dy dy dy dy 6
-12-3—=+17—==0=>14-—"=12= — =
dr i dx - dx - dx

Thus the slope is 6/7 for the tangent line and the point is (-1,0). Using point-slope form
we get:

y:g(:c+1)<:>y:ga:+g

The slope for the normal line is —7/6 so using point slope form we get:

7 7T 7
=—-= +1)eoy=—z--—
y=—gle+r)ey=-co-
Find an equation of the tangent line to 22 + zy + 4% = 3 at (1,1)
Solution Taking the derivative of both sides with respect to x we have
d d d d
2z + [(—(x))y+x—(y)] +2y— =O©2x+y+x—y+2y— =0
dx x x dx

Plugging in £ =1 and y = 1 we have

d d d
2(1)+(1)+(1)£+2(1)£=o@3+3£=o

Using point-slope form we have

‘y—lz—(w—l)‘




(6) Find y' at (1,1) for y* —/z +2y =2

Solution

d

Lyt Va )= (2)

d
4y3yl _ _(xl/Q) " 2yl -0
dx
1
4y3yl _ 5:1:*1/2 + 2yl _ O
Plugging in z =1 and y = 1, we get

1
4~13y’—§-1_1/2+2y'20

63/,—5_0
1

6y,=§

y ==

12




Related Rates

(1) The length of a rectangle is decreasing at the rate of 2 cm/sec while the width is increasing
at the rate of 2 cm/sec. When the length is 12cm and the width is 5cm, find the rates
of change of a) the area, b) the perimeter, and c) the lengths of the diagonals of the
rectangle. Which of these quantities are decreasing, and which are increasing?

Solution
@ dA dl d
w
A=1] — = — —
R T T
Plugging in [ = 12, w = 5, % = -2, and cjl_ltv =2 we have
dA 2 . .
o -2(5) + (12)(2) =|14 cm*/sec, which is increasing.
) ap _dl _d
P=2l+2u= T =28 2%
. dt dt

dl d
Plugging in pr -2 and d—i) =2 we have

apr
dt

=2(-2)+2(2) = ’ 0 cm/sec, which is neither decreasing nor increasing

(¢) The diagonal is related to the sides by the pythagorean theorem:

dD  _di dw
D?> =1 +w? = 2d— = 2l— + 2w—
W T T

When [ =12 and w = 5 we have

D?=144+25=169 = D =13

dl d
Plugging in [ =12, w=5, D =13, 7 -2, and d—ltU =2 we have
dD dD 14
QGE =24(-2) +10(2) < gl cm/sec, which is decreasing




(2) A rectangular plot of land will be bounded on one side by a river and on the other three
sides by some sort of fence. With 800 m of fencing at your disposal, what is the largest
area you can enclose, and what are its dimensions?

Solution The picture is

River

We are given
2z + 1y =800 = y = 800 — 2z

Thus
A = zy = (800 - 2z) = 800z — 21>

Differentiating with respect to z we have

dA
— =800-4
dzx o

This gives one critical point of x = 200. Testing the intervals we have that there is a
relative and thus absolute max at x = 200 = y = 800 — 400 = 400. So the dimensions are

200 m by 400 m
A =200(400) =|80000m?




(3) A child flies a kite at a height of 300 ft, the wind carrying the kite horizontally away from

them at a rate of 25 ft/sec. How fast must they let out the string when the kite is 500 ft
away from them?

Solution The picture is the following:

2z
300++
X
Using the pythagorean theorem we have
22 +300% = 2% = Qxd—x = 2,2%
dt dt

When z = 500 we have 22 +300? = 5002 = z = 400. We are also given Ccll_f =25 and we want

d
to find d—i Plugging in our known information we have

dz d
2(400)(25) = 2(500)d—'§ o d_i =[20 ft/sec
L]

The volume V of a circular cylinder of height h and radius r is given by V = 7r?h. Assume
that V' is kept constant (V' = 8) as r and h are changing. Calculate the rate of change of
h with respect to » when h =2 and r = 2.

Solution Differentiating with respect to r» we have:

2

O=mnr ?+27ﬂ“h

r
Plugging in h =2 and r = 2, we have

0= 77(2)2% + 87 < 477% = -8

dh

<~ — =
dr

-2



(5)

A spherical snowball is placed in the sun. The sun melts the snowball so that its radius

decreases 1/4 in. per hour. Find the rate of change of the volume with respect to time

at the instant the radius is 4 in. The volume of a sphere is V' = %m"?’.

Solution A V4 J J
Vel &2 (32_7’): 207
37 T T3\ )T
We are given that % = _Tl and we want to find Cfi—‘t/ when r = 4. Plugging these in we have
1
% = 47 (4)? (_Z) =|-16m in®/hr

[

A person leaves a given point and travels north at 3 mph. Another person leaves the same
point at the same time and travels east at 4 mph. At what rate is the distance between
the two people changing at the instant when they have traveled 2 hours?

Solution The following is what the problem sketch will look like:

We are given

d—y:3andd—x:4
dt dt

We want to find % when z = 8 and y = 6 (as that is how far the cars with have traveled
in 2 hours)
When z =8 and y = 6 we have

2% =(8)*+(6)* =100 = 2 =10
Taking the derivative with respect to time and plugging in our given information we have
9 dz dy dz

I L
T TV T

a:2+y2=z

o 2(8)(4) + 2(6)(3) = 2(10)2—?

<= 64+ 36 = 20@
dt

< 100 = 20%
dt

- ]



